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Abstract

Building automated tools to address the analysis of reactive
probabilistic systems requires a simple, but expressive input
language with a formal semantics based on a probabilistic
operational model that can serve as starting point for veri-
fication algorithms. We introduce a higher level description
language for probabilistic parallel programs with shared
variables, message passing via synchronous and (perfect or
lossy) fifo channels and atomic regions and provide a struc-
tured operational semantics. Applied to finite-state systems,
the semantics can serve as basis for the algorithmic gener-
ation of a Markov decision process that models the stepwise
behavior of the given system.

1 Introduction

Probabilistic aspects play a crucial role in many areas of
computer science, e.g. randomization as an algorithmic
concept or stochastic assumptions for modelling the ex-
pected behavior of unreliable components. Several vari-
ants of Markov chains and Markov decision processes
have been suggested as operational models for probabilis-
tic systems and starting points for verification algorithms
[44, 10, 40, 21, 7]. While models based on Markov chains
are purely probabilistic, in Markov decision processes non-
determinism and probabilism coexist. Thus, the latter are
suitable to describe the behavior of systems that rely on
a distributed randomized algorithm as the nondeterminism
allows to describe parallelism by interleaving. Moreover,
the nondeterminism can be useful for underspecification or
to specify the interface with an unpredictable environment
(e.g. human users).
Building automated tools for verifying probabilistic sys-
tems requires a simple, but expressive specification lan-
guage for the system. The specification language must be
equipped with aformal semanticsthat assigns to each pro-
gramQ of the specification language a probabilistic model
MQ such that the latter can serve as basis for the auto-
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mated analysis (e.g., simulation or model checking against
temporal logical specifications). Having in mind a prob-
abilistic analogue to the model checker SPIN [24] with a
guarded command language for the system specification,
called PROMELA, we aim at building a probabilistic model
checker with a probabilistic variant of PROMELA as input
language. We called this language PROBMELA.
In our setting, the probabilistic system to be analyzed is de-
scribed by aprogramQ = Q1‖ . . . ‖Qn, consisting of a
finite number ofprocessesQ1, . . . , Qn that run in paral-
lel and may communicate via shared variables, by hand-
shaking via synchronous channels and asynchronously via
fifo channels. Following the idea of probabilistic channel
systems [1] the fifo channels can be declared to be unreli-
able and the probability of losing the message while insert-
ing into the buffer can be specified.1 The main concepts
of the description language for theQi’s are deterministic
and randomized assignments, communication actions, con-
ditional and repetitive statements with a nondeterministic
choice between guarded commands (as in classical guarded
command languages with channel-based message passing
[17, 5]), atomic regions [32, 30, 36], and a probabilistic
choice operator which assigns probabilities to the possible
further behaviors.
In this paper, we provide anoperational semanticsfor pro-
grams and processes, using SOS-rules in the Plotkin style
[38], which yields the foundations for the automated con-
struction of a Markov decision process (MDP) from its
PROBMELA-specification. For sequential composition,
conditional and repetitive commands, our semantic rules
are obtained by adapting the corresponding rules for non-
probabilistic programs and processes [39, 4, 5]. The ma-
jor difficulty is the treatment ofatomic regionswhich re-
quires a formalization of the cumulative probabilistic ef-
fect of (possibly nonterminating) processes. Although there
are some simple special instances (e.g., if the body of the
atomic region is loop-free or does not contain nondetermin-

1Other types of unreliable fifo channels, e.g. fifo channels with possible
duplication errors or fifo channels that might loose an arbitrary message of
their buffer, are not considered here, but could be treated in a similar way.
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istic choices), in general, we might obtain infinitely many
distributions for the “final” configurations, and hence, an in-
finitely branching MDP for programs with atomic regions.
This holds even in the case of finite-state programs which
only use variables with a finite range and fifo channels with
bounded buffers. We will show that finite-state programs
have a representation by a finitely branching MDP that cov-
ers all relevant informations and that can be obtained in a
compositionalway using a denotational semantics.

Related work. The issue of operational and denotational
semantics for probabilistic systems has been discussed ex-
tensively in the context of (data-abstract) process algebras,
see e.g. [18, 43, 20, 31, 19, 33, 28, 6, 15, 27]. The
language pGCL [34], probabilistic guarded command lan-
guage, was introduced for formal reasoning about random-
ized algorithms by means of probabilistic expectations. The
main ingredients of pGCL coincide with those of our ba-
sis language for processes without channel-based commu-
nication or atomic regions. Formal semantics for pGCL-
like languages have been presented e.g. in [26, 35, 23,
16, 34, 14, 12] for reasoning with Hoare-like and wp-like
calculi. Although the operational treatment of atomic re-
gions will be in the spirit of the denotational semantics à
la [16, 14, 12], we will use a different characterization of
the input/output behavior of the body of an atomic region.
The modelling language MoDeST [11] combines features
of pGCL, process algebras with TCSP-like synchronization
over common actions and other language-constructs, such
as urgent actions, exception handling and process instanti-
ation, to reason about stochastic timed systems. Channel-
based message passing or semantic rules for atomic re-
gions are not considered in [11].2 In principle, MoDeST
andPROBMELA could be combined to obtain a power-
ful description language whose operational semantics arises
through combining the semantic rules in [11] with ours.
The probabilistic model checker PRISM [29] uses a variant
of reactive modules [3] as modeling language for the de-
scription of a Markov decision process. The input language
of the tool RAPTURE [25] is based on an explicit descrip-
tion of the step-wise behavior of the processes which resem-
bles the format of the intermediate language we use in our
implementation. PROBVERUS [22] uses a C-like impera-
tive language with a Markov chain semantics. The concept
of wait-commands in PROBVERUS has some similarities
with our concept of atomic regions. Nondeterminism or
asynchronous parallelism are not considered in [22].

Organization. Section 2 briefly explains our probabilis-
tic model. In Section 3, we provide the syntax and MDP-
semantics for the basis language where the processes com-

2MoDest uses a simple form of atomic statements that combinestwo
or more assignments in a single transition, but does not allow for atomic
regions that cumulate the effect of processes with nondeterminism, proba-
bilism and iteration as we do.

municate via shared variables only. Sections 4 and 5 are
concerned with the semantic rules for channel-based mes-
sage passing and the semantic treatment of atomic regions
respectively. Section 6 sketches how to treat nested paral-
lelism. Section 7 concludes the paper with a brief summary
and reporting on the main features of an implementation for
the model construction via the presented SOS-rules.

2 Preliminaries

A distributionfor a finite or countable setS denotes a func-
tion µ : S → [0, 1] such that

∑

s∈S µ(s) ≤ 1. We denote
{
s ∈ S : µ(s) > 0

}
by Supp(µ).

We refer toµ(s) as the probability fors underµ. Supp(µ)
is called the support ofµ. If T ⊆ S thenµ(T ) stands short
for

∑

t∈T µ(t) = 1. µ is called substochastic ifµ(S) < 1.
For s ∈ S, we writeµ1

s for the distribution which assigns
1 to s and 0 to any other element inS. The distribution
with empty support is denoted by 0. The set of distributions
on S, Distr(S), is assumed to be equipped with the point-
wise ordering, i.e.,µ ≤ ν iff µ(s) ≤ ν(s) for all s ∈ S.
Distribution µ is called a convex combination of distribu-
tionsν1, . . . νm if there existsq1, . . . , qm ∈ [0, 1] such that
q1 + . . . + qm = 1 andµ = q1ν1 + . . . + qmνm.
A Markov decision process(MDP) is a tupleM =
(S, Act,−→, S0) whereS is a set of states,Act a finite
set of actions,−→⊆ S × Act × Distr(S) the transition
relation, S0 ⊆ S the set of initial states.3 For s ∈ S,
a ∈ Act, Steps(s) =

{
〈a, µ〉 : s

a
−→ µ

}
andStepsa(s) =

{µ ∈ Distr(S) : 〈a, µ〉 ∈ Steps(s)}. States is terminal if
Steps(s) = ∅. M is finite-state ifS is finite, and finitely
branching ifSteps(s) is finite for all statess. A finite MDP
means a MDP that is finite-state and finitely branching.
The intuitive behavior ofM in state s is as follows.
First, there is a nondeterministic choice between the action-
distribution pairs〈a, µ〉 ∈ Steps(s). If 〈a, µ〉 is the chosen
alternative then actiona is performed. The effect ofa is
described by distributionµ which provides the probabilities
for the possible successor states. Ifµ is substochastic then
with probability1 − µ(S) the system blocks in states.

We often writes
a

−→ t rather thans
a

−→ µ1
t . If the action

set of a MDPM is a singleton set then we skip the action
label and simply writes −→ µ.
A (finite) path in M is a sequenceσ = s0, a0, µ0, . . . ,
sn−1, an−1, µn−1, sn ∈ (S × Act× Distr(S))∗ × S such
that s0 ∈ S0, 〈ai, µi〉 ∈ Steps(si) andsi+1 ∈ Supp(µi).
last(σ) denotes the last state ofσ. We refer to the value
Pr(σ) =

∏

1≤i≤n µi−1(si) as the probability ofσ. Paths

denotes the set of all paths inM.

3We slightly depart from the standard definition of a MDP, as e.g. in-
troduced in [41], and deal with a model that essentially agrees with proba-
bilistic automata [42].
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A schedulerof M means an instance that resolves the non-
determinism. Formally, a (history-dependent, determinis-
tic) scheduler forM is a functionD : Paths → (Act ×
Distr(S))∪{⊥} such thatD(σ) ∈ Steps(last(σ)) if last(σ)
is non-terminal andD(σ) = ⊥ if last(σ) is terminal. AD-
path denotes a path that can be generated byD. By asimple
schedulerwe mean a schedulerE whereE(σ1) = E(σ2)
for all finite paths withlast(σ1) = last(σ2). That is, sim-
ple schedulers are given by a functionE : S → (Act ×
Distr(S)) ∪ {⊥} such thatE(s) ∈ Steps(s) if s is non-
terminal andE(s) = ⊥ if s is terminal. Note that, for finite
MDP M, the set of all simple schedulers is finite, while in
general the set of all schedulers is infinite.

3 The basis language ofPROBMELA

Programs of the specification language PROBMELA con-
sist of a finite number of processesQ1, . . . , Qn that run
in parallel and communicate via shared variables or via
message passing over channels. We write them asQ =
Q1‖ . . . ‖Qn. We start with the basis language that only al-
lows for communication via shared variables.
Thevariablesused in a programQ may be typed (integer,
boolean, char, real, etc.) and either global or local to some
process ofQ. We skip the details of variable declarations as
they are irrelevant for the purposes of this paper. As local
variables can be renamed in case they occur in more than
one process, we may treat all variables as global variables
and assume that we are given a finite setVar of variables
and a domain (type)Dom(x) for any variablex. We write
Values to denote the set of all possible values for the vari-
ables, i.e.,Values =

⋃

x∈Var Dom(x). In addition, we as-
sume that the variable declaration of programQ contains
aninitial condition for the variables. The abstract syntax of
processes (denoted byP , Q, R) is as follows:4

P ::= skip
∣
∣ x := expr

∣
∣ x := random(V )

∣
∣ P1; P2

∣
∣

IF :: bexpr1 ⇒ P1 . . . :: bexprn ⇒ Pn FI |
DO :: bexpr1 ⇒ P1 . . . :: bexprn ⇒ Pn OD |
PIF [p1] ⇒ P1 . . . [pn] ⇒ Pn FIP

Here, V is a nonempty and finite subset ofDom(x) and
p1, . . . , pn are real values in the interval[0, 1] such thatp1+
. . . + pn ≤ 1.
In assignmentsx := expr, we require type-consistency of
variablex and expressionexpr. The precise syntax of the
expressions (expr) and boolean expressions (bexpr) is not
of importance here. We may assume thatexpr is built from
constants inDom(x), variablesy of the same type asx and
operators onDom(x), while the boolean expressions are
propositional formulas built by comparisons of expressions.

4The basis language of PROBMELA contains some more features,
such as random assignments with non-uniform distributions, arrays, pro-
cedure calls or pointers which are not explained in the paper.

Statements of the formbexpr ⇒ P are calledguarded com-
mands, where we refer tobexpr as a(boolean) guard.
The intuitive meaning of the commands is as follows.skip

stands for a process that terminates in one step without af-
fecting the values of the variables. Assignment and sequen-
tial composition (P1; P2) have the obvious meaning. The
effect of a random assignmentx := random(V ) is that a
valuev ∈ V is probabilistically chosen and assigned to vari-
ablex (uniform distribution forV is assumed). The condi-
tional commandIF ::bexpr1 ⇒ P1 . . . ::bexprn ⇒ Pn FI
stands for a non-deterministic choice between those pro-
cessesPi where the guardbexpri is satisfied in the cur-
rent state. If none of the guards is fulfilled, an IF-FI–
command blocks (and waits until another process changes
the values of the shared variables such that one of the
guards eventually evaluates to true). Repetitive commands
DO :: bexpr1 ⇒ P1 . . . ::bexprn ⇒ Pn OD stand for the
iterative execution of the non-deterministic choice between
the guarded commandsbexpri ⇒ Pi. Unlike conditional
commands, DO-OD-loops do not block if all guards are
violated. A single-guarded loopDO :: bexpr ⇒ P OD
has the same effect as a WHILE-loop with bodyP and
termination condition¬bexpr.5 The probabilistic choice
operator PIF-FIP can be viewed as an analogue to IF-FI-
statements where the former chooses its alternatives accord-
ing to given probabilities instead of boolean guards. In-
tuitively, PIF [p1] ⇒ P1 . . . [pn] ⇒ Pn FIP performs a
stochastic experiment withn possible events occurring with
probabilitiesp1, . . . , pn, followed by the execution of the
(probabilistically) chosen processPi. We do not require
the valuespi to sum up to1. The “missing probabilities”
stand for the possibility of a deadlock. E.g.,PIF [0.5] ⇒
P1 [0.2] ⇒ P2 FIP has a deadlock chance of 30%.

An operational semanticsfor the programs and processes
that formalizes the stepwise behavior can be provided by
means of MDPs. In the sequel, letQ = Q1‖ . . . ‖Qn be a
program. Thestatesin the MDPMQ for programQ have
the form〈P1, . . . , Pn, η〉 whereη is a variable evaluation,
i.e., a functionη : Var → Values such thatη(x) ∈ Dom(x)
for all x ∈ Var, andPi a “subprocess” ofQi, i.e., either a
process that stands for the “remaining” process ofQi that
still has to be executed or the special symbolexit if Qi has
terminated. (Intuitively, we may think ofPi to be a pro-
gram counter for processQi.) Theinitial statesin MQ are
the tuples〈Q1, . . . , Qn, η〉 whereη is a variable evaluation
under which all initial conditions for the variables are ful-
filled. Action labels are not of importance and therefore
omitted. The transition relation−→Q in MQ is obtained
by the followinginterleaving rule:

〈Pi, η〉 −→ µ
〈P1, . . . , Pi, . . . , Pn, η〉 −→Q ν

5We depart here from the PROMELA-syntax and semantics which uses
a special command “break” to terminate a loop.

3



〈skip, η〉 −→ 〈exit, η〉

〈x := expr, η〉 −→ 〈exit, η[x := expr]〉

〈x := random(V ), η〉 −→
P

v∈V

1
|V |

µ1
〈exit,η[x:=v]〉

〈PIF [p1] ⇒ P1 . . . [pn] ⇒ Pn FIP, η〉 −→
P

1≤i≤n

Pi=P

pi · µ
1
〈Pi,η〉

η |= bexpri
〈IF . . . :: bexpri ⇒ Pi . . . FI :, η〉 −→ 〈Pi, η〉

〈P1, η〉 −→ µ
〈P1; P2, η〉 −→ ν

where
ν(〈P ′

1; P2, η
′〉) = µ(〈P ′

1, η
′〉)

and we identifyexit; P with P ,
ν(·) = 0 otherwise.

ForQ = DO :: bexpr1 ⇒ P1 . . . :: bexprn ⇒ Pn OD:

η |= bexpri
〈Q, η〉 −→ 〈Pi; Q, η〉

η 6|= bexpr1 ∨ . . . ∨ bexprn
〈Q,η〉 −→ 〈exit, η〉

Figure 1. SOS-rules for the basis language

whereν(〈P ′
1, . . . , P

′
i , . . . , P

′
n, η′〉) = µ(〈P ′

i , η
′〉) if Pk =

P ′
k for k ∈ {1, . . . , n} \ {i} and0 otherwise. The SOS-

rules for−→ (see Fig. 1)6 are obtained by adapting the cor-
responding rules for non-probabilistic processes [39, 4, 5].

4 Channel-based message passing

We now extend the basis language by communication via
synchronous and fifo channels. We skip the details of
(global or local) channel declarations and assume that we
are given a fixed, finite setChan of channels used in the
given programQ = Q1‖ . . . ‖Qn. Chan is partitioned into
two disjoint subsets: the setSChan of synchronous chan-
nelsand the setFChan of fifo channels. The letterd will be
used to denote a (synchronous or fifo) channel,c for syn-
chronous andf for fifo channels. Any channeld is asso-
ciated with a domainDom(d) which declares the type of
messages that can be sent viad. In addition, the declaration
of a fifo channelf specifies thecapacityof the buffer for
channelf by a valuecap(f) ∈ IN ∪{∞} and theprobabil-
ity for losing a messagewhile inserting into the buffer by a
valuep(f) ∈ [0, 1[. (p(f) = 0 indicates a perfect channel.)
Thesyntax of processesis extended by communication ac-
tionsd!expr (sending the current value ofexpr along chan-
neld) andd?x (receiving a value for variablex from chan-
nel d) and guarded commands where the guard may ask
for a communication action. (Type-consistency ford, x
and expr is assumed.) We refer to guards of the form
bexpr∧d?x or bexpr∧d!expr asgeneralized guards. The in-

6We writes −→ t for s −→ µ1
t and[[expr]]η for the value ofexpr when

each variabley occurring inexpr is interpreted byη(y). η[x := expr]
denotes the variable evaluation that assigns value[[expr]]η to variablex,
while the value for any other variabley agrees withη(y). η |= bexpr
denotes thatbexpr evaluates to true if interpreted overη.

tuitive meaning of a generalized guardg is that the boolean
part bexpr holds for the variable evaluation and that the
communication action is enabled in the current configura-
tion. In addition, we allow for guarded commands of the
form “ELSE ⇒ P ” which are enabled if none of the other
guarded commands (with boolean or generalized guards) is
enabled. Note that the ELSE-option in loops always leads
to non-terminating behaviors.

P ::= skip
∣
∣ x := expr

∣
∣ x := random(V )

∣
∣

d?x
∣
∣ d!expr

∣
∣ P1; P2

∣
∣

IF :: g1 ⇒ P1 . . . :: gn ⇒ Pn FI |
DO :: g1 ⇒ P1 . . . :: gn ⇒ Pn OD |
PIF [p1] ⇒ P1 . . . [pn] ⇒ Pn FIP

where thegi’s have the formbexpr, bexpr∧ d?x or bexpr∧
d!expr or gi = ELSE. We simply writed?x resp.d!expr
rather thantt ∧ d?x resp.tt ∧ d!expr.

Example 1.The IPv4 zeroconf protocol [9, 8] is a
simple randomized algorithm for fully automated self-
configuration of IP network interfaces. The goal is to assign
a unique network address that is (probably) not already in
use by another device. The rough idea is as follows. Let
H be the host which attempts to configure its own IP link
with a new local address. HostH starts by choosing at ran-
dom an addressaddr from the address space and broadcasts
the question whetheraddr is already in use by another host.
If there is another hostH ′ using the addressaddr thenH ′

sends a reply “No, don’t use the addressaddr”, in which
caseH restarts the whole procedure with a new randomly
chosen address. The difficulty is that the network might be
unreliable and the question sent byH as well as the reply
might get lost. For this reason, after sending the address,
H waits for a fixed amount of time and then resends its re-
quest. Only if after a fixed numberN of iterations, whereH
resends repeatedly the chosen address and no reply arrived
at H , thenH considers the chosen addressaddr not to be
assigned to another host and starts using it.
In PROBMELA, the IPv4 zeroconf protocol can be mod-
elled by a processPzc (see Fig. 2) which communicates
via lossy fifo channelsf ande with the other hosts in the
network (i.e., we assumep(f), p(e) > 0). ProcessPzc

sends the randomly chosen addressaddr via channelf to
the network, while channele serves for sending the reply.
The outer loop ofPzc stands for the iterations wherePzc

chooses an address, while the inner loop stands for the at-
tempts ofPzc to get a reply for the chosen address (“probing
phase”). Integer variablei in Pzc serves as counter for the
attempts to send the probabilistically chosen address. The
boolean variableaccepted indicates whether an address has
been assigned toH , while the meaning ofprobing is that
the protocol is in its probing phase. The initial condition is
¬accepted.
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DO ::¬accepted ⇒
addr := random(IP_adresses);
c!timer_on; f !addr; i := 0; probing := tt;
DO :: probing ⇒

IF :: (i < N) ∧ c?x ⇒
i := i + 1; c!timer_on; f !addr

:: (i < N) ∧ e?y ⇒
probing := ff; c!reset

:: (i = N) ⇒
probing := ff; c!reset;
accepted := tt

FI
OD

OD

Figure 2. Process Pzc

To model the time passage wherePzc has to wait for a reply
before resending the address, we use an additional process
that models a timer which communicates via a synchronous
channelc with Pzc . The timer is activated byPzc by sending
the signaltimer_on along channelc. If i < N thenPzc is
forced to wait in its IF-FI-statement until either the timer
sends the timeout signal along channelc, in which casePzc

reactivates the timer and resends the address, or another host
puts a reply into the buffer for channele, in which casePzc

resets the timer (via sending the signalreset along channel
c) and repeats the whole procedure. The behavior of the
timer is described by the following process:

DO :: c?o ⇒ IF :: c?r ⇒ skip :: c!timeout ⇒ skip FI
:: ELSE ⇒ skip

OD

Intuitively, variableo stands for the signal activating the
timer, while variable ”r” represents the reset-signal.
The abstract behavior of the network can be described by
the process

DO :: f?z ⇒ IF :: z ∈ A ⇒ e!”No” :: ELSE ⇒ skip FI
:: tt ⇒ skip

OD

Variablez stands for the address sent byPzc andA for the
set of IP addresses that are assigned to some host.7

Operational semantics. The states of the MDPMQ

for programQ = Q1‖ . . . ‖Qn consist of control com-
ponentsP1, . . . , Pn for the processesQ1, . . . , Qn, a vari-
able evaluationη and a channel evaluationξ, i.e., a func-
tion ξ : FChan → Values∗ whereξ(f) ∈ Dom(f)∗ and

7We assume here thatA is given. To verify the protocol independent
of a concrete configuration of the network, we may assume an initializa-
tion process which chooses nondeterministically addresses from the whole
address space to generate the address-setA.

|ξ(f)| ≤ cap(f). The initial states ofMQ are the states
〈Q1, . . . , Qn, η, ξ∅〉 whereη is a variable evaluation satis-
fying the initial condition and whereξ∅ assigns to any fifo-
channel the empty word. (Initially, all buffers are empty.)
Action labels are irrelevant forMQ. Except for hand-
shaking via synchronous channels, the interleaving rule for
−→Q is still appropriate. To handle synchronous com-
munication, we need a semantic rule for−→Q that “com-
bines” two local transitions of certain processesQi andQj

which stand for matching synchronous I/O-operationsc?x
andc!expr. For this reason, we use the following action-set
Act

{τ, else} ∪
˘

read(c, v), write(c, v) : c ∈ SChan, v ∈ Dom(c)
¯

for the transition relation−→ for the processes. Action la-
bel else is used for the transitions representing the cases
where the else-branch of a conditional or repetitive com-
mand is chosen. The action symbolτ stands for any action
different fromelse and the synchronous communication ac-
tions c?x and c!expr. Action labelwrite(c, v) is used for
any transition of a processQj in which Qj offers a com-
munication actionc!expr where the current value ofexpr is
v. Similarly, action-labelread(c, v) denotes the request for
a synchronous input actionc?x. In the latter case,v is an
arbitrary value ofDom(c). Thus, for thelocal viewof the
processes, we model the possible effect ofc?x by a non-
deterministic choice between all assignments “x := v” for
v ∈ Dom(c). The nondeterminism will be resolved in the
global transition systemMQ which uses the followingsyn-
chronization rule:

〈Pi, η, ξ〉
read(c,v)
−−−−−→ µr, 〈Pj , η, ξ〉

write(c,v)
−−−−−→ µw

〈P1, . . . , Pi, . . . , Pj , . . . , Pn, η, ξ〉 −→Q ν

where

ν(〈. . . , Pi−1, P
′
i , Pi+1, . . . , Pj−1, P

′
j , Pj+1, . . . , η

′, ξ〉)
= µr(〈P ′

i , η
′, ξ〉) · µw(〈P ′

j , η, ξ〉)

andν(·) = 0 in all remaining cases. (Note that message
passing via a synchronous channel does not affect the chan-
nel evaluation and that only the read-action can modify the
variable evaluation.) The semantics of the else-branches is
provided by the rule

〈Pi, η, ξ〉
else
−→ µ, ¬Syni(P1, . . . , Pi, . . . , Pn, η, ξ)

〈P1, . . . , Pi, . . . , Pn, η, ξ〉 −→Q ν

where ν(〈P1, . . . , Pi−1, P
′
i , Pi+1, . . . , . . . , Pn, η′, ξ′〉) =

µ(〈P ′
i , η

′, ξ′〉) andν(·) = 0 in all remaining cases. Pred-
icateSyni(s) asserts that, in the global states = 〈P1, . . . ,
Pi, . . . , Pn, η, ξ), processPi can synchronize with some
other processPj . That is, Syni(s) iff there exist an in-
dex j 6= i and a pair〈a, ā〉 of matching synchronous I/O-
operations (i.e.,{a, ā} = {write(c, v), read(c, v)}) with

〈Pi, η, ξ〉
a
−→ µ1 and〈Pj , η, ξ〉

ā
−→ µ2 for someµ1, µ2. In
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Asynchronous communication via fifo channels:

v = [[expr]]η

〈c!expr,η,ξ〉
write(c,v)
−−−−→ 〈exit,η,ξ〉

|ξ( f )| < cap( f ), v = [[expr]]η

〈 f !expr,η,ξ〉 τ
−→ µ

whereµ(〈P,η′
,ξ′〉) =







p( f ) : if 〈P,η′,ξ′〉 = 〈exit,η,ξ〉
1− p( f ) : if v = [[expr]]η and〈P,η′,ξ′〉 = 〈exit,η,ξ[add( f ,v)]〉
0 : otherwise.

Synchronous communication actions:

v∈ Dom(c)

〈c?x,η,ξ〉
read(c,v)
−−−−→ 〈exit,η[x := v],ξ〉

η |= bexpr, |ξ( f )| > 0, v = first(ξ, f )

〈IF . . . :: bexpr∧ f ?x⇒ P :: . . . FI ,η,ξ〉 τ
−→ 〈P,η[x := v],ξ[remove( f )]〉

η |= bexpr, |ξ( f )| < cap( f ), v = [[expr]]η

〈IF . . . :: bexpr∧ f !expr ⇒ P . . . FI ,η,ξ〉 τ
−→ µ

Conditional commands with I/O-request:

|ξ( f )| > 0, v = first(ξ, f )

〈 f ?x,η,ξ〉 τ
−→ 〈exit,η[x := v],ξ[remove( f )]〉

whereµ(〈P,η,ξ[add( f ,v)]〉) = 1− p( f ), µ(〈P,η,ξ〉) = p( f ) andµ(·) = 0 otherwise.

If Q is IF :: g1 ⇒ P1 . . . :: gn ⇒ Pn :: ELSE ⇒ R1 . . . :: ELSE ⇒ Rm FI
whereg1, . . . ,gn are boolean or generalized guards:

〈η,ξ〉 6|= gi, i = 1, . . . ,n

〈Q,η,ξ〉 else
−→ 〈Rj ,η,ξ〉

j = 1, . . . ,m.

η |= bexpr, v∈ Dom(c)

〈IF . . . :: bexpr∧c?x⇒ P :: . . . FI ,η,ξ〉
read(c,v)
−−−−→ 〈P,η[x := v],ξ〉

η |= bexpr, v = [[expr]]η

〈IF . . . :: bexpr∧c!expr ⇒ P :: . . . FI ,η,ξ〉
write(c,v)
−−−−→ 〈P,η,ξ〉

Figure 3. SOS-rules for communication actions

addition we use the interleaving rule of section 3 for action
labelτ , we just have to add channel evaluations for this la-
bel.

It remains to formalize the stepwise behavior of the pro-
cesses via the transition relation−→. For skip, assign-
ments and sequential composition we may work with es-
sentially the same axioms and rules shown in Fig. 1, the
only difference being that we have to add the channel eval-
uation and the action labelτ . The same holds for condi-
tional commands, provided that the guard of the chosen
guarded command is boolean. Fig. 3 shows the rules for
communication actions.8 For generalized guardg with an
asynchronous communication action,〈η, ξ〉 |= g iff the
boolean part ofg holds underη andξ enables the commu-
nication request ing. If g = bexpr is a boolean guard then
〈η, ξ〉 |= g iff η |= bexpr. For technical reasons, we always
assume〈η, ξ〉 6|= g if g ∈ {bexpr ∧ c?x, bexpr ∧ c!expr}.
This doesnotmean that the synchronization is not enabled,
but reflects the local view of the processes where the else-
branches of IF-FI-statements are regarded as potential alter-
natives as long as none of the booleans guards or general-
ized guards with asynchronous communication are fulfilled
in the current configuration〈η, ξ〉.

The rules for loops are similar and omitted here.

8ξ[add(f, v)] denotes the channel evaluation that results fromξ by in-
serting valuev at the end of the buffer for channelf , ξ[remove(f)] the
channel evaluation that agrees withξ, except for channelf where the front
element has been removed. If|ξ(f)| ≥ 1 thenfirst(ξ, f) is the first ele-
ment in the buffer for channelf .

5 Atomic regions

We now consider programsQ = Q1‖ . . . ‖Qn whose pro-
cessesQi may communicate via shared variables and chan-
nels and may containatomic regions. That is, we extend the
syntax for processes by commands of the formatomic{P}.
The intuitive meaning ofatomic{P} is that the activities
during one possible terminating computation ofP are cu-
mulated into a single transition, to avoid any interaction by
other processes. Atomic regions can serve as a user-driven
compactification techniquefor the MDP of a program. They
can be used to model mutual exclusion scenarios, with-
out the explicit representation of semaphores as additional
shared variables or other mechanisms for concurrency con-
trol. Moreover, they are helpful for abstraction purposes
as they can yield a simplified model which abstracts away
from computations that are internal to some process.
For instance, consider a parallel sorting algorithm modelled
by three processesPmain , P 1

sort and P 2
sort wherePmain

splits the given sequence of values into two disjoint sub-
sequences of (roughly) the same length which are sorted in
parallel byP 1

sort andP 2
sort , e.g. using randomized quick-

sort, and finally merged byPmain . To prove total correct-
ness, a simplified model obtained by usingatomic{P 1

sort}
and atomic{P 2

sort} suffices and leads to a reduced state-
space, as all intermediate steps ofP i

sort are collapsed into
a single transition, and thus, avoids the representation ofall
possible interleavings ofP 1

sort andP 2
sort .

9

9Of course, if the analysis detects an error then for debugging the in-
termediate steps ofP i

sort might be relevant. However,P i
sort could be

verified/falsified in isolation.
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While many authors require the body of an atomic region
to be loop-free, we do not make any syntactic restriction
on the bodyP of an atomic region, except thatP does not
contain further atomic regions. (Nested atomic regions can
be removed without changing the effect.) Non-termination
inside an atomic region is interpreted aslivelock.
There are several possibilities to handle blocking inside
atomic regions on the semantic level.10 The PROMELA-
semantics suspends the execution ofP and allows for tran-
sitions of other processes. Another possibility is to con-
sider blocking inside an atomic region as adeadlockfrom
which no further activities for the whole program are pos-
sible. We follow here the latter interpretation which – for
non-probabilistic processes without the else-option in IF-
FI- or DO-OD-commands – can be described by the rule

〈P, η, ξ〉−→∗〈exit, η′, ξ′〉

〈atomic{P}, η, ξ〉
τ

−→ 〈exit, η′, ξ′〉

where−→∗ denotes the transitive, reflexive closure of
τ

−→
(see e.g. [5]). For processes with the else-option, we deal

with the transitive, reflexive closure of
τ

−→ ∪
else
−→. Thus,

e.g. inatomic{IF :: c?x ⇒ P1 :: ELSE ⇒ P2 FI}, process
P2 will be executed. Our goal is to provide a probabilistic
analogue to the above rule for non-probabilistic processes.

Notation. In the sequel,P stands for a fixed process as
in Sect. 4 andγ = 〈η, ξ〉 for a variable-channel-evaluation
pair. M = M〈P,γ〉 denotes the MDP that describes the
stepwise behavior ofP started with the initial configura-
tion γ when the transitions for synchronous communication
actions are ignored. That is,〈P, γ〉 is the initial state of
M, the state spaceS of M consists of all states that are

reachable from〈P, γ〉 under
τ

−→ ∪
else
−→. The transition re-

lation inM is
τ

−→ ∪
else
−→ restricted toS. T denotes the set

of terminal states inM, Texit the set of states of the form
〈exit, γ′〉. Any distributionµ with Supp(µ) ⊆ Texit is called
an exit-distribution. If Supp(µ) ⊆ T thenµ is called an
output-distributionand the induced exit-distributionµ|exit
is given byµ|exit(t) = µ(t) if t ∈ Texit and µ(u) = 0
if u ∈ S \ Texit. If D is a scheduler forM then the
output-distributionµD is defined byµD(t) =

∑{
Pr(σ) :

σ is aD-path withlast(σ) = t
}

for any statet ∈ T .

The obvious idea to provide a SOS-rule for atomic regions
is the following probabilistic variant of the above mentioned
rule for non-probabilistic processes:

〈P, γ〉−→∗µ whereµ is an output-distribution
〈atomic{P}, γ〉

τ
−→ µ|exit

where−→∗ is the least relation onS × Distr(S) such that

10The execution ofatomic{P} is blocked ifP is forced to wait for the
enabledness of a communication action or the satisfaction of a guard inside
a conditional command.

(1) s−→∗µ1
s for all statess and (2) If s

a
−→ µ wherea ∈

{τ, else} andt−→∗νt for t ∈ Supp(µ) then

s−→∗
∑

t∈Supp(µ) µ(t) · νt.

The above rule is appropriate for loop-free processes (be-
cause they only have finite computations), but it is not for
processes with loops. E.g., the following processP

DO :: ¬x ⇒ PIF [0.5] ⇒ x := tt [0.5] ⇒ skip FIP OD

(with boolean variablex and initial evaluation “x = ff”)
terminates with probability 1, but there is no output-
distributionµ with 〈P, x=ff〉−→∗µ.

P
x = ff

PIF...;P
x = ff x := tt;P

x = ff

skip;P
x = ff

P
x = tt

exit

x = tt
1
2

1
2

To avoid this problem, we replace the above rule with
the following one which cumulates the effect of maximal
(possibly infinite) computations by means of the output-
distributions of schedulers:11

D is a scheduler forM〈P,γ〉

〈atomic{P}, γ〉
τ

−→ µD|exit

E.g., forP as above, there is exactly one schedulerD (as
P does not contain nondeterminism), the distributionµD

is an exit distribution which assigns probability 1 to state
〈exit, x= tt〉. Thus,〈atomic{P}, x=ff〉

τ
−→ 〈exit, x= tt〉.

If distribution µD|exit is substochastic then the “missing
probabilities” stand for non-termination inside the atomic
region or for reaching a blocking state. Consider the follow-

P
x = 2

PIF...;P
x = 2

x := 3;P
x = 2

x := 1;P
x = 2

P
x = 3

exit

x = 3

1
2

1
2

skip;P
x = 2

P
x = 1

skip;P
x = 1

atomic{P}
x = 2

exit

x = 3

1
2

Birgit

Figure 4.
11The PROMELA-semantics, that suspends the execution of an atomic

region if a blocked state is reached, can be obtained by replacing µD |exit
with µD in our rule.
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ing processP with integer variablex where initiallyx=2.

DO :: x = 2 ⇒ PIF[0.5] ⇒ x := 1[0.5] ⇒ x := 3FIP
:: x ≤ 2 ⇒ skip

OD

See Fig. 4. Under each schedulerD which, for state
〈P, x=2〉, eventually chooses the first alternative,P termi-
nates with probability 0.5 in state〈exit, x=3〉 and loops for-
ever with probability 0.5. Thus,〈atomic{P}, x=2〉

τ
−→ µ

whereµ(〈exit, x = 3〉) = 0.5 andµ(u) = 0 for any other
stateu. Under the schedulerD∞, which always chooses
the second alternative,P does not terminate. We obtain
〈atomic{P}, x = 2〉

τ
−→ 0 which provides the informa-

tion that there is a computation with livelock probability 1.
In a similar way, our semantics allows for reasoning about
deadlock probabilities caused by reaching a state where the
computation blocks.
The rule for atomic regions, applied to processes with loops,
nondeterminism and probabilism, can lead to aninfinitely
branchingMDP, even for finite-state processes.12

P
x = ff ∧y = ff

1
2

1
2

PIF...;P
x = ff ∧y = ff

PIF...;P
x = ff ∧y = ff

skip;P
x = ff ∧y = ff

x := tt;P
x = ff ∧y = ff

y := tt;P
x = ff ∧y = ff

1
2

1
2

skip;P
x = ff ∧y = ff

P
x = tt∧y = ff

exit

x = tt∧y = ff

P
x = ff ∧y = tt

exit

x = ff ∧y = tt

Figure 5.
Regard the following processP with boolean variablesx, y
where initiallyx=y=ff (see Fig. 5).

DO :: ¬x ∧ ¬y ⇒ PIF [0.5] ⇒ x := tt [0.5] ⇒ skip FIP
:: ¬x ∧ ¬y ⇒ PIF [0.5] ⇒ y := tt [0.5] ⇒ skip FIP

OD

The two simple schedulers yield

〈atomic{P}, x=y=ff〉
τ

−→ 〈exit, x= tt, y=ff〉,
〈atomic{P}, x=y=ff〉

τ
−→ 〈exit, x=ff, y= tt〉.

We now consider schedulerDn which chooses the first al-
ternative for the firstn-times state〈P, x=y =ff〉 is visited.
From the(n + 1)-st visit of state〈P, x=y =ff〉 on,Dn se-
lects the second alternative. Using schedulerDn, processP
terminates with probability12 + 1

4 + . . . + (1
2 )n = 1− (1

2 )n

12By a finite-state process, we mean a processP where the domains
of its variables and channels and the capacities of all its fifo channels are
finite.

in state〈exit, x = tt, y = ff〉 and with probability(1
2 )n

in 〈exit, x = ff, y = tt〉. Hence, there are infinitely many
distributionsµ with 〈atomic{P}, x=y=ff〉

τ
−→ µ.

atomic{P}
x = ff ∧y = ff

exit

x = tt∧y = ff

exit

x = ff ∧y = tt

......
1 1

2

1
4

1
2

3
4

For the automated model construction, the question for an
alternative rule for atomic regions arises that yields afinite
representationof the (possibly infinite) set

Stepsτ (〈atomic{P}, γ〉) = {µ : 〈atomic{P}, γ〉
τ

−→ µ}
=

{
µD|exit : D scheduler forM〈P,γ〉

}

for finite-state processesP , but still covers all “relevant”
information. We argue that for most interesting properties,
the representation of afinite basisof Stepsτ (. . .) suffices.
Here, a finite basis ofC ⊆ Distr(S) means a finite subset
B of C such that all distributions inC areconvex combi-
nationsof the distributions inB. A formal argument that
justifies the switch fromStepsτ (. . .) to a finite basis is that
any MDPM is (strongly)bisimilar (in the sense of [42])
to any MDPMfin with the same state space and where, for
any states and actiona, the set ofa-steps fors in Mfin is a
finite basis ofStepsMa (s). Moreover,M andMfin satisfy
the same LTL and PCTL∗ formulas [7].

Theorem 2. If P is finite-state then
{
µE |exit :

E is a simple scheduler forM〈P,γ〉

}
is a finite basis

for Stepsτ (〈atomic{P}, γ〉). 13

A proof sketch is provided in the appendix. Thus, for finite-
state programs, the consideration of the simple schedulers
in the rule for atomic regions suffices and yields a finite
MDP that is bisimilar to the MDP obtained by consider-
ing all schedulers. The same result can be established for
the await-statement [37] that modelsconditional atomic re-
gions. That is, for finite-state programs we may work with
the following rule that yields a finite MDP:

η |= bexpr, E simpler scheduler forM〈P,γ〉

〈AWAIT bexpr THEN P END, γ〉
τ

−→ µE |exit

Denotational approach.We conclude this section by pro-
viding a compositionalcharacterization of our operational

13Note that the simple schedulers forM = M〈P,γ〉 may choose differ-
ent alternatives for states〈R, γ1〉 and〈R, γ2〉 with the same control com-
ponentR but distinct evaluationsγ1, γ2; otherwise, the basis-property of
the simple schedulers would not hold.
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semantics foratomic{P} by means of a denotational se-
mantics for the bodyP . Let Γ denote the set of variable-
channel-evaluation pairsγ = 〈η, ξ〉. The denotation ofP
can be defined as a functionD[[P ]] : Γ → 2Distr(Γ ) that as-
signs to any “input configuration”γ a set of distributions
for the possible “output configurations”. [14, 16] presents
such a denotational semantics for a language that essen-
tially agrees with our basis language (Sect. 3) without non-
determinism. In the approach of [14, 16],D[[P ]](γ) returns a
unique exit-distributionµ that describes the probabilistic ef-
fect of executingP with the initial variable evaluationγ and
that agrees withµD for the unique schedulerD for M〈P,γ〉.

To define the denotations of processes with nondetermin-
ism, probabilism and loops,D[[P ]] can be extended to a
functionD[[P ]] : P(Distr(Γ )) → P(Distr(Γ )), whereP(·)
is a suitable powerdomain that allows to define the deno-
tation of a DO-OD–process by a fixed point construction.
The recent work [12] provides such a denotational seman-
tics for a language that essentially agrees with our basis
language for processes using the Egli-Milner ordering (see
e.g. [2]). For our purposes, the semantics of [12] is too ab-
stract asD[[P ]](γ) might be a proper superset of the convex
hull of Stepsτ (〈atomic{P}, γ〉), and thus, identifies some
non-bisimilar processes.14

It is not clear to us whether any other topological approach
for the definition of a denotational semantics (e.g. in the
style of [13, 6] where metric denotational characterizations
of bisimulation are provided for data-abstract probabilis-
tic systems) allows for precise reasoning about the con-
vex hull of the exit-distributions induced by the schedulers.
However, we may follow another approach which relies on
the idea that the denotation of a probabilistic processP
is viewed as a functionE 7→ DE [[P ]] that assigns to any
schedulerE a functionDE [[P ]] : Γ → Distr(Γ ) formal-
izing the input/output behavior ofP under schedulerE.
We shrink our attention to finite-state processes and simple
schedulers and defineDE [[P ]] by structural induction. We
putDE [[skip]](γ) = µ1

γ and

DE [[x := expr]](η, ξ) = µ1
〈η[x:=expr],ξ〉,

DE [[x := random(V )]](η, ξ) =
∑

v∈V

1
|V |µ

1
〈η[x:=v],ξ〉.

For successful asynchronous communication, we put

DE [[f?x]](η, ξ) = µ1
〈η[x:=first(ξ,f)],ξ[remove(f)]〉

if |ξ(f)| > 0. For |ξ(f)| < cap(f) andv = [[expr]]η, we
defineDE [[f !expr]](η, ξ) to be

(1 − p(f))µ1
〈exit,η,ξ[add(f,v)]〉 + p(f)µ1

〈exit,η,ξ〉

14The reason is that there are distinct convex sets of distributions that
are identified by the Egli-Milner ordering, e.g. the triangles spanned by
the points〈0, 0〉, 〈0.5, 0〉, 〈0.5, 0.5〉 and〈0, 0〉, 〈0, 0.5〉, 〈0.5, 0.5〉 where
〈p, q〉 is identified with the distribution assigning probabilityp to the eval-
uation “x=ff” and probabilityq to the evaluation “x= tt”.

As we interpret the blocking inside an atomic region
caused by a synchronous or disabled asynchronous com-
munication request as a livelock, we putDE [[c?x]](γ) =
DE [[f?x]](η, ξ) = 0 if |ξ(f)| = 0, andDE [[c!expr]](γ) =
DE [[f !expr]](γ) = 0 if |ξ(f)| = cap(f). For sequential com-
position and probabilistic choice, we put:

DE [[P1; P2]](γ) =
∑

γ1∈Γ

DE [[P1]](γ)(γ1) · DE [[P2]](γ1)

DE [[PIF [p1] ⇒ P1 . . . [pn] ⇒ Pn FIP]](γ)
= p1DE [[P1]](γ) + . . . + pnDE [[Pn]](γ)

For resolving the nondeterministic choices in conditionalor
repetitive commands, we use the fixed schedulerE. Let
P = IF :: g1 ⇒ P1 . . . :: gn ⇒ Pn FI andγ = 〈η, ξ〉 ∈
Γ . If 〈P, γ〉 is a terminal state w.r.t. the transition relation

τ
−→ ∪

else
−→ thenDE [[P ]](γ) = 0. If E chooses the guarded

commandgi ⇒ Pi for state〈P, γ〉 then we put:15

• If gi is a boolean guard orgi = ELSE thenDE [[P ]](γ) =
DE [[Pi]](γ).

• If gi = bexpr ∧ f?x thenDE [[P ]](η, ξ) is

DE [[Pi]](η[x := first(ξ, f)], ξ[remove(f)]).

• If gi = bexpr ∧ f !expr, v = [[expr]]η thenDE [[P ]](η, ξ) is

(1 − p(f)) DE [[Pi]](η, ξ[add(f, v)]) + p(f)DE [[Pi]](η, ξ).

For the loopP = DO ::gi ⇒ P1 . . . ::gn ⇒ Pn OD we
use the operatorΩ = ΩP,E : Distr(Γ ) → Distr(Γ ) which,
for µ ∈ Distr(Γ ), γ ∈ Γ , is defined by:

Ω(µ)(γ) =
∑

γ1∈Γ

DE [[. . . ::gi ⇒ Pi . . .]](γ)(γ1) · µ(γ1)

whereDE [[. . . ::gi ⇒ Pi . . .]](γ) describes the probabilistic
effect of one iteration ofP started withγ using the schedul-
ing strategyE. Its formal definition is obtained essentially
as for conditional commands:

DE [[. . . ::gi ⇒ Pi . . .]](γ) = DE′ [[P ′]](γ)

whereP ′ ande′ are as follows.P ′ is

IF ::g1 ⇒ P1 . . . ::gn ⇒ Pn :: ELSE ⇒ skip FI

if g1, . . . , gn are boolean or generalized guards. Ifgi =
ELSE for at least one indexi then

P ′ = IF ::g1 ⇒ P1 . . . ::gn ⇒ Pn FI .

15As E chooses an outgoing transition of state〈P, γ〉 with label τ or
else, gi cannot be a generalized guard with a synchronous communication
request and we haveγ |= gi if gi is boolean or a generalized guard with
an asynchronous communication request. Ifgi = ELSE thenγ 6|= gj for
all indicesj ∈ {1, . . . , n} wheregj is a boolean or generalized guard.
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〈Ri, γ〉
start(P1,...,Pm)

−−−−−−−−−−→ 〈R, γ〉, R 6= exit

〈R1, . . . , Ri−1, Ri, Ri+1, . . . , Rm, γ〉
τ

−→Q 〈R1 . . . , Ri−1, R, P1, . . . , Pm, Ri+1, . . . , Rm, γ〉

〈Ri, γ〉
start(P1,...,Pm)

−−−−−−−−−−→ 〈exit, γ〉

〈R1, . . . , Ri−1, Ri, Ri+1, . . . , Rm, γ〉
τ

−→Q 〈R1, . . . , Ri−1, P1, . . . , Pm, Ri+1, . . . , Rm, γ〉

Figure 6.

If there are several possibilities then schedulerE′ chooses
for 〈P ′, γ〉 exactly the same guarded command asE for
〈P, γ〉. E′ andE agree for thePi’s and their subprocesses.
It is clear thatΩ is continuous as an operator onDistr(Γ )
viewed as a complete partial order with the pointwise or-
dering for distributions. Thus, we may defineDE [[P ]](γ) =
lfp(Ω)(µ1

γ) wherelfp(Ω) denotes the least fixed point ofΩ.

Using structural induction it can be shown thatDE [[P ]](γ) =
µE |exit. Theorem 2 yields:

Theorem 3. If P is finite-state then {DE[[P ]](γ) :
E simple scheduler forM〈P,γ〉} is a finite basis for

Stepsτ (〈atomic{P}, γ〉) = {µ : 〈atomic{P}, γ〉
τ

−→ µ}.

6 Nested parallelism
To keep the presentation of the paper simple we only pre-
sented the basis concepts of PROBMELA, but skipped ad-
ditional features such as arrays, procedure calls, pointers or
parallelism inside processes. A detailed description of these
additional concepts will be explained at another occasion.
Here, we will only sketch the ideas of how to handlenested
parallelism. Parallelism inside a process is realized by a
commandrun(P1, . . . , Pm) that starts the parallel execution
of the (sub-)processesP1, . . . , Pm. To treat dynamic pro-
cess creation via the run-command on the semantic level,
the states in the MDPMQ for programQ have the form
〈Λ, γ〉 whereΛ is a finite sequence consisting of (control
components for) the active processes together with an eval-
uation for their local variables and channels andγ an eval-
uation for the global variables and channels. For simplic-
ity, let us assume that all variables and channels are global.
Then, we may work with the axiom

〈run(P1, . . . , Pm), γ〉
start(P1,...,Pm)

−−−−−−−−−−→ 〈exit, γ〉

on the process-level and with the rules shown in Fig. 6 on
the program-level. The interleaving and synchronization
rule have to be modified to remove successfully terminated
processes from the list of active processes. Atomic regions
can be handled essentially as before, the main difference
being that we have to allow for handshaking of two sub-
processes inside the atomic region. Finite-state MDPs are
guaranteed when – in addition to the requirement that only
variables and bounded fifo channels with finite domains are
used – the run-command does not occur inside loops.

7 Conclusion

Our starting point was a higher level specification language
for parallel programs whose processes are described by a
guarded command language with nondeterminism, prob-
abilism, repetition, message passing via synchronous and
(possibly lossy) fifo channels and atomic regions. We pro-
vide an operational semantics by means of SOS-rules that
yield a MDP formalizing the stepwise behavior of a given
program. Although finite-state programs with atomic re-
gions may have an infinitely branching MDP, a bisimilar
finite MDP can be obtained in a compositional way using a
denotational semantics.
The presented work is the first step towards the implemen-
tation of a probabilistic model checker that verifies prob-
abilistic programs (of our language PROBMELA) against
LTL-formulas. We used the SOS-rules as basis for an im-
plementation which generates the MDP of a given finite-
state program. For the internal program representation, a
low level language similar to JAVAs virtual machine byte-
code is used. Given a PROBMELA-programQ, we first
transformQ into an equivalent bytecode representation
from which the reachable fragment of the state space is gen-
erated using a traversal technique that relies on a mixture
between DFS (to treat nondeterministic branching) and BFS
(for probabilistic branching). For a compact internal repre-
sentation of the states we adapt the rubber vector technique
[24] that allows shrinking and extending the vector dynam-
ically as needed when modelling dynamic process creation
and destruction as well as the use of temporary variables
(not described in this paper).
The current state of our implementation yields the possibil-
ity for simulating a given PROBMELA-program where the
nondeterministic (and probabilistic) choices are resolved
either by user input or automatically. The implementa-
tion of a quantitative reachability analysis (which calcu-
lates minimal or maximal probabilities to reach a given
set of states under all schedulers) will be finished in near
future. Our goal is the implementation of an automata-
based LTL-model checker for PROBMELA-programs. To
obtain a probabilistic analogue to the well-known model
checker SPIN, several problems have to be solved in fu-
ture work, such as the development of algorithms for partial
order reduction in MDPs and heuristics to derive “promis-
ing” reductions from the PROBMELA-descriptions of the
processes, theoretical and experimental results about ran-
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domized memory-management (e.g. bit-state hashing) or
abstraction techniques for PROBMELA-programs.
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A Proof sketch for Theorem 1
We first observe that it suffices to show that ifP is finite-
state then

{
µE : E is a simple scheduler forM〈P,γ〉

}

is a finite basis for
{
µD : D is a scheduler forM〈P,γ〉

}
.

For this, we establish the basis property of the simple sched-
ulers for arbitrary finite MDPs.
In the sequel, letM = (S, Act,−→, {s0}) be a finite MDP
with single initial states0. We write T to denote the set
of terminal states inM. To simply our argumentation, we
assume that for any terminal statet ∈ T there is exactly
one triple〈s, a, µ〉 with s ∈ S, 〈a, µ〉 ∈ Steps(s) andt ∈
Supp(µ).16 Given a schedulerD for M, we write µD to
denote the distribution

µD(t) =
∑

{Pr(σ) : σ is aD-path withlast(σ) = t}

for anyt ∈ T andµD(s) = 0 for any states ∈ S \ T .

Theorem 4.
{
µE : E is a simple scheduler forM

}
is a fi-

nite basis for
{
µD : D is a scheduler forM

}
.

Proof. Only the cases0 /∈ T is of interest. IfSupp(µD) =
∅ (i.e.,µD(t) = 0 for all statest ∈ T ) then we choose an ar-
bitrary simple schedulerE such thatE(s) = D(σ) for some
D-pathσ with last(σ) = s. We then haveSupp(µE) = ∅,
and hence,µD = µE . Thus, we may definepE = 1
andpF = 0 for any other simple schedulerF and obtain
µD =

∑

F pF µF .
In the sequel, we assume thatSupp(µD) 6= ∅. We start with
µ0 = µD and choose a simple schedulerE1 for M such
that

(1.1) Supp(µE1
) ⊆ Supp(µ0)

(1.2) E1 is maximal w.r.t. condition (1.1) in the sense
that there is no simple schedulerE for M such that
Supp(µE) ⊆ Supp(µ0) and Supp(µE1

) is a proper
subset ofSupp(µE).

We then put

p1 = min
{

µD(t)
µE1

(t) : t ∈ Supp(µE1
)
}

andµ1 = µ0 − p1µE1
.

If µ1 6= 0 then we may choose a simple schedulerE2

for M such that (2.1)Supp(µE2
) ⊆ Supp(µ1) and (2.2)

E2 is maximal w.r.t. condition (2.1) in the sense that there
is no simple schedulerE for M such thatSupp(µE) ⊆
Supp(µ1) andSupp(µE2

) is a proper subset ofSupp(µE).
We then define

16If this assumption does not hold forM then we may deal with copies
ts,a,µ for each of the terminal statest in M. The valuesµD(t) of
the output distributionµD are then obtained by summing up the values
µD(ts,a,µ).

p2 = min
{

µ1(t)
µE2

(t) : t ∈ Supp(µE2
)
}

andµ2 = µ1 − p2µE2
.

Proceeding in this way we obtain a sequence of triples
(Ej , pj , µj) wherepj > 0 andEj is a simple scheduler
for M such that (j.1)Supp(µEj

) ⊆ Supp(µj−1) and (j.2)
Ej is maximal w.r.t. condition (j.1). Distributionµj is given
by

µj = µD − (p1µE1
+ . . . + pj−1µEj−1

).

Moreover,Supp(µj) is a proper subset ofSupp(µj−1). As
S is finite there exists an indexJ with Supp(µJ) = ∅, i.e.,
µJ = 0, and therefore,

µD = p1µE1
+ . . . + pJ−1µEJ−1

.

It remains to show that (1)pj ≤ 1 for all 1 ≤ j < J
andp1 + . . . + pJ−1 = 1 and (2) the existence of simple
schedulersEj with Supp(µEj

) ⊆ Supp(µj−1). We skip
the proofs for these claims and just mention that for the ex-
istence of such simple schedulersEj the maximality con-
dition (j-1.2) for Ej−1 is important. For instance, for the
MDPM = (S, {a, b, c},−→, {s0}) with S = {s0, w, t, t′}
andT = {t, t′} and

• Steps(s0) = {〈a, µ〉} whereµ = [t 7→ 1
2 , w 7→ 1

2 ],

• Steps(w) = {〈b, µ1
s0
〉, 〈c, µ1

t′〉}

and schedulerD with D
(
s0, a, µ, w

)
= 〈c, µ1

s0
〉 and

D
(
s0, a, µ, w, c, µ1

s0
, . . . , a, µ, w

)
= 〈b, µ1

t′〉, we have

µD = [t 7→ 3
4 , t′ 7→ 1

4 ]

= 1
2 [t 7→ 1

2 , t′ 7→ 1
2 ]

︸ ︷︷ ︸

µEb

+ 1
2 [t 7→ 1]

︸ ︷︷ ︸

µEc

= 1
2µEb

+ 1
2µEc

whereEb, Ec are the two simple schedulers that choose
actionb resp. actionc for statew. When choosingE1 = Ec

in the above procedure we would obtain

p1 = µD(t)
µEc (t) =

3

4

1 = 3
4 ,

µ1 = µD − 3
4µEc

= [t′ 7→ 1
4 ].

But then, there is no simple schedulerE with Supp(µE) ⊆
Supp(µ1) = {t′}. In fact,Ec violates the maximality con-
dition (1.2). However, choosingE1 = Eb we get

p1 = min
{

µD(t)
µEb

(t) ,
µD(t′)
µEb

(t′)

}
= 1

2 ,

µ1 = µD − 1
2µEb

= [t 7→ 1
2 ],

T0 = {t}.

We then we may defineE2 = Ec, p2 = 1
2 and obtainµ2 =

µ1 −
1
2µEc

= 0.
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