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Abstract

mated analysis (e.g., simulation or model checking against
Building automated tools to address the analysis of reactiv temporal logical specifications). Having in mind a prob-
probabilistic systems requires a simple, but expressipatin ~ abilistic analogue to the model checker SPIN [24] with a
language with a formal semantics based on a probabilistic guarded command language for the system specification,
operational model that can serve as starting point for veri- called PROMELA, we aim at building a probabilistic model
fication algorithms. We introduce a higher level descriptio  checker with a probabilistic variant of PROMELA as input
language for probabilistic parallel programs with shared language. We called this language PROBMELA.
variables, message passing via synchronous and (perfect otn our setting, the probabilistic system to be analyzed is de
lossy) fifo channels and atomic regions and provide a struc- scribed by aprogram Q@ = Q| ...|Qx, consisting of a
tured operational semantics. Applied to finite-state syste  finite number ofprocesseg)y, ..., Q, that run in paral-
the semantics can serve as basis for the algorithmic gener-lel and may communicate via shared variables, by hand-
ation of a Markov decision process that models the stepwiseshaking via synchronous channels and asynchronously via

behavior of the given system. fifo channels. Following the idea of probabilistic channel
systems [1] the fifo channels can be declared to be unreli-
1 Introduction able and the probability of losing the message while insert-

ing into the buffer can be specifiéd The main concepts
Probabilistic aspects play a crucial role in many areas of of the description language for thg;’s are deterministic
computer science, e.g. randomization as an algorithmicand randomized assignments, communication actions, con-
concept or stochastic assumptions for modelling the ex-gitional and repetitive statements with a nondeterministi
pected behavior of unreliable components. Several vari-choice between guarded commands (as in classical guarded
ants of Markov chains and Markov decision processescommand languages with channel-based message passing
have been suggested as operational models for probabilis[17, 5]), atomic regions [32, 30, 36], and a probabilistic
tic systems and starting points for verification algorithms choice operator which assigns probabilities to the possibl
[44, 10, 40, 21, 7]. While models based on Markov chains fyrther behaviors.
are purely probabilistic, in Markov decision processes-non |p this paper, we provide amperational semanticor pro-
determinism and probabilism coexist. Thus, the latter are grams and processes, using SOS-rules in the Plotkin style
suitable to describe the behavior of systems that rely on[3g], which yields the foundations for the automated con-
a distributed randomized algorithm as the nondeterminismstryction of a Markov decision process (MDP) from its
allows to describe parallelism by interleaving. Moreover, pROBMELA-specification. For sequential composition,
the nondeterminism can be useful for underspecification orcgnditional and repetitive commands, our semantic rules
to SpeCify the interface with an Unpredictable environment are Obtained by adapting the Co”’esponding rules for non-
(e.g. human users). probabilistic programs and processes [39, 4, 5]. The ma-
Building automated tools for verifying probabilistic sys- jor difficulty is the treatment oftomic regionswhich re-
tems requires a simple, but expressive specification lan-quires a formalization of the cumulative probabilistic ef-
guage for the system. The specification language must beect of (possibly nonterminating) processes. Althouginghe
equipped with dormal semanticshat assigns to each pro-  are some simple special instances (e.g., if the body of the

gram@ of the specification language a probabilistic model atomic region is loop-free or does not contain nondetermin-
M such that the latter can serve as basis for the auto-

10ther types of unreliable fifo channels, e.g. fifo channeth pssible
*All authors are supported by the DFG-NWO-Project "VOSS".eTh  duplication errors or fifo channels that might loose an eabjtmessage of
last author is supported by the DFG-project “VERIAM". their buffer, are not considered here, but could be treatedsimilar way.




istic choices), in general, we might obtain infinitely many municate via shared variables only. Sections 4 and 5 are
distributions for the “final” configurations, and hence,ani  concerned with the semantic rules for channel-based mes-
finitely branching MDP for programs with atomic regions. sage passing and the semantic treatment of atomic regions
This holds even in the case of finite-state programs whichrespectively. Section 6 sketches how to treat nested paral-
only use variables with a finite range and fifo channels with lelism. Section 7 concludes the paper with a brief summary
bounded buffers. We will show that finite-state programs and reporting on the main features of an implementation for
have a representation by a finitely branching MDP that cov- the model construction via the presented SOS-rules.

ers all relevant informations and that can be obtained in a

compositionalvay using a denotational semantics. . .
_ _ _ Preliminaries
Related work. The issue of operational and denotational

semantics for probabilistic systems has been discussed exa distributionfor a finite or countable set denotes a func-
tensively in the context of (data-abstract) process aggbr tionp : S — [0,1] such thaf)" o n(s) < 1. We denote
see e.g. [18, 43, 20, 31, 19, 33, 28, 6, 15, 27]. The {s €S :u(s)> 0} by Supp(y).
language pGCL [34], probabilistic guarded command 1an- \ye refer tou(s) as the probability fos underu. Supp(u)
guage, was introduced for formal reasoning about random-is ~5jied the support gf. If T C S theny(T) stands short
ized algorithms by means of probabilistic expectation® Th ., S p(t) = 1. pis called_substochasticjf(S) <1

. . . . . . t . .
main ingredients of pGCL coincide with those of our ba- £, Ge S, we write 12! for the distribution which assigns
sis language for processes without channel-based commuq {4 < and 0 to any other element i§i. The distribution

hication or atomic regions. Formal semantics for pGCL- yith empty support is denoted by 0. The set of distributions
like languages have been presented e.g. in [26, 35, 23y g Distr(S), is assumed to be equipped with the point-
16, 34, 14, 12] for reasoning with Hoare-like and wp-like | isa ordering, i.e.p < v iff u(s) < v(s) forall s € S.
calculi. Although the operational treatment of atomic re- pjgyribution 4 is called a convex combination of distribu-
gions will be in the spirit of the denotational semantics a tionsu, .. . vy, if there existsy, - . ., g € [0, 1] such that

la [16, 14, 12], we will use a different characterization of ", " g = 1 andy = qul’Jr L me;n-

Elt]r? mpu(;/oltj_tpu'lt behawor'\(;lf tgesb_l?d{l()f an z;t_omlcfre?mn. A Markov decision procesg§MDP) is a tuple M =
e modeliing language MoDeST [11] combines features (S, Act, —, Sy) where S is a set of statesAct a finite

of pGCL, process algebras with TCSP-like synchronization set of actions—C § x Act x Distr(S) the transition
over common actions and other language-constructs, Sucr?elation S C’ S the set of initial stated. Fors € S

as urgent actions, exception handling and process instantla € Act, Steps(s) = {(a, 1) - s~ 11} andSteps, (s) =
ation, to reason about stochastic timed systems. Channel{u c Di’str(S) : (a, 1) e, gteios(s)} étates is terr(’:winal it
based message passing or semantic rules for atomic re-StepS(s) — 0 M is finite-state ifS is finite, and finitely

gions are not considered in [14].In principle, MoDeST branching i e -
: . g ifSteps(s) is finite for all states. A finite MDP
and PROBMELA could be combined to obtain a power- means a MDP that is finite-state and finitely branching.

ful description language whose operational semanticesris - : . .
ption fahguag op . . The intuitive behavior ofM in state s is as follows.
through combining the semantic rules in [11] with ours. . : L : .
e . First, there is a nondeterministic choice between the actio
The probabilistic model checker PRISM [29] uses a variant . "~ = . .
of reactive modules [3] as modeling language for the de distribution pairsia, ji) € Steps(s). If {a, 1) is the chosen
g languag alternative then action is performed. The effect of is

scription of a Markov decision process. The input language . o : : L
. - .2~ described by distribution which provides the probabilities
of the tool RAPTURE [25] is based on an explicit descrip- for the possible successor statesy is substochastic then

Eclnn of the step-wise be_hawor of_the processes which resems . probability1 — 4(S) the system blocks in state
es the format of the intermediate language we use in our ) a ; _
implementation. PROBVERUS [22] uses a C-like impera- e often writes — ¢ rather thans — ;.. If the action
tive language with a Markov chain semantics. The conceptS€t of @ MDPM is a singleton set then we skip the action
of wait-commands in PROBVERUS has some similarities 1aP€l and simply writes — ..

with our concept of atomic regions. Nondeterminism or A (finite) pathin M is a sequence = so,ao, po, - -

asynchronous parallelism are not considered in [22]. Sn—1,an—1, fln—1,Sn € (S X Actx Distr(S))* x S such

- . . . . thatsg € So, {(as, p;) € Steps(s;) ands;y1 € Supp(p;).
rganization. ion 2 briefly explains our pr ilis- 0 20 AT I ’ o ’
Organization. Section 2 briefly explains our probabilis last(c) denotes the last state of We refer to the value

tic model. In Section 3, we provide the syntax and MDP- Pr(o) — H1<i§n 1ii_1(s5) as the probability of. Paths

mantics for th is lan where the pr ms- <
semantics for the basis language where the processes co Yenotes the set of all paths .

2MoDest uses a simple form of atomic statements that comtwes

or more assignments in a single transition, but does nowédto atomic SWe slightly depart from the standard definition of a MDP, ag &-
regions that cumulate the effect of processes with nonuétesm, proba- troduced in [41], and deal with a model that essentially egeith proba-
bilism and iteration as we do. bilistic automata [42].



A scheduleof M means an instance that resolves the non-

determinism. Formally, a (history-dependent, determinis
tic) scheduler forM is a functionD : Paths — (Act x
Distr(S))U{L} suchthatD(c) € Steps(last(o)) if last(o)

is non-terminal and (o) = L if last(o) is terminal. AD-
path denotes a path that can be generatefd bBy asimple
schedulewe mean a scheduldr whereE(o1) = E(o2)
for all finite paths withlast(cy) = last(oz). That is, sim-
ple schedulers are given by a functiéh: S — (Act x
Distr(S)) U {L} such thatE(s) € Steps(s) if s is non-
terminal andE(s) = L if s is terminal. Note that, for finite
MDP M, the set of all simple schedulers is finite, while in
general the set of all schedulers is infinite.

3 The basis language o0PROBMELA

Programs of the specification language PROBMELA con-
sist of a finite number of processéy, ..., Q, that run

Statements of the fortsexpr =- P are calledjuarded com-
mandswhere we refer tdexpr as a(boolean) guard

The intuitive meaning of the commands is as followlsip
stands for a process that terminates in one step without af-
fecting the values of the variables. Assignment and sequen-
tial composition {;; P;) have the obvious meaning. The
effect of a random assignment:= random(V) is that a
valuev € V is probabilistically chosen and assigned to vari-
ablex (uniform distribution forV is assumed). The condi-
tional commandFE ::bexpr; = P; ... ::bexpr, = P, Fl
stands for a non-deterministic choice between those pro-
cessesP; where the guardexpr, is satisfied in the cur-
rent state. If none of the guards is fulfilled, an IF-FI-
command blocks (and waits until another process changes
the values of the shared variables such that one of the
guards eventually evaluates to true). Repetitive commands
DO ::bexpr; = P; ... ::bexpr,, = P, OD stand for the
iterative execution of the non-deterministic choice betwe

in parallel and communicate via shared variables or viathe guarded commandgxpr, = P;. Unlike conditional

message passing over channels. We write ther® as
Q1] - .. ||Qn. We start with the basis language that only al-
lows for communication via shared variables.
Thevariablesused in a progran® may be typed (integer,

commands, DO-OD-loops do not block if all guards are
violated. A single-guarded looPO :: bexpr = P OD
has the same effect as a WHILE-loop with bofflyand
termination condition-bexpr.> The probabilistic choice

boolean, char, real, etc.) and either global or local to someoperator PIF-FIP can be viewed as an analogue to IF-FI-
process o). We skip the details of variable declarations as statements where the former chooses its alternativesdccor
they are irrelevant for the purposes of this paper. As localing to given probabilities instead of boolean guards. In-
variables can be renamed in case they occur in more tharuitively, PIF [p;] = Pi...[p,] = P, EIP performs a
one process, we may treat all variables as global variablesstochastic experiment with possible events occurring with
and assume that we are given a finite et of variables  probabilitiesp, ..., p,, followed by the execution of the
and a domain (typelpom(x) for any variablex. We write (probabilistically) chosen proceds. We do not require
Values to denote the set of all possible values for the vari- the valuesp; to sum up tol. The “missing probabilities”
ables, i.e.Values = J, .y, Dom(x). In addition, we as-  stand for the possibility of a deadlock. E.@IF [0.5] =
sume that the variable declaration of progr&rtontains P, [0.2] = P, FIP has a deadlock chance of 30%.

aninitial conditionfor the variables. The abstract syntax of ap, operational semanticéor the programs and processes
processes (denoted B, Q, R) is as follows? that formalizes the stepwise behavior can be provided by
means of MDPs. In the sequel, I8t = Q]| ...[Q. be a
program. Thestatesin the MDP Mg for program@ have
the form (P, ..., P,,n) wheren is a variable evaluation,
i.e., afunction) : Var — Values such that)(z) € Dom(x)
for all z € Var, and P; a “subprocess” of);, i.e., either a
process that stands for the “remaining” procesg)pthat
still has to be executed or the special symbat if Q); has
terminated. (Intuitively, we may think oP; to be a pro-
gram counter for proces3;.) Theinitial statesin Mg are
the tuples(@1, . .., Q.,n) wheren is a variable evaluation
under which all initial conditions for the variables are-ful
filled. Action labels are not of importance and therefore
omitted. The transition relatior— ¢ in Mg is obtained
by the followinginterleaving rule

<Pi7 77> )
,H,...,Pnﬂ?) —QV

P :

skip | @ :=expr |  :=random(V) | P;; P, |
IFE  :bexpr; = P... :bexpr, = P, Fl |
DO :bexpr; = P;... : bexpr, = P, OD |

PIE [p1] = P1...[pa] = P, EIP

Here, V' is a nonempty and finite subset Dbm(z) and
p1,...,pn arerealvaluesin the intervi, 1] such thap; +
oot pn <L

In assignments: := expr, we require type-consistency of
variablex and expressioaxpr. The precise syntax of the
expressionsekpr) and boolean expressionisekpr) is not

of importance here. We may assume thatr is built from
constants irDom(z), variablesy of the same type asand
operators orDom(x), while the boolean expressions are
propositional formulas built by comparisons of expression

P,

5We depart here from the PROMELA-syntax and semantics wtsels u
a special command “break” to terminate a loop.

4The basis language of PROBMELA contains some more features,
such as random assignments with non-uniform distributiansys, pro-
cedure calls or pointers which are not explained in the paper




(skip,m) — (exit, n)

(x := expr,n) — (exit,n[x := expr])

<l’ = random(v)7n> - Z ‘_\l/‘lu‘%exit,n[z::v])
veV

<£ [pl] =P ... [p"] = P Ey"ﬁ - Z pi- M%Pi,m
1<i<n
1 = bexpr; 7’
(IE ... =bexpr,= P ... Fl;,n) — (P;,n)
y P/;P, Ny — 13/7 ’
<P1777>—>M (< 1 277)) N’(< 177>)

where and we identifyexit; P with P,
v(-) = 0 otherwise.

:: bexpr,, = P, OD:

(Pr; Poyn)y — v

For@Q = DO ::bexpr; = P ...

7 B~ bexpry V...V bexpr,
<Q7 77> - <eXit7 77)

1 |= bexpr;
(Q,n) — (P;;Q,m)

Figure 1. SOS-rules for the basis language

wherev((Py,...,P/,...,P,.n")) = p((P},n')) if P, =
P/ for k € {1,...,n} \ {i} and0 otherwise. The SOS-
rules for— (see Fig. 19 are obtained by adapting the cor-
responding rules for non-probabilistic processes [39]4, 5

4 Channel-based message passing

tuitive meaning of a generalized guayds that the boolean
part bexpr holds for the variable evaluation and that the
communication action is enabled in the current configura-
tion. In addition, we allow for guarded commands of the
form “ELSE = P” which are enabled if none of the other
guarded commands (with boolean or generalized guards) is
enabled. Note that the ELSE-option in loops always leads
to non-terminating behaviors.

P := skip | 2 :=expr | :=random(V) |
d?x | dlexpr | P P ‘
IFE g =>P ign =P, FL |
DO g1 => P ign = P, OD |

where they;'s have the fornbexpr, bexpr A d?x or bexpr A
dlexpr or g; = ELSE. We simply writed?x resp.dlexpr
rather thartt A d7x resp.tt A dlexpr.

Example 1.The IPv4 zeroconf protocol [9, 8] is a
simple randomized algorithm for fully automated self-
configuration of IP network interfaces. The goal is to assign
a unique network address that is (probably) not already in
use by another device. The rough idea is as follows. Let
H be the host which attempts to configure its own IP link
with a new local address. Ho#t starts by choosing at ran-
dom an addressidr from the address space and broadcasts

We now extend the basis language by communication viathe question Wheth@'ddrlis already in use by another hIOSt-
synchronous and fifo channels. We skip the details of If there is another hosti” using the addressddr then H
(global or local) channel declarations and assume that wesends a reply “No, don't use the addresilr”, in which

are given a fixed, finite sefhan of channels used in the
given program@ = Q1| ... ||Q». Chan is partitioned into
two disjoint subsets: the s&Chan of synchronous chan-
nelsand the seFChan of fifo channelsThe letterd will be
used to denote a (synchronous or fifo) channdgr syn-
chronous and for fifo channels. Any channel is asso-
ciated with a domairbom(d) which declares the type of
messages that can be sent#idn addition, the declaration
of a fifo channelf specifies thecapacityof the buffer for
channelf by a valuecap(f) € IV U{co} and theprobabil-
ity for losing a messagehile inserting into the buffer by a
valuep(f) € [0,1[. (p(f) = 0 indicates a perfect channel.)
The syntax of processéds extended by communication ac-
tionsdlexpr (sending the current value expr along chan-
neld) andd?z (receiving a value for variable from chan-

caseH restarts the whole procedure with a new randomly
chosen address. The difficulty is that the network might be
unreliable and the question sent Byas well as the reply
might get lost. For this reason, after sending the address,
H waits for a fixed amount of time and then resends its re-
guest. Only if after a fixed numb@¥ of iterations, wherd{
resends repeatedly the chosen address and no reply arrived
at H, then H considers the chosen addresslr not to be
assigned to another host and starts using it.

In PROBMELA, the IPv4 zeroconf protocol can be mod-
elled by a proces®.. (see Fig. 2) which communicates
via lossy fifo channelg ande with the other hosts in the
network (i.e., we assumg(f), p(e) > 0). ProcessP,.
sends the randomly chosen addreddr via channelf to

the network, while channel serves for sending the reply.

nel d) and guarded commands where the guard may ask!he outer loop off.. stands for the iterations where,.

for a communication action. (Type-consistency fhrz
and expr is assumed.) We refer to guards of the form
bexprAd?x or bexpr Adlexpr asgeneralized guardsThe in-

6We writes — ¢ for s — p} and[expr],, for the value okxpr when
each variabley occurring inexpr is interpreted byy(y). n[z := expr]
denotes the variable evaluation that assigns vfdupr], to variablez,
while the value for any other variablg agrees withn(y). n = bexpr
denotes thabexpr evaluates to true if interpreted over

chooses an address, while the inner loop stands for the at-
tempts ofP,. to get a reply for the chosen address (“probing
phase”). Integer variablein P,. serves as counter for the
attempts to send the probabilistically chosen address. The
boolean variablaccepted indicates whether an address has
been assigned té/, while the meaning ofrobing is that

the protocol is in its probing phase. The initial conditign i
—accepted.



DO ::accepted =
addr := random(IP_adresses);
cltimer_on; fladdr; i := 0; probing := tt;
DO :: probing =
IFE (@< N)Aclz=
i:=1+4 1; cltimer_on; fladdr
(i< N)Aely=
probing := ff; clreset
2(i=N)=
probing := ff; clreset;
accepted := tt

Figure 2. Process P,

To model the time passage whérg. has to wait for a reply

[€(f)] < cap(f). The initial states ofM g are the states
(@1,-..,Qn,n,&) wheren is a variable evaluation satis-
fying the initial condition and wherg, assigns to any fifo-
channel the empty word. (Initially, all buffers are empty.)
Action labels are irrelevant foM . Except for hand-
shaking via synchronous channels, the interleaving rule fo
— ¢ is still appropriate. To handle synchronous com-
munication, we need a semantic rule fer-o that “com-
bines” two local transitions of certain procesggsand@ ;
which stand for matching synchronous 1/0O-operatiohs
andclexpr. For this reason, we use the following action-set
Act

{7, else} U {read(c,v), write(c,v) : ¢ € SChan, v € Dom(c) }

for the transition relation— for the processes. Action la-
bel else is used for the transitions representing the cases
where the else-branch of a conditional or repetitive com-
mand is chosen. The action symbostands for any action
different fromelse and the synchronous communication ac-

before resending the address, we use an additional procesgons c¢?z andclexpr. Action labelwrite(c, v) is used for
that models a timer which communicates via a synchronousany transition of a procesg; in which @, offers a com-

channek with P,.. The timer is activated b¥,. by sending
the signaltimer_on along channet. If i < N thenP,. is

munication actiore!expr where the current value ekpr is
v. Similarly, action-labetead(c, v) denotes the request for

forced to wait in its IF-Fl-statement until either the timer a synchronous input actiar?xz. In the latter casey is an

sends the timeout signal along channeh which caseP,.

arbitrary value oDom(c). Thus, for thelocal viewof the

reactivates the timer and resends the address, or anostter hoprocesses, we model the possible effect’tf by a non-

puts a reply into the buffer for channglin which caseP,.
resets the timer (via sending the signakt along channel

deterministic choice between all assignments= v” for
v € Dom(c). The nondeterminism will be resolved in the

¢) and repeats the whole procedure. The behavior of theglobaltransition systermi\1 o which uses the followingyn-

timer is described by the following process:

DO ::c?0 = IF :: ¢?r = skip :: cltimeout = skip Fl
:: ELSE = skip
oD

Intuitively, variableo stands for the signal activating the

timer, while variable "r" represents the reset-signal.

The abstract behavior of the network can be described by

the process

DO : f?7z2=1F :z€ A= e!"N0” :: ELSE = skip El
:tt = skip
oD

Variablez stands for the address sent By. and A for the
set of IP addresses that are assigned to somée’ lmbst.

Operational semantics. The states of the MDPM g

for programQ = @] ...||Q. consist of control com-
ponentspP;, ..., P, for the processe®q,...,Q,, a vari-
able evaluatiom; and a channel evaluatiaf i.e., a func-
tion ¢ : FChan — Values™ where¢(f) € Dom(f)* and

"We assume here that is given. To verify the protocol independent
of a concrete configuration of the network, we may assume iializa-
tion process which chooses nondeterministically addsefssen the whole
address space to generate the addresa-set

chronization rule

read(c,v) write(c,v)
<Pz 771€>—>,U/7'a <Pj7771€>—> w
<P1,...,Pi,...,Pj,...,Pn,T],§> —>Q 1%

where

7Pi—1aPil7Pi+17"'7Pj—17Pj(an+17"'777I7§>)

= pr((B/,',€)) - p (P51, €))

andv(-) = 0 in all remaining cases. (Note that message
passing via a synchronous channel does not affect the chan-
nel evaluation and that only the read-action can modify the
variable evaluation.) The semantics of the else-branches i
provided by the rule

else

<P7;,’I7,§>—>,U,7 ﬁSyni(P17"'7Pi7"'aPna,'77§)
<P15"'7Pi7"'7P77,a777§> —oV
where I/(<P1,...,Pifl,]Dl-/,Pi+1,...,...,Pn,’/]/,gl>) =

w((P!,n',¢&)) andv(-) = 0 in all remaining cases. Pred-
icateSyn,(s) asserts that, in the global state= (P, ...,
P, ..., P,,n,&), processP; can synchronize with some
other process’;. That is, Syn,(s) iff there exist an in-
dexj # i and a paira,a) of matching synchronous 1/O-
operations (i.e.{a,a} = {write(c,v), read(c,v)}) with
(Pi,n, &) = py and(Pj,n, &) = o for someus, ps2. In



Asynchronous communication via fifo channels: Synchronous communication actions:

|&(f)| >0, v=first(E, f) |E(F)| < cap(f), v=[expr]y v € Dom(c)
(2,0, &) — (exit,n[x:= V], &[remove( 1)]) (flexpr,n, &) ——p (€21,8) XY (eit,n[x:= V], &)
p(f) if (P.n', &) = (exit,n, &) v = [expr]y
whereu((P.n",&)) =< 1—p(f) : if v=[expr]y and(P,n’,&’) = (exit,n,&[add(f,v)]) write(GV) .
0 . otherwise. (clexpr,n,§) —— (exit,n, &)

Conditional commands with I/O-request:

n k= bexpr, [&(1)] >0, v—first(z, ) N k= bexpr, [E()] < cap(f), v=[exprly
(IF ... bexpr A f2x=P i ... FI,n,&) - (P.n[x:=V],&[remove(f)]) (IF ... :bexprA flexpr=P ... FI,n,&) >

wherep((P,n, &[add(f,v)])) = 1—p(f), u((Pn,&)) = p(f) andu(-) = O otherwise.

N = bexpr, ve Dom(c) N = bexpr, v= [expr],
read(c,v) write(c,v)

(IE ... bexprACx=P ... Fl,n,§) —— (Pn[x:=V],§) (IE ... : bexprAclexpr=P :: ... FL,n,§) —— (P n,§)

fQIiSIE::gi=Pi... igh=Py ELSE=R;... :: ELSE = Rn FI

wheregs, ..., g are boolean or generalized guards: .8 0. i=1...n ji=1....m

(Q.n.8) == (R;,n.8)

Figure 3. SOS-rules for communication actions

addition we use the interleaving rule of section 3 for action 5  Atomic regions
labelr, we just have to add channel evaluations for this la- :
T J We now consider program@ = Q|| ... ||Q» whose pro-

bel. . . :

cesses); may communicate via shared variables and chan-
It remains to formalize the S’[epWise behavior of the Pro- nels and may contaimtomic regionsThat is, we extend the
cesses Via the tl‘ansition I‘elati(}H—>. For Skip, aSSign- Syntax for processes by commands of the fGtUmIC{P}
ments and sequential composition we may work with es- The intuitive meaning oftomic{ P} is that the activities
sentially the same axioms and rules shown in Fig. 1, the during one possible terminating computation/®fare cu-
only difference being that we have to add the channel eval-my|ated into a single transition, to avoid any interactign b
uation and the action label The same holds for condi-  other processes. Atomic regions can serve as a user-driven
tional commands, provided that the guard of the chosencompactification techniqifer the MDP of a program. They
guarded command is boolean. Fig. 3 shows the rules forcan be used to model mutual exclusion scenarios, with-
communication action$.For generalized guard with an oyt the explicit representation of semaphores as additiona
asynchronous communication actiofy, {) = g iff the shared variables or other mechanisms for concurrency con-
boolean part ofy holds under and{ enables the commu-  trol. Moreover, they are helpful for abstraction purposes
nication request ig. If g = bexpr is a boolean guard then a5 they can yield a simplified model which abstracts away
(n,€) = giff n = bexpr. For technical reasons, we always  from computations that are internal to some process.

assume(n,§) |~ g if g € {bexpr A c?x,bexpr A clexpr}.  Forinstance, consider a parallel sorting algorithm meuell
This doesnotmean that the synchronization is not enabled, py three processeB,,qin, P2 ., and P2, where P, 4
! SOT” or

S

but reflects the local view of the processes where the elsepjits the given sequence of values into two disjoint sub-

branches of IF-Fl-statements are regarded as potengal alt  sequences of (roughly) the same length which are sorted in

natives as long as none of the booleans guards or generalrg|lel| byPL , and P2 ,, e.g. using randomized quick-

ized guards with asynchronous communication are fulfilled sort, and finally merged by,..:.. To prove total correct-

in the current configuratiofy, ¢). ness, a simplified model obtained by usitgmic{ P}, ,}

The rules for |00p5 are similar and omitted here. and atomic{me_t} suffices and Ieads to a reduced state-
space, as all intermediate stepsif,, are collapsed into

a single transition, and thus, avoids the representatiafi of

8¢[add(f, v)] denotes the channel evaluation that results fedoy in- possible interleavings aP}, , andP2 ,.°
serting valuev at the end of the buffer for channgl| ¢[remove(f)] the
channel evaluation that agrees withexcept for channef where the front 90f course, if the analysis detects an error then for debugtiia in-
element has been removed.|4{f)| > 1 thenfirst(¢, f) is the first ele- termediate steps aP?,, might be relevant. However? . could be

ment in the buffer for channél. verified/falsified in isolation.



While many authors require the body of an atomic region (1) s—* ! for all statess and (2) If s = 1 wherea €

to be loop-free, we do not make any syntactic restriction {r, else} andt—*v; for t € Supp(u) then

on the bodyP of an atomic region, except th& does not

contain further atomic regions. (Nested atomic regions can $—" 2 tesupp(u) 1(E) * -

be removed without changing the effect.) Non-termination

inside an atomic region is interpretedlaglock The above rule is appropriate for loop-free processes (be-
There are several possibilities to handle blocking inside cause they only have finite computations), but it is not for
atomic regions on the semantic leveél.The PROMELA- processes with loops. E.g., the following procéss
semantics suspends the executiorPadind allows for tran-

sitions of other processes. Another possibility is to con- DO :: =z = PIF [0.5] = x := tt [0.5] = skip FIP OD

sider blocking inside an atomic region asl@adlockirom

which no further activities for the whole program are pos- (with boolean variabler and initial evaluation % = ff”)
sible. We follow here the latter interpretation which — for terminates with probability 1, but there is no output-
non-probabilistic processes without the else-option in IF distributiony with (P, z=ff)—~p.

Fl- or DO-OD-commands — can be described by the rule

(P,n, &) —"(exit,n’, &)
(atomic{ P}, n, &) - (exit,n’, &)

; H P }[ exit }
X=tt X=tt

where—* denotes the transitive, reflexive closure-6f

(see e.g. [5]). For processes with the else-option, we dealTo avoid this problem, we replace the above rule with
with the transitive, reflexive closure of— U else Thus, the following one which cumulates the effect of maximal
e.g. inatomic{IF :: ¢?x = P, :: ELSE = P, Fl}, process  (possibly infinite) computations by means of the output-
P, will be executed. Our goal is to provide a probabilistic distributions of schedulers:

analogue to the above rule for non-probabilistic processes

D is a scheduler foM p .y
(atomic{P},v) —— D |exit

Notation. In the sequel,P stands for a fixed process as
in Sect. 4 andy = (n, £) for a variable-channel-evaluation
pair. M = Mp,, denotes the MDP that describes the E.g., for P as above, there is exactly one schedule(as
stepwise behavior of started with the initial configura- P does not contain nondeterminism), the distribution
tion v when the transitions for synchronous communication is an exit distribution which assigns probability 1 to state
actions are ignored. That i$P,~) is the initial state of  (exit, z=tt). Thus,(atomic{ P}, z=ff) — (exit, z=tt).

M, the state spacé of M CO”SlS:SS’eOf all states that are If distribution pplexit IS substochastic then the “missing

reachable fron{P, v) under—— U 5. The transition re- probabilities” stand for non-termination inside the atomi
lation in M is - U <% restricted taS. 7' denotes the set region or for reaching a blocking state. Consider the follow
of terminal states in\, T, the set of states of the form
(exit,v'). Any distributiony with Supp(u) C Tet is called
an exit-distribution If Supp(x) C T theny is called an
output-distributionand the induced exit-distributiof) et
is given by plexit(t) = w(t) if t € Teqr andp(u) = 0
if u € S\ Teit- If D is a scheduler forM then the
output-distribution., is defined byup(t) = Y {Pr(o) :

o is aD-path withlast(c) = ¢} for any state € 7. m [ —3 } [ — }
The obvious idea to provide a SOS-rule for atomic regions |l *= 2 x=2 exit
is the following probabilistic variant of the above mentah F! ,13 skipiP x=3
rule for non-probabilistic processes: [ X—3 } [ X1 }O[ 1 }
(P,~)—"p wherey is an output-distribution i
<atomic{P}, ’7) T M|e><it Xx=3
where—* is the least relation o8 x Distr(S) such that ]
Figure 4.
10The execution ofitomic{ P} is blocked if P is forced to wait for the 11The PROMELA-semantics, that suspends the execution ofamiat
enabledness of a communication action or the satisfacfiargoard inside region if a blocked state is reached, can be obtained byadiepl@ p |exit

a conditional command. with pp in our rule.



ing process” with integer variable: where initially x =2.

DO :z=2= PIF[0.5] = z := 1[0.5] = z := 3FIP
mx < 2= skip

(6]D)

See Fig. 4. Under each schedulBr which, for state

(P, x=2), eventually chooses the first alternativetermi-
nates with probability 0.5 in statexit, « = 3) and loops for-
ever with probability 0.5. Thugatomic{P},2=2) " p
wherepu({exit,z = 3)) = 0.5 andu(u) = 0 for any other
stateu. Under the scheduleb,, which always chooses
the second alternative? does not terminate. We obtain
(atomic{P},z = 2) — 0 which provides the informa-
tion that there is a computation with livelock probability 1

In a similar way, our semantics allows for reasoning about

in state(exit,z = tt,y = ff) and with probability(1)"
in (exit,x = ff,y = tt). Hence, there are infinitely many
distributionsy: with (atomic{ P}, 2=y =ff) — p.

atomic{P}
x=ffAy=ff

\

A
)

exit
X=ttAy=ff

exit
x=ffAay=tt

For the automated model construction, the question for an
alternative rule for atomic regions arises that yieldmae

deadlock probabilities caused by reaching a state where théepresentatiom)f the (possibly infinite) set

computation blocks.

The rule for atomic regions, applied to processes with lpops

nondeterminism and probabilism, can lead toirdimitely
branchingMDP, even for finite-state processés.

P
x=ffAy=ff

x=ffAay=ff x=ffAy=ff

X:=tt;P y:=tt;,P
P P
X=ttAy="ff x=ffAy=tt

x:fF/\y:ff} [x:ff/\y:ff

exit exit
X=ttAy="ff x=ffAy=tt

Figure 5.
Regard the following proced3 with boolean variables, y
where initiallyx =y =ff (see Fig. 5).

DO :: =z A -y = PIE [0.5] = z := tt [0.5] = skip EIP.
ox A -y = PIE [0.5] = y := tt [0.5] = skip FIP
(0]0]

The two simple schedulers yield

(atomic{ P}, z=y=ff) > (exit,x=tt, y=fF),
(atomic{ P}, z=y=ff) > (exit,x=ff,y=tt).
We now consider schedulé?,, which chooses the first al-
ternative for the firshi-times statd P, x =y =ff) is visited.
From the(n + 1)-st visit of state(P, z =y =ff) on, D,, se-
lects the second alternative. Using schedillgr process”
terminates with probabilitg + 2 + ...+ (3)" =1— ()

12By a finite-state processwe mean a procesB where the domains
of its variables and channels and the capacities of all ibssclifannels are
finite.

Steps, ((atomic{ P}, 7)) = {u : (atomic{ P}, ) —— u}
= {uplexit : D scheduler fooM p ., }

for finite-state processeB, but still covers all “relevant”
information. We argue that for most interesting properties
the representation of inite basisof Steps_(...) suffices.
Here, a finite basis of’ C Distr(S) means a finite subset
B of C such that all distributions ii®' are convex combi-
nationsof the distributions inB. A formal argument that
justifies the switch fronbteps. (.. .) to a finite basis is that
any MDP M is (strongly)bisimilar (in the sense of [42])
to any MDPMg,, with the same state space and where, for
any states and actioru, the set of:-steps fors in Mg, is a
finite basis ofSteps.'(s). Moreover,M and M ,, satisfy
the same LTL and PCTLformulas [7].

Theorem 2. If P is finite-state then {ug|ext
Eisasimpleschedulerfwépm} is a finite basis
for Steps, ({(atomic{P},~)). }

A proof sketch is provided in the appendix. Thus, for finite-
state programs, the consideration of the simple schedulers
in the rule for atomic regions suffices and yields a finite
MDP that is bisimilar to the MDP obtained by consider-
ing all schedulers. The same result can be established for
the await-statement [37] that modelsnditional atomic re-
gions That is, for finite-state programs we may work with
the following rule that yields a finite MDP:

1 |= bexpr, E simpler scheduler faM p .
(AWAIT bexpr THEN P END, ) —— /1ot

Denotational approach. We conclude this section by pro-
viding a compositionakharacterization of our operational

13Note that the simple schedulers fof = M p,y may choose differ-
ent alternatives for statés?, v1 ) and(R, v2) with the same control com-
ponentR but distinct evaluations, v2; otherwise, the basis-property of
the simple schedulers would not hold.



semantics fomtomic{ P} by means of a denotational se-
mantics for the bodyP. Let I" denote the set of variable-
channel-evaluation pairg = (n,&). The denotation o
can be defined as a functid{P] : I" — 2°() that as-
signs to any “input configurationy a set of distributions
for the possible “output configurations”. [14, 16] presents
such a denotational semantics for a language that esse

tially agrees with our basis language (Sect. 3) without non-

determinism. In the approach of [14, 16}[P](v) returns a
unigue exit-distribution that describes the probabilistic ef-
fect of executing? with the initial variable evaluation and
that agrees with p, for the unique scheduldy for M p ..

To define the denotations of processes with nhondetermin-

ism, probabilism and loopsP[P] can be extended to a
functionD[P] : P(Distr(I")) — P(Distr(I")), whereP(-)

is a suitable powerdomain that allows to define the deno-

tation of a DO-OD—process by a fixed point construction.

As we interpret the blocking inside an atomic region
caused by a synchronous or disabled asynchronous com-
munication request as a livelock, we pDig[c?z](y) =
Delf?2](0,€) = 0 if [¢(f)] = 0, and Dp[clexpr](y) =
Dg[flexpr](y) = 0if |£(f)| = cap(f). For sequential com-

nposition and probabilistic choice, we put:

Dg[Pi; P(v) = > DrlPl(y)(m) - De[Pal(n)

DelPIE [p1] = Py .. [pa] = P BIP](Y)

= piDe[P)(y) + .. + paDe[Pa](v)

For resolving the nondeterministic choices in conditicral
repetitive commands, we use the fixed schedillerLet
P=IF g1 = P ... :gp = P, Fl andy = (n,&) €

I'. If (P,v) is a terminal state w.r.t. the transition relation

else

— thenDg[P](y) = 0. If E chooses the guarded

.U

The recent work [12] provides such a denotational seman-commandy; = P; for state(P, ) then we put:®

tics for a language that essentially agrees with our basis
language for processes using the Egli-Milner ordering (see
e.g. [2]). For our purposes, the semantics of [12] is too ab-

stract asD[P](y) might be a proper superset of the convex
hull of Steps ({(atomic{ P}, v)), and thus, identifies some
non-bisimilar processé$.

It is not clear to us whether any other topological approach

e If g; is a boolean guard q@r, = ELSE thenDg[P](v) =
Dg[P(7).

o If g; = bexpr A f?x thenDg[P](n,§) is

DplPi](nlz = first(¢, f)], {[remove(f)]).

for the definition of a denotational semantics (e.g. in the o |f g, = bexpr A flexpr, v = [expr], thenDg[P](n, €) is

style of [13, 6] where metric denotational characterizagio
of bisimulation are provided for data-abstract probabilis

tic systems) allows for precise reasoning about the con-

vex hull of the exit-distributions induced by the schedsler
However, we may follow another approach which relies on
the idea that the denotation of a probabilistic procéss
is viewed as a functio® — Dg[P] that assigns to any
schedulerE a functionDg[P] : I" — Distr(I") formal-
izing the input/output behavior oP under schedulef.

(1 =p(f)) De[P](n,&[add(f,v)]) + p(f)PEe[Pi](n,§)-

For the loopP = DO :g; = P;... ::g, = P, OD we
use the operataR? = 2p g : Distr(I") — Distr(I") which,
for u € Distr(I"), v € T, is defined by:

Qu)(v) = X Del.. zgi= P J(y)(n) - wln)

T1€l’

We shrink our attention to finite-state processes and simplewhereDg]|... ::g; = P; .. ](v) describes the probabilistic

schedulers and defirBg[P] by structural induction. We
putDglskip](y) = p, and

DEI[‘T = eXp"](Uv 5) = M%n[az::expr] E)v

Dglr := random(V)](n, &) = ZV ﬁu%n[m::v]f)'
ve

For successful asynchronous communication, we put

_ 1
Dilf?2](1.€) = 1y —first(e, 1)) elremove( 1))

if £(f)] > 0. For|&(f)| < cap(f) andv = [expr],, we
defineDg|flexpr](n, ) to be

(1= P it n efada o)) + P Meitn.e)

14The reason is that there are distinct convex sets of disiitis that
are identified by the Egli-Milner ordering, e.g. the triagglspanned by
the points(0, 0, (0.5, 0), (0.5, 0.5) and(0, 0), (0, 0.5), (0.5, 0.5) where
(p, q) is identified with the distribution assigning probabiljiyto the eval-
uation “z =ff" and probabilityq to the evaluation £ =tt”".

effect of one iteration oP started withy using the schedul-
ing strategyF. Its formal definition is obtained essentially
as for conditional commands:
Dgl... u9i = P;.. J(v) = De/[P](7)
whereP’ ande’ are as follows P’ is
IFE:qy=P...:g9,= P,: ELSE = skip Fl

if g1,...,9, are boolean or generalized guards. gif =
ELSE for at least one indekthen

P=IF :q1= P ... :g,= P, FL

15As E chooses an outgoing transition of stde ~) with label + or
else, g; cannot be a generalized guard with a synchronous commiamicat
request and we have = g; if g; is boolean or a generalized guard with
an asynchronous communication requesy; l&= ELSE then~ [~ g; for
allindicesj € {1,...,n} whereg; is a boolean or generalized guard.




start(P1,...,Pn)
Ty

<Ru’7> <R57>7 R 7é exit
<R1,...,Ri,1,Ri,Ri+1,...,Rm,"}/> LQ <R1 ...,Rifl,R,Pl,...,Pm,Ri+1,...,Rm,"y>

start(Py,...,Pp,)
it ik A el LN

<R17FY> <eXit7FY>
<R15'"7Ri—1;RiaRi+17"'7Rm57> L)Q <R15'"7Ri—1;P17"'7P’maRi+1a"'7Rm57>

Figure 6.
I 7 Conclusion
If there are several possibilities then scheduérchooses
for (P’,~) exactly the same guarded commandizgor Our starting point was a higher level specification language
(P,v). E' andE agree for theP;'s and their subprocesses. for parallel programs whose processes are described by a

It is clear thatf? is continuous as an operator &str(I") guarded command language with nondeterminism, prob-
viewed as a complete partial order with the pointwise or- abilism, repetition, message passing via synchronous and
dering for distributions. Thus, we may defifg;[P](v) = (possibly lossy) fifo channels and atomic regions. We pro-
Ifp(£2)(1:}) wherelfp(£2) denotes the least fixed point 6f vide an operational semantics by means of SOS-rules that
Using structural induction it can be shown that[P](~) = yield a MDP formalizing the stepwise behavior of a given
115 |exit. Theorem 2 yields: program. Although finite-state programs with atomic re-
gions may have an infinitely branching MDP, a bisimilar

Theorem 3. If P is finite-state then{Dg[P](y) : finite MDP can be obtained in a compositional way using a
E simple scheduler foMp .y} is a finite basis for  denotational semantics.

Steps, ((atomic{ P}, 7)) = {u : (atomic{ P}, ) —— u}. The presented work is the first step towards the implemen-

tation of a probabilistic model checker that verifies prob-
. abilistic programs (of our language PROBMELA) against
6 Nested parallelism LTL-formulas. We used the SOS-rules as basis for an im-

To keep the presentation of the paper Simp|e we 0n|y pre-plementation which generates the MDP of a giVen finite-
sented the basis concepts of PROBMELA, but skipped ad-State program. For the internal program representation, a
ditional features such as arrays, procedure calls, paioter 0w level language similar to JAVAs virtual machine byte-
parallelism inside processes. A detailed descriptioneé¢h ~ code is used. Given a PROBMELA-progra@) we first
additional concepts will be explained at another occasion.transform Q into an equivalent bytecode representation
Here, we will only sketch the ideas of how to handésted from which the reachable fragment of the state space is gen-
parallelism Parallelism inside a process is realized by a erated using a traversal technique that relies on a mixture
commandun(Py, ..., P,,) that starts the parallel execution between DFS (to treat nondeterministic branching) and BFS
of the (Sub_)processﬁ, . aPm- To treat dynamic pro- (for probabilistic branching). For a CompaCt internal epr
cess creation via the run-command on the semantic |eve|,Sentati0n of the states we adapt the rubber vector teChnique
the states in the MDRM o for program@Q have the form [24] that allows shrinking and extending the vector dynam-
(A,~) where/ is a finite sequence consisting of (control ically as needed when modelling dynamic process creation
components for) the active processes together with an evaland destruction as well as the use of temporary variables
uation for their local variables and channels anan eval- ~ (notdescribed in this paper).
uation for the global variables and channels. For simplic- The current state of our implementation yields the possibil
ity, let us assume that all variables and channels are globality for simulating a given PROBMELA-program where the
Then, we may work with the axiom nondeterministic (and probabilistic) choices are resblve
start(Py,..., Pyn) . either by user input or automatically. The implementa-
(run(Py, ..., Pn),7) (exit, ) tion of a quantitative reachability analysis (which calcu-
on the process-level and with the rules shown in Fig. 6 on lates minimal or maximal probabilities to reach a given
the program-level. The interleaving and synchronization set of states under all schedulers) will be finished in near
rule have to be modified to remove successfully terminatedfuture. Our goal is the implementation of an automata-
processes from the list of active processes. Atomic regionsbased LTL-model checker for PROBMELA-programs. To
can be handled essentially as before, the main differenceobtain a probabilistic analogue to the well-known model
being that we have to allow for handshaking of two sub- checker SPIN, several problems have to be solved in fu-
processes inside the atomic region. Finite-state MDPs areture work, such as the development of algorithms for partial
guaranteed when — in addition to the requirement that only order reduction in MDPs and heuristics to derive “promis-
variables and bounded fifo channels with finite domains areing” reductions from the PROBMELA-descriptions of the
used — the run-command does not occur inside loops. processes, theoretical and experimental results about ran
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domized memory-management (e.g. bit-state hashing) or[20] H. Hansson, B. Jonsson. A calculus for communicatirsg sy
abstraction techniques for PROBMELA-programs.
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A Proof sketch for Theorem 1

We first observe that it suffices to show thatfAfis finite-
state then

{ue : Eis asimple scheduler fov 5., }

is a finite basis fof{up : D is a scheduler foM p ., }.

= min{

P2 s st e Supp(up,)}

andus = p1 — paie,.

Proceeding in this way we obtain a sequence of triples
(Ej,pj, 1tj) wherep; > 0 and E; is a simple scheduler
for M such that (j.1)Supp(pr,) € Supp(p;—1) and (j.2)

E; is maximal w.r.t. condition (j.1). Distributiop; is given

For this, we establish the basis property of the simple sched by

ulers for arbitrary finite MDPs.

In the sequel, leM = (S, Act, —, {s0}) be a finite MDP
with single initial statesy. We write T' to denote the set
of terminal states in\. To simply our argumentation, we
assume that for any terminal stdtec T there is exactly
one triple(s, a, u) with s € S, (a, ) € Steps(s) andt €
Supp(u).*® Given a scheduleb for M, we write up to
denote the distribution

pp(t) =Y {Pr(o) : o is aD-path withlast(c) = t}
foranyt € T andup(s) = 0 for any states € S\ 7.

Theorem 4. {1 : E is a simple scheduler fok1} is a fi-
nite basis for{MD :Disa schedulerfoy\/l}.

Proof. Only the caseg ¢ T is of interest. IfSupp(up) =

(0 (i.e.,up(t) = 0for all stateg € T') then we choose an ar-
bitrary simple scheduldr such thatZ'(s) = D(o) for some
D-pathg with last(o) = s. We then hav&upp(ug) = 0,
and henceyup we. Thus, we may defingy = 1
andpr = 0 for any other simple schedulét and obtain
HUD = ZF PFUF-

In the sequel, we assume tt%aipp(1.p) # (). We start with
1o = pp and choose a simple schedulgy for M such
that

(1.1) Supp(pz,) < Supp(ko)

(1.2) F; is maximal w.r.t. condition (1.1) in the sense
that there is no simple schedul&r for M such that

Supp(ur) € Supp(uo) and Supp(ug, ) is a proper

subset oBupp(ug).
We then put
P = min{% : teSupp(uEl)}

anduy = 1o — p1jE, -

If u1 # 0 then we may choose a simple scheduler
for M such that (2.1pupp(pg,) € Supp(u1) and (2.2)
E5 is maximal w.r.t. condition (2.1) in the sense that there
is no simple scheduleE for M such thatSupp(ug) C
Supp(p1) andSupp(ig, ) is a proper subset Gupp(ug).

We then define

181 this assumption does not hold f@¢t then we may deal with copies
ts,a,u for each of the terminal statelsin M. The valuesyp(t) of
the output distributiornup are then obtained by summing up the values

HD(tS,a,u)-
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= pp — (P1pE, + .o+ Dj—1pE; ).

Moreover,Supp(u;) is a proper subset &upp(p;—1). As
S is finite there exists an index with Supp(us) = 0, i.e.,
ws = 0, and therefore,

Up =P1E, + ..t PIAMUE, -

It remains to show that (1p; < 1foralll < j < J
andp; + ...+ pyj—1 = 1 and (2) the existence of simple
schedulers; with Supp(ug,) € Supp(uj—1). We skip
the proofs for these claims and just mention that for the ex-
istence of such simple scheduldrs the maximality con-
dition (j-1.2) for £/;_; is important. For instance, for the
MDP M = (S,{a,b,c},—,{so}) with S = {so,w, t,t'}
andT = {t,t'} and

e Steps(so) = {(a, u)} wherey = [t — L w—

e Steps(w) = {(b, ul,), (¢, i)}

and schedulerD with D(so,a, p, w) (c,p3,) and
D(S()v a, i, w,C, ,uiov ceey Gy U)) = <ba ‘U,%/>, we have

3

pp = [t §.t' =]
1 1 4 1 1
= Flt—5,t =3 +5t—1
Jink ik as ] Gek
HE, HE:

shE, + S1E,

where E,, E. are the two simple schedulers that choose
actionb resp. actiore for statew. When choosinds; = E.
in the above procedure we would obtain

_ wp® _ % _3
mo- oty
m = pp—jpe. =t 4]

But then, there is no simple schedulémwith Supp(ug) C
Supp(p1) = {t'}. In fact, E. violates the maximality con-
dition (1.2). However, choosinf; = E;, we get

_ ; (t) (tHy _ 1
pro= min{ 25, B2} =5
W = pup— %MEI, =[t— %],
T, = {t}.
We then we may defing, = E,, p» = 3 and obtairnu, =
= spp, =0. 0



