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Abstract

Probabilistic finite automata as acceptors for languages
over finite words have been studied by many researchers. In
this paper, we show how probabilistic automata can serve
as acceptors for ®-regular languages. Our main results are
that our variant of probabilistic Biichi automata (PBA) is
more expressive than non-deterministic ®W-automata, but a
certain subclass of PBA, called uniform PBA, has exactly
the power of ®-regular languages. This also holds for prob-
abilistic w-automata with Streett or Rabin acceptance. We
show that certain w-regular languages have uniform PBA
of linear size, while any nondeterministic Streett automaton
is of exponential size, and vice versa. Finally, we discuss the
emptiness problem for uniform PBA and the use of PBA for
the verification of Markov chains against qualitative linear-
time properties.

1 Introduction

Automata as acceptors for infinite words play a crucial
role in logic, for verification purposes and other areas, see
e.g. [33,29,19]. Several types of automata for languages
over infinite words have been studied in the literature. They
can be classified via their branching structure (determinis-
tic, nondeterministic, universal, alternating) and acceptance
condition (Biichi, Miiller, Rabin, Streett, etc.).

In this paper, we introduce a probabilistic variant of -
automata that serve as acceptors for languages over infinite
words. Although probabilistic finite automata (PFA) have
attracted many researchers, see e.g. [26,25,17,8, 15, 5], we
are not aware of any paper that discusses probabilism for
the recognition of languages of infinite words.

As a first step towards probabilistic w-acceptors we con-
centrate on some fundamental aspects such as expressive-
ness, efficiency and the emptiness-problem. Potential appli-
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cation areas might be any research topic where ®-regular
languages are of importance, such as the verification of re-
active systems [31] or reasoning with biological processes
[18]. Given the wide range of applications of PFA (e.g., for
speech recognition [27], Arthur-Merlin games [3], planning
questions in Markov decision processes [23, 6], or predic-
tion of climatic parameters [24]), probabilistic ®-automata
might be of interest also for other areas. In addition, prob-
abilistic w-automata could serve as basis for “quantum ®-
automata” (in analogy to quantum finite automata [21,2]
which can be regarded as an extension of PFA) or they
might be useful in combination with costs as in [13, 14]
where ®-variants of weighted automata are studied.

In this paper we show that probabilistic automata with
Biichi acceptance “the set of final states has to be visited
infinitely often” and the acceptance criteria “the accepting
runs have a positive probability measure” are more expres-
sive than nondeterministic ®-automata. This stands in con-
trast to the facts that (1) deterministic Biichi automata do
not have the full power of w-regular languages as their non-
deterministic counterpart and (2) PFA with the acceptance
criteria “the accepting runs have a positive probability mea-
sure” can be viewed as nondeterministic finite automata,
and hence, have exactly the power of regular languages.
However, a certain subclass of probabilistic Biichi automata
(PBA), called uniform PBA, covers exactly the class of w-
regular languages. Dealing with acceptance thresholds in
10,1] (as it is standard for PFA), the class of accepted lan-
guages by uniform PBA still subsumes the ®-regular lan-
guages, but also contains non-m-regular languages.

Regarding the efficiency, uniform PBA are not comparable
with nondeterministic w-automata. On the one hand, there
exists a family of w-regular languages that can be recog-
nized by uniform PBA of linear size, while even the small-
est nondeterministic Streett automaton for them has at least
Q(2"/n) states. On the other hand there are ®-regular lan-
guages with nondeterministic Biichi automata of linear size
while any PBA has at most Q(2") states. However, uni-
form PBA are at least as efficient as nondeterministic Biichi
automata that are deterministic in limit [32,9]. Moreover,



there are polynomial transformations from uniform proba-
bilistic Rabin automata to uniform PBA. In particular, up to
polynomial transformations uniform PBA are no worse than
deterministic Rabin automata. Surprisingly, for probabilis-
tic Streett automata a polynomial transformation to (possi-
bly non-uniform) PBA can be provided, while in the nonde-
terministic case the switch from Streett to Biichi acceptance
can cause an exponential blowup [28].

Checking emptiness for uniform PBA is computationally
harder than for nondeterministic m-automata (NP-hard and
solvable in exponential time), while intersection and union
can be realized as in the nondeterministic case. We finally
show that the qualitative analysis of Markov chains against
automata-specifications can be realized with PBA in a quite
simple way.

Organization of the paper. Section 2 briefly recalls the ba-
sic definition of (non)deterministic m-automata. Probabilis-
tic Biichi automata are introduced in Section 3. Section 4
discusses the power of PBA, while probabilistic automata
with other acceptence conditions are considered in Section
5. The efficiency of PBA is studied in Section 6. Section
7 is concerned with operators on PBA. Section 8 briefly
sketches how PBA can serve for verification purposes. The
paper ends with a brief conclusion in Section 9.

2 Ordinary ®-automata

Throughout the paper, we assume some familiarity with for-
mal languages, finite automata and m-automata. We briefly
recall the basic concepts and explain our notations con-
cerning non-deterministic m-automata with the Biichi, Ra-
bin and Streett acceptance criterion. For further details see
e.g.[29,19].

Throughout the paper, X denotes a nonempty finite alpha-
bet. Letters a,b,c,... will be used to denote the elements
of X. X denotes the set of infinite words over X, while X*
stands for the set of finite words over X. A nondeterministic
w-automaton over X is a tuple 4 = (Q, 8, Qp,Acc) where Q
is a finite state space, d: Q X X — 29 the transition function
and Qg C Q the set of initial states. The last component Acc
denotes the acceptance condition of A4. Its type depends on
the type of w-automata. For Biichi automata, Acc is a set of
accepting states, that is, Acc = F for some F' C Q. For Rabin
or Streett automata, Acc is a set {(H1,K1), ..., (Hp,Kn)} of
pairs (H;, K;) consisting of sets H;, K; C Q. |4| denotes the
number of states in 4 (i.e., | 4| = |Q|). A is called determin-
istic if |Qo| = 1 and |3(g,a)| < 1 forall g € Q and a € X.
We write NBA, NRA, NSA, DBA, DRA and DSA to de-
note the nondeterministic or deterministic version of Biichi,
Rabin or Streett automata, respectively.

Given an infinite word p = ajay ... over X a run for p in 4
denotes any finite or infinite state-sequence T = qo,q1,. ..
where go € Qp and g; € 8(gi—1,a;),i=1,2,... and such that

T is either infinite or T = qq, . ..,q, where 8(gn,an+1) = 0.
We write inf(w) to denote the set of states that occur in-
finitely often in m. (We have inf(t) = 0 iff 7 is finite.)
An infinite run 7 is called accepting with respect to the
Biichi acceptance condition F if F is visited infinitely of-
ten in T, i.e., if inf(w) N F # 0. For the Rabin acceptance
condition {(H1,K1),...,(Hpn,Kn)}, T is called accepting if
there exists an index i € {1,...,m} such that inf(n) C H;
and inf(m) N K; # 0. For the Streett acceptance condition
{(H1,K1),...,(Hn,Kn)}, T is called accepting if for all
indices i € {1,...,m} we have either inf(n) NH; = 0 or
inf(m) N K; # 0. Any finite run is non-accepting. Using LTL
notation, Biichi acceptance can be described by the formula
LIOF (infinitely often F'), Rabin acceptance by the formula

V OO(H; AOK;)

1<i<m

stating that, for at least one acceptance pair (H;, K;), almost
all states belong to H; and infinitely many states belong to
K;, while Streett acceptance can be read as strong fairness:

A (O0H; — O0K;).

1<i<m

The accepted language £(A4) of a NBA (DBA, NRA, DRA,
NSA, DSA) A4 is the set of all infinite words 6 € X that
have an accepting run in 4. It is well known that the classes
of languages accepted by a NBA, NRA, DRA, NSA and
DSA agree exactly with the class of w-regular languages,
while DBA are strictly less expressive.

We often identify any w-regular language L C X® with the
o-regular expressions that describe L. E.g., (a + b)*a® is
identified with the set of infinite words over X = {a, b} that
contain only finitely many b’s.

For acceptors of languages over finite words, we use the ab-
breviation PFA for probabilistic finite automata, while NFA
and DFA stands for nondeterministic or deterministic finite
automata, respectively.

3 Probabilistic Biichi automata

We now introduce probabilistic Biichi automata which can
be viewed as NBA where the nondeterminism is resolved
by a probabilistic choice. That is, for any state g and letter
a € X either ¢ does not have any a-successor or there is a
probability distribution for the a-successors of g.

Definition 1 (Probabilistic Biichi automata (PBA)). A
PBA over the alphabet X is a tuple P = (Q,d,u,F) where Q
is a finite state space, 8 : Q x £ x Q — [0,1] the transition
probability function such that for all g € Q and a € Z,

Y 8(q,a,p) € {0,1},

peQ



Fig. 1. PBA for (a+b)*a®

u the initial distribution (i.e., w is a function Q — [0, 1] with
Ygcot(q) = 1) and F C Q the set of accepting states. The
states q € Q where u(q) > 0 are called initial.

The operational behaviour of P for a given input word
p=aiay... € £° is as follows. The automaton chooses
at random an initial state g according to the initial distri-
bution u. After having consumed the first i input symbols
aip,...,a;, P in state ¢; moves with probability 8(g;,ai+1, p)
to state p = gj+1 and tries to read the next input symbol ;7
from p. If there is no outgoing a;, 1-transition from the cur-
rent state g;, i.e., if ¥,c00(gi,ai+1,p) =0, then P rejects.
As for NBA, the resulting (finite or infinite) state-sequence
q0,41,- - is called a run for p in P. An accepting run in P
denotes an infinite run 7 with inf(w) N F £ 0.

Thus, for the input word p = aja; ... € Z®, P’s behavior can
be formalized by a (possibly infinite-state) Markov chain
that arises by unfolding P into a tree' following the letters
ap,ay,...aslong as possible. This Markov chain might have
terminal states, namely if there is a run ¢g, g1, . - . ,g, in P for
aprefix aj ...a, of p such that ¢, does not have an outgoing
ap41-transition.

Definition 2 (Accepted language of a PBA). Using the
standard probability measure on Markov chains (see
e.g. [20,22]), we define the acceptance probability Prp(p),
or briefly Pr(p), for p in P by

Pr(p) = Pr{m: mis an accepting run forp}.

The accepted language L(P) consists of all words p € X®
where Pr(p) > 0.

Intuitively, Pr(p) denotes the probability for the event “in-
finitely often F’ under the scheduling policy induced by p.
By the results of [30,9] the set of accepting runs for p is
measurable. In the pictures of PBA, we use boxes to denote
the accepting states and circles for the non-accepting states.
We simply write a as label for a transition from g to p if
8(g,a,p) = 1. Label a,x with x €]0, 1] for a transition from
g to p denotes that 8(¢,a, p) = x.

Example 3. Fig. 1 shows a PBA that accepts the language
(a+b)*a®. To see this, we first notice that only the words
in (a+ b)*a® have an accepting run, because the a-labelled

! More precisely, for PBA with two or more initial states we ob-
tain a forest rather than a single tree.

self-loop at the accepting state 1 is the only outgoing tran-
sition of state 1. On the other hand, Pr(a®) = 1 (as the non-
accepting run 0,0,0,... has probability 0 while all other
runs for a® are accepting). For any word p € (a+ b)"ba®,
the acceptance probability is at least 1/2". E.g., for aaba®,
there are three non-accepting runs: 0° and the finite runs
0,0,1 and 0,1, 1, while all other runs 0,0,0,...,1,1,... for
aaba® are accepting. The probability for the non-accepting
runs is 0+ % + % = %. Thus, Pr(p) = é—lr

The PBA shown in Fig. 2 accepts the language (ab +
ac)*(ab)®. The intuitive argument why any word p in
(ab + ac)® with infinitely many c¢’s is rejected relies on the
observation that almost all runs for p are finite and end in
state 1 (where the next input symbol is ¢ that cannot be con-
sumed in state 1).2 U

\

Fig. 2. PBA for (ab+ac)* (ab)®

Clearly, any DBA can be viewed as a PBA (where
dppa(g,a,p) = 1 if dppa(g,a) = {p}). On the other hand,
it is well known that the language (a + b)*a® cannot be de-
scribed by a DBA, while there is a PBA for (a +b)*a® (see
Fig. 1). Thus, PBA are strictly more expressive than DBA. It
is worth mentioning that the qualitative criteria “accepting
runs have positive probability” is different from the accep-
tance criteria “there is an accepting run” in the context of
languages of infinite words, while they agree for probabilis-
tic automata viewed as acceptors for finite words. In fact,
the naive transformation from PBA to NBA which relies
on ignoring the probabilities can fail to yield an equivalent
NBA. E.g., for the PBA in Fig. 2 the underlying NBA that
we obtain by ignoring the probabilities accepts the language
((ac)*ab)m. This example also demonstrates that replacing
the nondeterministic choices in a given NBA by probabilis-
tic choices might yield a non-equivalent PBA. However, the
accepted language of a PBA is included in the language that
is accepted by the naive associated NBA, i.e. the NBA that
stems from the given PBA by ignoring the probabilities.
Another example is the NBA in Fig. 3 for the language
(ab + ac)®. If we attach non-zero probabilities to both a-
transitions then the resulting PBA accepts the empty lan-
guage. (Note that any infinite word in (ab+ ac)® has exactly
one accepting run, but its probability is 0.)

2 The formulation “almost all runs have property x” means that
the probability measure of the runs where property x does not
hold is 0.



Fig. 3. NBA for (ab+ac)®, while PBA accepts 0

4 Expressiveness of PBA

We first establish the result stating that PBA are more ex-
pressive than nondeterministic m-automata:

Theorem 4. The class of languages that can be accepted
by a PBA strictly contains the class of ®-regular languages.

The proof of Theorem 4 splits into two parts. In Lemma 5,
we show that for any NBA A4 there exists a PBA P such
that L(P) = L(A). Second, we provide an example of a
PBA for which the accepted language is not w-regular.
Following [32,9], we call a NBA 4 to be deterministic in
limit if |8(p,a)| < 1 for any state p that is reachable from an
accepting state g € F' and any symbol a € X. If we regard a
NBA A that is deterministic in limit as a PBA P (with arbi-
trary probability distributions to resolve the nondeterminis-
tic choices) then L(A) = L(P). E.g., ignoring the probabil-
ities in the PBA in Fig. 1 yields an equivalent NBA that is
deterministic in limit, while the NBA in Fig. 3 is not deter-
ministic in limit. [9] provided a transformation from a given
NBA A4 into an equivalent NBA that is deterministic in limit
and whose size is (single) exponential in | 4|. This yields the
proof of the following lemma:

Lemma 5 (From NBA to PBA). For any NBA A there is a
PBA P such that L(P) = L(A) and |P| = O(exp(|A4])).

\. .
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Fig. 4. PBA that accepts a non-o-regular language

It remains to provide an example for a PBA that recognizes
a language that is not w-regular. For PBA P in Fig. 4 we
have L(P) = L where L is

{d""ba*2bdsh. .. ki ko,... € N>y sit. TT(1—(%)5) >0}
i=1
Note that L(P) C (a*b)® as every accepting run for an in-

finite word p that has only finitely many b’s has to stay in
state p from some point on. But such runs have probability

0. Moreover, Pr(a*1ba*2ba®b...) = 17, (1 — ($)*). This
yields L(P) = L.

We now show that £(?P) is not ®-regular. Otherwise, there
exists a NBA 4 with L(A4) = L(P). Let gp % ... 4
gn = qo be a reachable accepting cycle of 4. (An accept-
ing cycle means a cycle in A that contains at least one ac-
cepting state.) Then, there is at least one index 0 < i <n
such that a; = b. Hence, apa; ...a,_1 is a word of the form
a’tbal2b . ..a'kb. But then, A accepts a word of the form
(a*b)*(a/'ba’?b...a’kb)®, which contradicts the assump-
tion L(A) = L(P) as no such word is accepted by P. [

Although PBA are in general more expressive than -
regular languages, we will now classify a subset of PBA,
so called uniform PBA, which is as expressive as ®-regular
languages; see Theorem 12 below.

Notation 6. Let P = (Q,8,u,F) be a PBA. |P| = |Q] de-
notes the number of states in P. §(¢g,a) stands for the set
of states p € Q where 8(g,a,p) > 0. Similarly, if w =
ay...ax € X then 8(q,w) denotes the set of states p € Q
that are reachable from ¢ via the word w with a nonzero
probability. For R C Q, we put 8(R,w) = U,cg 0(r,w).

If © = q0,91,92,... is an infinite run for a word p =
ap,ay,... € X® then Lim(m, p) denotes the pair (P,A) where
P =inf(n) and A : P — 2% is the function that assigns to
any state p € P the set A(p) of symbols a € X such that
(¢i = p) A (aix1 = a) for infinitely many i. If p is under-
stood from the context then we briefly write Lim(m). O

In the sequel, we shall use the concepts of de Alfaro’s end
components [11, 12] that have been originally defined for
Markov decision processes:

Definition 7 (End components, cf. [11,12]). Ler P =
(Q,8,u,F) be a PBA. An end component of P is a pair (P,A)
where P C Q and A : P — 2% is a function such that

- Yyepd(p,a,q) =1 forany p € Pand a € A(p),
— the underlying digraph of (P,A) is strongly connected.

(PA) is called accepting if PNF # 0. In this case,
Pr(p, (P,A)) stands for the probability of all accepting runs
T for p with Lim(nt) = (P,A).

For each infinite word p, for almost all infinite runs « for p,
Lim(m) is an end component [11, 12]. We obtain:

Lemma 8 (AEC-Lemma). For any PBA P and p € Z°,
p € L(P) iff Pr(p, (P,A)) > 0 for some accepting end com-
ponent (P,A).

Definition 9 (Prob-fairness). If &t is an infinite run for p =
ayay ... then wis called prob-fair if ¥(p,a,q) € QXX x Q

3(p,a,q) >0A Ji>1.(p,a) = (gi-1,ai)
= 3i> 1 with (p,a,q) = (qi-1,ai,q).



Here, 3 means “there exists infinitely many”.

Prob-fairness can be understood as strong fairness for the
probabilistic choices. By the results of [4], it can be derived
that almost all runs are either finite or prob-fair. Thus Pr(p)
is the probability of all prob-fair accepting runs for p.

Notation 10. We often consider the runs for a given (infi-
nite or finite) word p = ajay... € Z* UX® as labeled paths

ap a as
T=qo—q1 —q2— ...

If (P,A) is an end component then go o5 qx is said to
be a path fragment in (P,A) if ¢; € P and b;11 € A(g;) for
alli € {0,...,k—1}. We write

b,

=)= TI 8(qi,bi+1,qi+1)

0<i<k

Pr(qoﬂ

to denote the probability of taking the run qo,qi,...,qx for
the word by,...,b; when starting in state go. If by ...by are

clear from the context then we simply write Pr(qo, .. .,q).

If (P,A) is an end component then Pr(p)(q Pubi p) de-

notes the sum of the probabilities for all path fragments in
(P,A) from g to p for the word by ... by.

b brysh
Prpay(g——) = X Pr(P,A)(qu)

denotes the probability for the runs in (P,A) for the word
bi,...,by when starting in state g. U

Definition 11 (Uniform PBA). PBA P is called uniform if
there exists © > 0 such that for all accepting end compo-
nents (P,A), all states p € P and all finite words w € T* one
of the following conditions (i) or (ii) holds:

(i) Pripay(p =) <1-6
(ii) Pripay(p =) =1 A ¥V q€8(p,w). Prpay(p = q) > 6

The PBA shown in Fig. 1, 2 and 3 are uniform, while the
PBA in Fig. 4 is not as we have:
akb 1\k .
Pr(p —) =1—(5)" converges to 1 if k tends to oo.

A more complex example for a uniform PBA will be
discussed in Section 6. Any deterministic-in-limit NBA,
viewed as a PBA, is uniform, since its accepting end com-
ponents are deterministic. Thus, by the results of [9], for
any o-regular language L there exists a uniform PBA that

accepts L. In Lemma 16, we will provide a transformation
from uniform PBA to NSA. Thus:

Theorem 12 (Expressiveness of uPBA). The class of ac-
cepted languages of uniform PBA agrees with the class of
w-regular languages.

The remainder of this section is concerned with the trans-
formation from uniform PBA to NSA. We start with a dis-
cussion of the acceptance structure of uniform PBA.

Definition 13 (Strong prob-fairness). Let T = qo,q1,...
be an infinite run for p = ajay... € X® in a PBA P. T is
called strongly prob-fair if the following condition holds.
For all runs ' = q,q,... for p and for all p € Q and
R',R C Q such that p € R C R we have:

oE|°j203k>js.t.R:?S(qj,aj_H ap) A\R'=8(q,aj41 ... ax)
3
37> 03> jst
qk:p/\R:?S(qj,ajH...ak)/\R’:B(q’j,aHl ...ay)

Note that withmt =1/, R=R' = 8(p,a) for p € P,a € A(p)
where Lim(nt) = (P,A) we get that strongly prob-fair runs
are prob-fair.

Lemma 14. Let P be a uniform PBA and p € L(P). Then,
almost all accepting runs for p are strongly prob-fair.

We now show that in uniform PBA the existence of a certain
accepting run for a word p is equivalent to the acceptance
of pin P.

Lemma 15 (Acceptance in uPBA ). Let P be a uniform
PBA and p = ajay... € . Then p € L(P) if and only
if there exists an accepting end component (P,A) and a
strongly prob-fair run T = qo,qu, . .. for p and an index £ > 0
such that Lim(n) = (P,A), g¢ € P and

Pripa(qe M) =1forall j>1.

Lemma 16 (From uPBA to NSA). For any uniform
PBA P there is a NSA A with L(A) = L(P) and |A| =
O(exp(|P])).*

Proof. Given a uniform PBA P = (Q, 8, u, F) we first trans-
form P into an equivalent PBA P’ which is in some stronger
sense uniform and which we then transform into an equiva-
lent NSA.

PBA 7P'. The state space of P’ is ' = QU (Q x 29 x 29).
The initial distribution in P’ is ' = u. Within the states Q,
the PBA P’ imitates P, always having the option to jump
to the powerset part with a positive probability. Within the
powerset construction, given a state (p,R,R’) in Q', the au-
tomaton essentially behaves as p, but remembers the set R
of states it has “to synchronize with”. The third component
R’ is needed for the acceptance condition in the NSA and
serves to check whether all states in R are visited infinitely
often. Formally, we choose the transition probability func-
tion &' as follows.

[ R
___,)

3 Note that Prp A)(qg = 1 iff for any path fragment

g~ i (P,A) where 1 <i< jwehaveap;y €A(p).
4 Here, we assume the alphabet X to be fixed. Otherwise, the
bound | 4| = O(exp(|?P|) - |Z|) has to be used.



Sl(qvavp) = 8'(6],(,1, <P,{P},{P}>) =1 '8(6],(1,]7)
and for R, R’ C Q such that 8(r,a) # 0 for all r € R,

8/(<CI’R7R/>’aa <p,S,S/>) = 6/(<CI’R7R/>7a7 <p,S,{p}>)

—18(g.a,p) ifS=8(R,a), s = 8(R',a)

In the above formula, we assume S’ # {p}. For S’ = {p}, we
putd ({q,R,R'),a,{p,S,{p})) = 8(q,a,p). In all remaining
cases, we define &'(-) = 0. The acceptance set F’ of P’ cov-
ers the states (p,R,R’) of the powerset construction whose
first component p is an accepting state of P and where the
synchronization set R agrees with R'. That is,

F'={(p,R.R):pe F,Re29}.

An inspection of the transition relation yields the uniformity
of P’ (as P is uniform). It can be shown that L(P) = L(P).
NSA A. The states in the NSA A4 have the form (¢',a) where
q €Q =QU(Qx22x%x29)isastate in P’ and a € X. Intu-
itively, (¢, a) is a copy of state ¢’ where only a-transitions
can be taken and where the probabilistic choices accord-
ing to a are viewed as nondeterministic choices. Formally,
A' = (0',8;,1',Acc) where the transition relation in 4 is
given by 8, ((¢',a),b) =0 if a # b and

84((¢a),a) ={(p',b) : p' €& (q,a),b € Z}.
The Streett acceptance condition in 4 is given by:

06 \/ ((p,R,R),a) A @
peF

unconditional fairness for F/

A (O0((g.R,R),a) — O0((q,R,{q}),a)) A ()

geR'CR
acx

A (O0(q.R,R"),a) = OO((p,R,R'),a)) (1)
q.pER'CR
acx

We now show that L(A) = L(P).If p € L(P) = L(P') then
there exists a strongly prob-fair, accepting run @ = g, ¢} , - ..
forp =ajay...in P’ (Lemma 14). But then,

ng = (QE)val)v (qllaGZ)w-'

is an accepting run in A4, and therefore, p € L(A). Note
that (I) holds as m is accepting, (II) holds as 7 is prob-fair
(cf. (+)) and (III) follows from the condition in Def. 13.
Vice versa, if p = ajay,... € L(A) and T4 is an accepting
run for p in A4 then mg has the form (qo,a1),...,(qj-1,4a;),
(<qjaRjaR;'>7aj+1)a (<qj+17Rj+1aR;+1>aaj+2)a ... Where
40,91, - .. € Qare states in P, R; = 8(R;_1,a;) and R} = {q;}
or R; = S(R';l ,a,') where RJ;] = le—l = {qul}. Let

1

T :6]07"'aqjv<qj7RjaR3'>7<qj+1aRj+17le+1>7"'

be the induced run in 7’ and let Lim(n) = (P',A’). The ac-
ceptance condition in A ensures that (1) 7 visits infinitely
often states in F' = {(p,R,R) : p € F} (because of (I)) and
(2) whenever (q,R,R') € P' and a € A'((¢,R,R’)) then (be-
cause of (II) and (I1)) for all states p € R':

- (p,R,{p}) € P and (p,R,R) € P,
- a 6A1(<p,R7 {p}>) OA,(<p7RaR,>)

7 needs not to be prob-fair as we may have (¢,R,R’) € P/,
acA'((q,R,R)) and (p,S,{p}) € P' forall p € S =3(R,a)
but (p,S,S’) ¢ P’ for some p € §' = 3(R',a). However, we
may modify 7 (by skipping certain “resets” of the third
component) to obtain a strongly prob-fair run @’ for p in
P’. Note that if

(¢.R.R") % (p.S,{p}) = (nR,R)

a w

then (¢,R,R') — (p,S,S') = (r,R,R) where §' = 3(R',a).
The resulting run fulfills the condition of Lemma 15. Thus,
peELP)=L(P). O

S Other probabilistic ®-automata

In generalized Biichi automata, the acceptance condition is
aset F ={Fy,...,Fy_1} consisting of subsets F; of the state
space Q. Acceptance of a run requires that each of the F;’s
is visited infinitely often. In the nondeterministic case, it
is well-known that the Biichi and generalized Biichi accep-
tance condition have equal power, in the sense that any gen-
eralized NBA G can be transformed into an equivalent NBA
A. (The converse is obvious, as any NBA can be viewed as
a GNBA.) The idea behind the transformation GNBA G ~~
NBA A is to work with m copies Go,..., Gu—1 of G where
the outgoing transitions from a Fj-state in the i-th copy are
redirected to the (i+ 1)-st copy (modulo m), while the other
transitions stay in the same copy. The Biichi acceptance
condition in the modified NBA A4 consists of the Fy-states in
Go. The same technique yields a polynomial transformation
from GPBA to PBA that preserves uniformity. Thus:

Theorem 17 (From GPBA to PBA). For any (uniform)
generalized probabilistic Biichi automaton P there is a (uni-
form) PBA P' with L(P) = L(P') and |P'| = O(m|P|)
where m is the number of acceptance-sets.

We now consider probabilistic m-automata with Streett or
Rabin acceptance condition. Formally, a PSA or PRA is a
tuple (Q,d,u,Acc) such that Q,d, u are as in PBA and Acc =
{(H1,K1),...,(Hn,Kpn)} where H;,K; C Q, i = 1,...,m.
The accepted language L,...(Ps) of a PSA P is the set
of all infinite words p € £® where the probability for the
Streett-accepting runs is positive. Similarly, for a PRA %y,
Lrwin(Pr) denotes the set of all infinite words p € Z® where
the set of Rabin-accepting runs has non-zero probability



measure. (Streett-acceptance and Rabin-acceptance of a run
are defined as in the non-deterministic case, see Section 2.)
The notions of accepting end components and uniformity
for PSA and PRA are defined in the obvious way.

Any PBA can be viewed as a PSA or PRA by replacing
the Biichi-acceptance-set F' with the singleton Streett/Rabin
acceptence set Acc = {(Q,F)}. Thus, (uniform) PBA are
special instances of (uniform) PSA and PRA. The classes
of languages accepted by uniform PRA and uniform PRA
agree with the class of ®-regular languages. More precisely:

Theorem 18 (From PRA/PSA to PBA).

(a) For any (uniform) PRA Ty there exists a (uniform) PBA
P with Ly,,(Pr) = L(P) and |P| = O(m|Br|).

(b) For any uniform PSA Ps there exists a uniform PBA P
with Lg,..(Ps) = L(P) and |P| = O(m2™|Py|).

(c) For any PSA Ps there exists a (possibly non-uniform)
PBA P with Ly,.,(Ps) = L(P) and |P| = O(m?| By|).

Here, m is the number of acceptance-pairs in Pg resp. Ps.

Proof. The transformations in (a) and (b) are similar to the
non-deterministic case and omitted here.

We now provide the proof for (c). Let Py =
(Qs,Ss,,us, {(H],K]), ey (Hm,Km)}) be a PSA. For
simplicity, we may assume that H; N K; = 0 as otherwise
H; could be replaced with H; \ K;. Intuitively, the PBA P
arises from %5 by making several copies of Ps: a subau-
tomaton P, in which the process starts, a subautomaton
Puccepr Which has to be visited infinitely often and which
is reachable with positive probability via any outgoing
transition from the states in P,,;;, and subautomata ?; and
P, jfori,je{l,...,m}, i+ j, that are reached from Pucceps
whenever a state in H; is visited in Fccepr. Subautomaton
P can only be left via transitions from a K;-state in %
from which we move back to Fccepr. Subautomaton P ;
can behave as ‘2, but in addition it also serves to take care
about the Streett-acceptance pair (H;,K;). When we reach
a Hj-state in %; ; then we randomly choose to stay in & ;
or to move to P; or one of the subautomata P; ;. Formally,
PBA P = (Q,0,u,F) is defined as follows. The state space
is

0 = Qinir U Qaccept U U o;uU U Qi,j
0<i<n 0<i,j<n

7]

where Q. = {(g,*) : ¢ € Qs}. The set of accepting states is
F = Quccepr- The initial distribution is given by u((g, init)) =
us(q) and u({(g,*)) = 0 for all other states (g, *) € Q. For the
states ¢ € Qs and 8s(q,a, p) > 0, we have:

8((q,init),a,(p,init)) >0
8({(g,init),a,(p,accept)) >0
3({q, accept> (p,accept)) >0 ifg¢ HIU...UH,
8({g,accept),a,(p,i)) >0 ifg € H;
d({g,accept),a,{p,i,j)) >0 ifg€H,
8({(g,i),a (p,accept>) >0 ifgek;
8((g.1).a. (p.i)) > 0 ifq ¢ Ki
8((q,1,j),a <p,accept>) >0 ifg € K;
8(<6], 7.]> <pa 7]>) lfq¢Kl
3((q,i,j),a a< i) > ifgeH;j
(<q,w> a,(p. J; k>) ifg € H;j

Here, i, j,k range over all indices in {1,...,m} with i # j
and j # k (but possibly i = k). In the above we did not
specify the precise transition probabilities, but we may as-
sume that for any state (g, x) the probabilities for the tran-
sitions that arise through the lifting of ¢ — p in Ps sum up
to 8s(g,a, p) and that uniform distributions are used for the
switch from Zccepr or P, ; to the subautomata P; and P x.
In the sequel, we refer to the fragment of the Q,-states as
the P.-subautomaton.

Note that this construction ensures that whenever a H-state
is visited in Pycceps or B j for some i # j then with equal
positive probability one of the subautomaton P; or P is
entered. Hence, if infinitely often a H-state is visited and
the process does not stay forever in one of the subautoma-
ton 2 (for some i # j) or some of the subautomata % ; then
almost surely P; is entered (via Pyccepe Or one of the subau-
tomata EP,',J-).5 But P; can only be left via a K;-state. This
yields that almost all accepting runs in P induce accepting
runs in Ps (by throwing away the *-component of any state
(q,%)). Thus, p € L(P) implies p € Lg,...(Ps).

Vice versa, let p=ajaz ... € Ly...(Ps) and Ts = qo,41,. . -
an accepting run for p in Ps. There is an index r > 0 such
that g, € H; for some ¢ > r implies g; € K; for infinitely
many & > r. But then, all liftings of wg to runs for p in P that
stay in P, for the first » input symbols and eventually enter
Puccepr are accepting. (By a lifting of g we mean any run in
P for p whose projection to the Qs-components agrees with
ns.) This yields p € L(P).

Note that P needs not to be uniform as the probability to
stay in 7; ; tends to O, if infinitely many H;-states are vis-
ited, but no K;-state. Nevertheless, % ; can be part of an
accepting end component. U

Theorem 18 also applies to DRA and DSA as they arise as
special instances of uniform PRA/PSA.

Following the concept of PFA [26], we may also look for
PBA with a threshold A €]0, 1] for the accepted words. Al-
though the uniformity condition has some similarities with

5 By “process” we mean the stochastic process induced by P and
a given input word p. Assuming the process visits infinitely of-
ten a state in Paccepe and a H j-state then with probability 1 each
of the subautomata ?; and P are visited infinitely often.



the “isolated cutpoints” that are known to ensure that the
accepted language of a PFA is regular [26], the class of
languages recognized by uniform PBA with an acceptance-
threshold strictly subsumes the w-regular languages:

Theorem 19 (Acceptance beyond a threshold).

(a) Forany o-regular language L and any A €)0, 1| there is
a uniform PBA P with L= {p € = : Pr(p) > A}.

(b) There exists a uniform PBA and threshold A €]0, 1] such
that {p € Z° : Pr(p) > A} is not o-regular.

6 Efficiency of PBA

The transformations between nondeterministic ®-automata
and PBA presented in Section 4 lead to an exponential blow-
up in both directions. We now study the efficiency of PBA
in more detail and show that for some languages, uniform
PBA can be exponentially better than nondeterministic ®-
automata, and vice versa.

Fig. 5. uPBA for L, as in Theorem 20

Theorem 20 (uPBA can be exp. better than NSA). There
exist languages L, which are accepted by a uniform PBA
with 2n states, while any NSA for L, has at least 27” states.

Proof. The language L, = {xyw :xef{a,b}*ye {a,b}"} is
accepted by the PBA P shown in Fig. 5, where we assume
uniform distribution of the transition probabilities. Note that
all states of P are accepting and that all states except n,, have
a b-transition to the state 1, and all states except nj, have an
a-transition to the state 1,.

Letp=ajaz... ¢ L,. Then there are infinitely many indices
isuchthata; =aAa;,, = b. Let I, be the set of such indices.
(Then, |I,| = =.) Since every state except the state n,, has an
a-transition to state 1,, for all prob-fair runs T = g, g1, . .. of
p in P there is an infinite subset I C I, of indices such that
qi = 1, for all i € I;. Remember that a; = a and a;,, = b for
all i € Iy. We now consider the stochastic process induced

by P and p. The above assures that with probability one
the process will try to read b in state n, and will therefore
reject. Thus, almost all runs for p are rejecting which gives
L(P)CL,.

On the other hand, given a word p € L,, we can write
p as xy® with x € {a,b}* and y € {a,b}". Then, ft =
ley,---51¢,1q, is a run for xd;, where x = cic...c, and
y=dids...d,. (The ¢’s and d’s are symbols in {a,b}). The
probability for this run is strictly greater than zero. Since
from that state 14, on, the process will never reject while
reading the remaining suffix of p and since every infinite
run is accepting, we have that p will be accepted with prob-
ability greater than zero. This yields L, C L(P).

The uniformity of 2 can be derived from the fact that — as
uniform distributions are assumed — for all accepting end
components (P,A), all states p, all finite words w € {a,b}*
andall k € {1,...,n}:

=

Pripay(p =) = 1V Pripay(p =) < 1—(3)"

and either Pr(p4)(p ks =0or Pripa)(p Ska) > ($)F>
(%)” (The same holds for state k;, instead of k,.)

It remains to show that any NSA for L, has > 2" /n states.
Let 4 be a NSA with £L(A) =L,. Let x =cy...cp, y =
dy...dy € {a,b}" such that

Cle..cpF#di...dpydy ... diyforalli=1,....n (*)

Then, any two accepting cycles for (cj...c,)® and
(dy ...d,)® are disjoint. Otherwise, A would accept a word
of the form (a+b)*(ci...cjd;...dydy ... di—1Cjy1...Cp)°.
But such a word is not in L, because of (*). Thus, A4 has
at least 2" /n disjoint acceptance cycles, which proves the
claim. O

Another example that illustrates the efficiency of PBA is the
language L, consisting of all infinite words p = ajaz... €
{a,b,c}® such that, for all 0 < i < n, if ag,4; = a for in-
finitely many k then ay,,+; = b for infinitely many k, and vice
versa. L, is accepted by a PBA with O(n?) states, while any
NBA for L, has Q(2") states.

Although the above results illustrate that PBA can be quite
efficient, there are w-regular languages where NBA are ex-
ponentially better than uniform PBA.

Theorem 21 (NBA can be exp. better than uPBA). For
the w-regular languages L, = ((a+b)*a(a+b)"~1c)® there
exist accepting NBAs of size O(n), while any uniform PBA
Sor L, has Q(2") states.

7 Emptiness, union and intersection

Proposition 22 (Checking emptiness). Emptiness can be
checked in time O(exp(|P|) for uniform PBA. The question
whether L(P) # 0 for a given uniform PBA P is NP-hard.



Proof. The question whether L(P) # 0 for a given uniform
PBA P can be answered via the transformation “PBA ~~
NSA” described in Section 4 and applying an emptiness-
test for NSA [16]. The proof for the NP-hardness of the
nonemptiness-problem can be given by a polynomial reduc-
tion from 3SAT to the nonemptiness-problem for uniform
generalized PBA. (By Theorem 17 there is a polynomial re-
duction from the nonemptiness-problem for uniform GPBA
to the nonemptiness-problem for uPBA.) U

Union and intersection. For union and intersection we
may roughly apply the same techniques as for NBA. Let
P = (01,01,u1,F1) and P>, = (02,02, u2,F>) be two PBA
over the same alphabet £. A PBA P that accepts the lan-
guage L(Py)U L(P,) can be obtained by taking the disjoint
union of the state spaces Q1 and Q», equipped with the tran-
sitions in P, and P». The initial distribution u in P assigns
probability %ﬂi(q) to any state ¢ € Q; (i = 1,2). The set of
accepting states of P is F1 U F>.

The intersection operator can be realized as for NBA. Us-
ing a product construction, we first generate a general-
ized PBA P; < P, that accepts the intersection language
L(P)N L(P>), which can then be turned into an equivalent
PBA (Theorem 17). The definition of the product automata
Py <1 P, is fairly standard and omitted here.

8 Verifying probabilistic systems

Although the emptiness problem for uniform PBA is much
harder than for nondeterministic ®w-automata, in certain ap-
plications the use of PBA instead of nondeterministic ®-
automata might be simpler, or even more efficient. We men-
tion here the qualitative verification problem for Markov
chains against ®-regular specifications.

Let M= (S,P,AP,L,sp) be a finite-state Markov chain with
state-labels, i.e., S is a finite state space, sy € S the ini-
tial state, P : S x S — [0, 1] a transition probability matrix
such that Y5 P(s,t) = 1 for all states s, AP a finite set of
atomic propositions and L : S — 2AP a labeling function. Let
L be an o-regular language over the alphabet £ = 2AP that
specifies the “bad behaviours”. M is viewed to be correct if
for almost all infinite paths ¢ = sq,sy,... in M the induced
words trace(c) = L(sp),L(s1),... donotbelong to L, i.e., if
Pry (L) = 0 where

Pryi(L) = Pry{c : 6 is an initial, infinite path
in M with trace(c) e L }.

In the literature, several methods to check whether
Pry (L) = 0 have been proposed, such as special algorithms
for LTL-specifications [9, 10], algorithms that assume a rep-
resentation of L by a NBA [32, 9] or algorithms that operate
with alternating automata [7]. As an alternative, we men-
tion here a PBA-based approach which relies on the same,

rather simple technique as it is known for deterministic ®-
automata (or NBA that are deterministic in limit), but does
not require the modification of the automaton, as it is the
case for the approaches that start with an arbitrary nonde-
terministic or alternating automata.

Let P = (Q,8,u,F) be a PBA over the alphabet X = 2A7
with L(P) = L and 6(¢q,a) # 0 forall g € Q and a € X. To
check whether Pryv (L) > 0, we consider the product Markov
chain M x P = (S x Q,P’, i) where the initial distribution
u' is given by i/ ((s,q)) =0 if s # s and

- :u/(<507q0>) = ZqEQ:u(q) : 8(6], L(SO)aQO),
- P/(<qu>7 <t,p>) = P(Sat) '6(% L(t),p).

Let Pry«p(COF) be the probability in M x P for the set
of infinite paths (so,qo),(s1,q1),... such that g; € F for
infinitely many indices i. We then have Pry(L) > 0 iff
Pryx2(CJOF) > 0. Hence, if we are given an ®-regular
specification for M in form of a PBA then the qualita-
tive model checking problem “Is Pryv(L) > 0?7 can be
solved in polynomial time by building the product Markov
chain and applying known graph-methods to check whether
PI‘MX?(DOF) > 0.

9 Conclusion

In this paper, we introduced probabilistic m-automata as ac-
ceptors for languages over infinite words. We mainly con-
centrated on some fundamental properties (expressiveness,
efficiency, the emptiness-problem) and presented some re-
sults which we did not expect when starting to work in this
area. First, we were surprised about the fact and simplicity
of the proof that PBA are more expressive than NBA. The
analogue result is known for PFA and NFA, but PFA are
equipped with a threshold A €]0, 1] for acceptance, while
we work with “positive acceptance probability” which on
the level of finite automata leads to ordinary NFA. Sec-
ondly, we established a polynomial transformation from
probabilistic Streett to probabilistic Biichi automata which
is impossible in the nondeterministic case [28]. The third
non-expected result was the observation that uniform PBA
can be exponentially more efficient than nondeterministic
Streett automata. We are not aware of such a result for finite
automata.®

Many other theoretical questions are still open, like the de-
cidability of whether a given PBA is uniform, the decidabil-
ity (or complexity) of the emptiness-problem for arbitrary
PBA, the precise complexity of the emptiness-problem for
uniform PBA, a complementation operator that does not use

6 As far as we know, [1] which shows the existence of a PFA with
O(n) states while any equivalent DFA has Q(2/1°2") states,
provides the best known result to illustrate the efficiency of PFA
in contrast to (non)-deterministic finite automata.



nondeterministic automata as intermediate step, or the ques-
tion of other criteria that ensure ®-regularity of the accepted
language.

Potential application areas were mentioned in the introduc-
tion. The benefits of PBA for verification purposes (as we
sketched in Section 8) will depend on whether there are
reasonable logics (e.g., a sublogic of LTL) where efficient
transformations into PBA — without using NBA as interme-
diate step — can be provided.”
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