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Abstract. We presentamodelcheckingalgorithmfor VCTL (andfull CTL) whichusesaniterative
abstractiorrefinementstrat@y. In eachiterationwe call a standardnodelchecler for the abstract
models4;. If 4; doesnotsatisfy® we refinetheabstracimodel.7; yielding anotherabstracmodel
4,1 and(re-)callthemodelchecler to 4, 1. Otherwisethe formulaholdsfor the original system
M. Our algorithmterminatesat leastfor all transitionsystemsM thathave a finite simulationor
bisimulationquotient.In contrastio otherabstractiorrefinementalgorithms we alwayswork with
abstractmodelswhosesizejust dependon the lengthof the formula ® (but not on the sizeof the
systemwhich mightbeinfinite).

1 Intr oduction

The stateexplosionproblemis still themajorproblemfor applyingmodelcheckingto systemsf indus-
trial size.Severaltechniquefhave beensuggestetb overcomethislimitation of modelchecking;nclud-
ing symbolicmethodswith BDDs [BCM*92,McM93] or SAT-solvers[BCC*T99], partial orderreduc-
tion [Pel93God96Val94, compositionateasoningLon93,GL94] andabstractiofCC77,Kur94,CGL94
[LGS™95,Lon93Dam96DGG97. See[CGPOO0]for anoverview.

In this paper we concentrat®n abstractiorin atemporallogical setting.Let M bethe concretemodel
(a transitionsystem)that we want to verify againsta temporallogical formula ®. The roughidea of
the (exact) abstractiorapproacthis to replace by a muchsmallerabstracimodel 4, with the strong
preservatiorpropertystatingthat 4y = ® iff M = ®. The subscripto standsfor an abstractiorfunc-
tion that describeghe relation betweenconcreteand abstractstates.In the simplestcase,a is just a
function from the concretestatespaceS (the statespaceof M) to the abstractstatespace(the state
spaceof the abstractmodel ). For instance dealingwith the abstractiorfunction a thatassigngo
eachconcretestatesits (bi-)simulationequivalenceclass we getthe bisimulationor simulationquotient
systemiyis or Msim asabstracmodels for which strongpreserationholdsif @ isa CTL* resp.VCTL*
formula[BCG88CGLY4. If the formula ® is fixed, the (bi-)simulationquotientspaces unnecessary
large. In general,conservativeabstractionghat rely on the weak preservationproperty statingthat
Ay = @ implies M = @, yield much smallerabstractmodels.Suchmodelscan be usedin the ab-
stractionrefinemenschemashavn in Algorithm 1 (e.g.[BS93DGG93Kur94GS97CGJ 00]). Here,

Algorithm 1 Schemaof the abstractiorrefinementpproach

constructninitial abstracimodel 4g; i := 0;

REPEAT
Model_Checkg;, ®);
IE 4 |£ @ THEN 4,1 := Refinement(@;,®) Fl;
i=i+1;

UNTIL 4_1 =dorg =24_q;

IE 4;_1 = ® THEN return“yes” ELSE return“no” Fl.

Model_Check(..) denotesiry standardnodelcheckingalgorithmandRefinement(..) anoperatotthat
refinesthe currentabstracimodel ; (i.e. addsfurtherinformationaboutthe original system#/ to .4; to
obtainanabstracslightly more“concrete’model).A necessarpropertythatensuregartialcorrectness
of the above abstractiorrefinementiechniques the strongpresenration propertyfor the final abstract
model 4, whichmight be obtainedwhenno furtherrefinemenstepsarepossible.

The majordifficulty is the designof a refinementprocedurenvhich on onehandshouldaddenoughin-
formationto the abstracimodelsuchthatthe “chancesto prove or disprove the property® in the next
iterationincreasen a reasonableneasurewnhile on the other handthe resultingnew abstractmodel
i+, should be reasonablesmall. The first goal can be achiesed by specification-dependeméfine-
mentstepssuchascounter&ampleguidedstratgies[BS93,Kur94,CGJ"00] wherethe currentabstract



model 4; is refinedaccordingto an errortracethatthe modelchecler hasreturnedfor 4 or by strate-
gies,thatwork with under and/oroverapproximationor the satishctionrelation=,, of the concrete
model,e.qg.[DGG93LA99,LPJ"96,PHI7. To keepthe abstractmodelsreasonablasmall two general
approachesanbedistinguishedOneapproactocusse®n smallsymbolicBDD representationsf the
abstractmodels(e.g.[BS93,KDG95LPJ"96,PH97,CJIL"99)), while otherapproachsattemptto mini-

mizethe numberof abstracstatege.g.[CC77,CGL94LGS95DGG97).

While mostof thefully automatiomethodsaredesignedor very largebut finite concretesystemsmost
abstractiorrefinementechniquedor infinite systemsare semi-automati@andusea theoremprover to
performthe refinementstepor to provide the initial model 29 [DF95,GS97BLO98AAB*99,5S99.
An entirely automaticabstractiortechniquethat cantreatinfinite systemss presentedy Namjoshi&
Kurshan[NKO0O]. In this framework, the concretesystemis a protocolor program(with variablesthat
might have aninfinite domain)from which the abstractmodelsis derived by syntactictransformations
thatreplacepredicategin the program)by booleanvariables.

Our contribution: In thispaperwe presenfinabstractiomefinemenalgorithmthatworkswith abstract
modelswith afixedstatespacehatjust depend®n the specificationtemporallogical formula) but not
on the concretesystem.In our approachthe concretesystem# to be verified is an ordinary (very
large or infinite) transitionsystem We usethe generalabstractiorframavork suggestedy Damset al
[DGG97] anddealwith abstracimodels4; with two transitionrelations.Although our ideaswork for
full CTL, we provide the explanationdor the sublogicVCTL for which theformalismsaresimpler We
just sketchwhich modificationsarenecessaryo treatfull CTL.

The roughideaof our algorithmis the useof abstractmodels.4; that are approximationsof 4y, the
abstracimodelthatresultsfrom the original model M whenwe collapseall stateghatsatisfythe same
subformulasof ®. (Here, @ is the formula we wantto checkfor M.) Of course the computationof
the abstractmodel 44 would be at leastas hard as model checkingthe original systema/. Anyway,
we canusethe statespaceof 4 (which consistsof setsof subformulasof @ or their negations)for
the abstractmodels 4. Thus,the size of ary of the abstractmodels.; is at mostexponentialin the
length|®| of theformula;independenobn the sizeof the concretesystemwhich might beinfinite. Any
abstracmodel 7 is equippedwith anabstractiorfunctiona; which standgfor partial knowledg about
the satishctionrelation =4, in the concretesystemi . The abstractiorfunctiona; mapsary concrete
states to the abstractstatec = qi(s) in 4 consistingof thosesubformulas¥ of ® wherewe already
know thats =, W for all W € o andall thosenegatedsubformulas-% wheres £, W is alreadyshavn.
Refining 4, meansaddingmoreinformationaboutthe concretesatishctionrelation |=,,; resultingin
an abstractmodel 4,1 wherea;j1(s) is a supersedf a;(s). Partial correctnes®f our algorithmis
guaranteedor (concrete)transitionsystemsof arbitrary size.Our algorithmterminatesat leastif the
concretesystemhasa finite simulationor bisimulationquotient. The only theoreticalrequirementhat
we needfor anentirelyautomatidmplementations the effectivenes®f thepredecessqoredicaten the
concretesystemandits dual.

Relatedwork: Our methodologyborrowvsideasfrom mary otherabstractiomefinementlgorithms We
work with under andoverapproximationsfor the concretesatistctionrelation=,, thatwe derive from
the abstractiorfunction a;. Although such“sandwich” techniquesare usedby several other authors,
e.g.JASST94,LA99,LPJ"96], we arenot awareary othermethodthatis designedor generalpossibly
infinite) transitionsystemsandworkswith abstracmodelsof afixedsize.

In [ASS*T94], Aziz et al presenta notion of formula-dependerbisimulationequivalencefor CTL and
interactingfinite statemachinesTheir algorithm calculatesthe quotientspaceand uses“pass” and
“fail” setswhich arealsosomekind of under and overapproximationgor the satishictionrelationin
the concretemodel.Lind-Nielson& AndersenLA99] treatsCTL for “state/eentsystems”theseare
finite statesystemsbuilt from the synchronougarallel compositionof Mealy machinesin contrast
to our approachthe upperandlower boundsfor the concretesatishctionrelationare calculatedwith
respecto collectionsof the machinedn the state/gent system.Our methodologyis alsocloseto the
frameawvork of Damset al [DGG93 where an abstractionrefinementalgorithm for YCTL and finite
concretetransitionsystemss representedDGG93 only needsunderapproximationfor the concrete
satishctionrelation. The major differenceto our algorithmis the treatmenbf formulaswith a leastor
greatesfixed point semantic§suchasvoW andvOW) in therefinemenistep! Abstractiontechniques

1 Ourrefinemenbperatomworkswith a “one-step-lookaheadihile [DGG93] treatspathsthatmight have length
> 1. In fact, this explainswhy underapproximationaresuficientin the framavork of [DGG93] while we need
both under and overapproximationgo mimic the standardeastor greatesfixed point computation.The fact
thatwe justrefineaccordingto singletransitiongpathsof length1) makesit possibleto treatinfinite systems.



with under and/oroverapproximationshatfocuson abstractmodelswith smallBDD representations
arepresentedn [LPJ"96,PH97CJL99].

We also useideasof stablepartitioning algorithmsfor computingthe quotientspacewith respectto
simulationor bisimulationlike equivalencedPT87,BFH90,LY92,HHK95,BG0(. However, insteadof
splitting blocks (setsof concretestatesthat areidentifiedin the currentabstractmodel)into new sub-
blocks(andthus,creatingnew abstracstates)pur approactrefinesthe abstracmodelby moving sub-
blocksfrom oneabstracstateto anotherabstracstate(which presentsnoreknowledgeaboutthe satis-
factionrelation=4,).

Outline: In Section2, we explain our notationsconcerningransitionsystemsCTL andbriefly recallthe
basicresultson abstracinterpretationsvhereour algorithmrelieson. Thetype of abstracimodelsused
in our algorithmis introducedn Section3. Section4 presentour abstractiorrefinementlgorithmfor
VCTL andsketchstheideasto handlefull CTL A very simpleexampleis usedto illustratethe stepwise
behaviour. Section5 concludeshe paper

2 Preliminaries

We expectsomebackgroundnowledgeon transitionsystemstemporalogic, modelchecking abstrac-
tion andonly explain the notationsusedthroughouthis paper For furtherdetailsseee.g.[CGP0Q.
Transition systems A transitionsystemis a tuple M = (S,—,|,AP,L) whereS is a setof states,
| C Sthesetof initial statesAP afinite setof atomicpropositionsandL : S— 2AP alabelingfunction
which assigngo ary states € Sthe setL(s) of atomicpropositionghatholdin s. =C Sx Sdenotes
the transitionrelation. We write Post(s) for the successorsf s and Pre(s) for its predecessors,e.
Post(s) = {s' € S: s— s} andPre(s) = {s € S: s — s}. For BC S, Pre(B) = g Pre(s). Thedual
predicates givenby Pre(B) = S\ Pre(S\ B) = {s€ S: Post(s) C B}. A pathin atransitionsystemis a
maximalsequencet= sp — s; — ... of statessuchthats € Post(s_1), i = 1,2,... . Here,maximality
meanghateitherttis infinite or endsin aterminalstate(i.e. a statewithout successors).
Computation treelogic (CTL) : CTL (state)formulasin positve normalform are built from the fol-
lowing grammar

¢::=true‘false|a|—|a‘¢1A¢2|¢1v¢2‘\7’¢|3¢ ¢ = XCD‘CDlU(:Dz‘CDlOCDZ

with a € AP. Here,X andU are the standardtemporalmodalities“Next step” and “Until” while U
denotesweakuntil” (alsooftencalled“unless”)? Operatorgor modelling“eventually”or “always”are
derivedasusual,e.g.vVO® = VirueU® andv® = VdUfalse Theuniversalfragmentof CTL (wherethe
applicationof “3” is notallowed)is denotedby YCTL Similarly, 3ICTL denotegheexistentialfragment
of CTL The satishctionrelation =4, for CTL formulasandtransitionsystems# is definedin the
standardwvay. The satishctionsetfor ® in M is givenby Sat) (®) = {s€ S:sl=4, P}. We write
M = @ iff ® holdsfor ary initial state,i.e. iff | C Sat,(®). Although negationis only allowed on
the level of atomicpropositionswe shall useexpression®f the type —-W (with the intendedmeaning
SkEqgr “Wiff sfEq W).

Abstract interpretations Let M = (S,—,1,AP,L) be a transitionsystemthat modelsthe “concrete
system”(thatwe wantto verify). Let Sy be anarbitrarysetof “abstractstates”.In whatfollows, we use
thearabicletters for concretestateqi.e. statess € S) andthegreeklettero for abstracstatedi.e. states
0 € S). An abstactionfunctionfor M (with rangeSa) is afunctiona : S— Sa suchthata(s) = a(s)
impliesL(s) = L(s). Theinducedconceetizationfunctiony : Sy — 25 is just theinverseimagefunction
y= a1 (thatis, y(0) = {s€ S: a(s) = 0}). We usethe resultsof [DGG97 andassociatavith a two
transitionrelations—q (whichwe shalluseto getunderapproximationfer thesatishictionsetsSat,,(-))
and~-q (whichyieldsoverapproximations)They aregivenby

03¢0 iff Isey(0)Is ey(d)sts—s
0~q 0 iff Vsey(o)Id ey(d)st.s—s.

For ary (abstractpathop ~~4 01 ~q ... andconcretestatesy € y(0p), thereis a (concretepathsy —
1 — ... In M suchthata(s) = gj, i = 0,1,... while the corverseand the correspondingstatement

2 Any ordinaryCTL formula(wherealsonegationis allowedin thestateformulas)canbetransformednto positive
normalform. Note that the dual to the until operator(often calledthe “releaseoperator”)canbe obtainedby

(= P1U~Dy) = (=B A D) U(P A D).



for —4 might be wrong. Vice versa,ary (concrete)pathsy — 51 — ... in M canbe lifted to a path
Op —q 01 —q ... Whereg; = a(s),i=0,1,2,....

Let U = (Sa,—~a,la,AP,Lg) and O = (Sa,~a,la,AP,Ly) be the transitionsystemwith statespace
Sa wherethe setof abstracinitial statesis 1o = a(l) = {a(s) : s € |}. The abstractabelingfunction
Lo : A — 247 is given by Ly (0) = a(s) for somef/allconcretestatess € y(o). Then,we have weak
preserationof thefollowing type.

Lemma 1. (cf. [CGL94,LGST95DGG97) Letsbea concetestate
(1) If WisaVCTLformulaanda(s) =¢ W thens =, W.
(2) If Wisa3CTLformulaanda(s) o WY thens =4, V.

3 Abstract ®-models

Throughoutthis paper we assumea fixed concreteransitionsystemM = (S, —,|,AP,L) without ter
minal statesanda VCTL formula ®. We may assumethatary atomicpropositiona € AP occursin ®.
Whenwe referto a subformulathenwe meana formulawhich is not a constantrue or false sul(®)
denoteshe setof all subformulasof ®. With the abore assumptionAP C sub(®). We refer to ary
subformulaof ® of theform W = V¢ asaVsubformulaof ®.
The abstract statespaceSy: Let cl(®) denotethesetof all subformulagd¥ of ® andtheir negation—¥
(whereweidentify ~—aanda). I.e.cl(®) = su{®)U{-W: W e su®)}. WedefinethesetSy C 2¢(®)
asfollows. Sy denoteghe setof a C cl(®) suchthatthe following conditions(i) and (ii) hold. (i) for
ary atomicpropositiona € APando € S, eithera € o or ~a € 0. (ii) assertsheconsisteng of o with
respecto propositionallogic andlocal consisteng with respecto “until” and“weak until”. We just
mentionthe axiomsfor “until”. 3

1. If W, € o andvVW1UW; € sul(®) thenvW UW; € o.

2. If W, ¢ 0 andvW1UW; € o thenW; € o (providedthatW; ¢ {true, false}).

3. If =Wq, =W, € 0 andvVW1UW; € sul®) then—-vVW;UW; € o.

4, If -VW,UW; € g then—-¥, € 0.
The abstract models Ugp and Og yield preciseabstractionsetae : S— Sp begivenby ag(s) = {W €
sub(®) : sk=g, WHU{-W: W € su®), s, W} It iswell-known [Eme9( thatfor theabstractnodel
thatwe getwith theabstractiorfunctiona¢ we just canestablisithe weakpreserationpropertybut do
not have strongpreseration. However, whenwe adda new atomicpropositionay for any Vsubformula
Y of ® thenwe getan abstractmodel for which a slight variantof the strongpreseration property
holds.Let

APg = APU {ay : W is aVsubformulaof @}.
We putay = aif W = ais anatomicpropositionLet Lq;, Lo : So — AP begivenby
Luy(o) ={ay € APy : W € 0}, Lo(0)={ay € APy:—-W ¢ o}.

Whendealingwith underapproximationsye usethe labelingfunction L¢; while Lo will sene for the
overapproximationsiVe defineUs = (So, g lag:APo,Lu) andOo = (So, ~>ags lag: APs, Lo).

M| N QC@ o

{a,~0,~®} {-a,~¥,~P}

o L
DI _ g

O =VYOU, V¥ =Vla {a,~,~®} {~a,~¥,~

3 For “weak until” we have essentialljthe sameaxiomsasfor “until”. The propositionalogical axiomsareobvi-
ous;e.g.werequirethat*W cimplies—W ¢" andthesymmetricaxiom“—=W¥ ¢ impliesW ¢”". Oneofthe
axiomsfor conjunctionis “W1 AW, ciff W; ocandW, o." Notethatwedonotrequiremaximality;i.e.W,
-W¥Y gispossiblef W AP.



Intuitively, thelabelingsL¢, andL with theauxiliary atomicpropositionsay shallencodgheinforma-
tion aboutthe satishctionsetSat,;, (W) thatmightgotlostwith theabstractransitionrelations— and
Mo

Example: For theconcretesystem shown in thepictureabove andtheformula® = vVOvVOa, M = @
while Og = @. In our exampleswe depictconcretestateshy circles,abstractstateshy ellipses.Their
namesarewritten belor while the correspondindabelsarewritten insidethe stated

The formulas W and W: For eachsubformula¥ of ® we definenew VCTL formulasW’ and W by
structuralinduction.If W is true, falseor aliteralthen? =W =W If W = W; v W, thenW = P v ¥,
and¥ = W, v ¥, Conjunctionis treatedn a similar way. The transformationgor “next step”, “until”

and“weak until” make useof the new atomicpropositionsFor W = YXWy we put W = (VXWp) V ay
and¥ = (VXWo) A ay. If W =YW UW, thenwe put® = VP1U(W, v ay) and¥ = (YW1UW,) A ay.
Similarly, we treatweakuntil. It is easyto seethatfor ary concretestates andW¥ € cl(®):

0o(S) Fue, ¥ iff  0o(s) Fop, W iff sk W.

In theexampleabore,we get®d = (YOW) Aap whereW = (VOa) A ay andthedesiredoropertyOg [~ ®.
Abstract ®-models Ug and Op containall information that we needto model checkthe original
systemM againstthe formula ®. In our abstractionrefinementalgorithm we make use of abstract
modelswhich canbeviewedasapproximation®f Ug and Og.

Definition 1. Anabstractb-modelfor M is atuple 4 = (a,y, U, O) consistingof an abstractionfunc-
tion o : S— Sp with a(s) C ae(s) for any concetestates € S, the conceetizationfunctiony = a1 :
Se — Sandthetwotransitionsystemd! = (Sp, —a, la, AP, L) and O = (Sp, ~q, la, APp,Lo) where
la, —a and~q aredefinedasin Section2. O

Intuitively, thesetsa(s) consistof all subformulag¥ of ® wheres|=,, W hasalreadybeenverifiedand
all formulas—¥ wheres l,, ¥ hasalreadybeenshovn. However, theremightbeformulas¥ € sub(®)
suchthatneitherW¥ € a(s) nor—W € a(s). For suchformulas¥, we do notyetknow whethers =4, .
Let4=(a,Y, U, O) beanabstractP-model We associatevith 4 two satishctionrelations./=¢, denotes
the standardsatishctionrelationfor CTL andthe transitionsystem. As we assumeahatthe concrete
transitionsystem# hasno terminalstatesall pathsin M and U areinfinite. However, the abstract
transitionsystemO might have terminalstatesFor O, we slightly departfrom the standardsemantics
of CTL For thefinite pathsin O, the satishctionrelation =, treatsweakuntil anduntil in the same
way. Let TT= 0g ~>q 01 ~¢ ... ~q On beafinite path.Then,tl=p W1UW; iff Tl=o W1UW; iff either
00,01 -..,0n =0 W1 Or thereis somek € {0,1,...,n} with 0o, 01,...,0k_1 o W1 andoy = W2.4 The
reasorwhy we needthis modificationis thatwe “reverse’theresultestablishedy [DGG97] statingthat
a(s) Eo W impliess|=,4, W for ary 3CTL formula¥ (seeLemmal, part(2), andLemmaz2, part (b))
For infinite pathsandary type of pathformulas,we dealwith the usualCTL semanticsn O. Also for
the next stepandweakuntil operatorandfinite pathsin O, we work with the usualsemantics(Thus,
0 =0 YXW holdsfor all terminalstatess in O.)

Lemma 2. For anyconcetestatese Sand¥ € sul(®):

(@) If a(s) Eq Wthens=4, V.
(b) If a(s) o Wthenslt, W.
(c) fWea(s) thena(s) = W.
(d) If =W e a(s) thena(s) o W.

Proof. Parts(a) and(b) canbederivedfrom Lemmal. Parts(c) and(d) areeasyverifications.]

Any abstrac®-model 4 = (a,Y, U, O) inducesunder andoverapproximationfor thesetsSat,, (W) =
{s€ S:sk=qs W}, W € suyd).

Definition 2. LetSat" (W) = {s€ S: =W ¢ a(s)} andSaf (W) ={se S:Wea(s)}.O
As we requirethata(s) C aq(s) we have:
Lemma 3. Saf (W) C Sat, (W) C Sat" (W) foranyW € suf(®). O

4 Alternatively, whenwe interpreta pathformula® = V¢ over thenwe mayusethestandardsemanticgor CTL
but switchfrom YW;UW; to theformulaVW1U(W2 (W1 AV false).



Clearly, given a or vy, the abstract®-model 4 is uniquely determined.Vice versa,given over- and
underapproximation§$at” (W) and Sat™ (W) for Sat,, (W) thereexists a unique abstract®-model 4
with Sat" (W) = Saf" (W) andSat™ (W) = Sat (¥).5

Definition 3. 4 |= @ iff d € o for all abstractinitial statess and 4 = —® iff thereis anabstractinitial

statec with—-® € 6.5 0

Clearly, 4 |= ® iff | C Sat (®) iff ® € a(s) for ary concretenitial states. Similarly, 2 (£ @ iff there
is aconcretdnitial states suchthat—® € a(s). By parts(c) and(d) of Lemma2, we get:

Lemmad4. If 4= ®thenM E @.If 4 |=-P thenM = d. O

Blocks and the partition M : Wereferto thesetsB = y(0), 0 € Sp, asblodksin M with respecto 4.
Clearly, thecollection of all blocksin M is a partition of the concretestatespaceS. It shouldbe
noticedthatfor any blockBe M eitherB C Satr (W) orB Sat (W) = 0. Thesameholdsfor Sat" ().

4 An abstraction refinementmodel checkingalgorithm

Our algorithm (sketchedin Algorithm 2) usesthe abstractiorrefinementschemeaof Algorithm 1. We
startwith anabstracid-model 4y andwill successiely refinethemodel ; until 4 = ® or 4 = —®.
Theoutputof ouralgorithm(sketchedn Algorithm 2) is clearfrom Lemma4.

Algorithm 2 Main procedureof the abstractiorrefinementlgorithm
Ap = App; 1:=0;
REPEAT
A4 = Model_Checkg;, );
IE 4 [~ ®and4; [~ —~® THEN
FOR ALL Vsubformulas¥ of ® DO
IF Satt (W) # Sat (W) THEN
A4 .= Refind 4,¥);
ELSE
replace¥ by theatomicpropositionay

or ﬂl. |= —®;
THEN return“yes” ELSE return“no” Fl.

Theinitial abstract ®-modelistheabstractb-model 4y = Aap
that we get with the abstractionfunctionsag = dap : S— So J \
whereaap(s) = L(s)U{—a:ae AP\L(s)} . Hereandin the O
following, o denotegshesmalleselemenbf Sy containingo.’ o
The useof aap reflectsthe knowledgethat all concretestates
labeledwith an atomic propositiona satisfy a while —a holds
for sif ais anatomicpropositionnotin L(s). Thestatusof more J AN
comple« subformulasn @ (whosetruth valuecannotbe derived A‘)
from theaxiomsfor Sy) is still open.For theconcretesystemM
andformula @ depictedin the previous figure (Section3), the
initial abstracmodel 4y is asshovn ontheright.

Model checkingthe abstract ®-model: Let 7 = (a,y, U, O) bethe currentabstracid-model.In ary
iteration,we applya standardnodelchecler thatsuccessiely treatsary ¥Ysubformulas¥ of @ for both
transitionsystemsu and O.

Let W beaVsubformulaof ®. First, we apply astandardnodelcheckingroutinefor ¢ andtheformula
W to calculatethe satisctionsetSat, (W) = {0 € Sp : 0 = W}. We derive the setNewSafW) =
{0€Sp:W¢o, 0y W} of all abstractstateso whereW now holdswhile W did not hold in the
previousiteration.By Lemmaz2, part(a), we know thatW holdsfor all concretestates € | J{y(0) : 0 €
NewSat¥)}. Thus,we canimprovetheunderapproximatioSat (W) of Sat, () by addingall blocks
y(0) whereo € NewSat¥) to Sat (¥).

5 Considetthe model 4 inducedby theabstractiorfunctiona(s) = W:s Sat (W) -W:s/Sath (W) .

6 Thereadershouldnoticethat 4 }~ @ is notthesameas 4 |= -®. 4 = ® and 4 [~ —® is possible.

7If o 2¢® meetsall axiomsconcerningpropositionalkconsistenciethenc canbe extended(accordingto the
axiomsthatwe requirefor Sp) to aleastsuperseto Sy thatcontainso. E.g.for®=VaUb, b = b,® .




Secondwe call a standardmodelchecler for O andW to obtainthe setNewSat—-¥) = {0€ Sy :
-W¢ o, oo W} ofall abstracstatess whereW is not satisfiedwhile W did holdfor o in theprevious
iteration.Lemma2, part(b), yieldsthatnoneof theconcretestatess € [ J{y(0) : 0 € NewSa{—¥)} sat-
isfiesW. Hence we mayremove theblocksy(o) wherec € NewSaf—W¥) from Saf*i (W) (thusyielding
abetteroverapproximatiorior Sat, (¥)).

Algorithm 3 combinesthe two modelcheckingfragmentsand returnsa new abstract®-model 2’ =
Model_ChecK 4, ®) with the abstractionfunction o’ wherea’(s) arisesfrom a(s) by addingW if
a(s) € NewSafW) andadding—W if a(s) € NewSaf—W).8

Algorithm 3 The model-checking-routin®odel_ChecK .4, )

Lety betheconcretizatiorfunctionof 4.
FOR ALL Vsubformulag¥ of ® DO
calculatethesetNewSafW) = ¢ Sp : o Wand¥ /o ;
FORALL 0 NewSafW)DO y( ¢ W ):=y(o) y( o ¥ ); yo):=0 OD;
calculatethesetNewSaf{—-W)= o Sp : ot Wand-W /o ;
FORALL ¢ NewSa{-W)DO y( 0 ¥ ):=y(o) y( o -¥ ); y(o):=0 OD;
oD
returntheabstractP-modelinducedby y.

Example: For theinitial model4g in therunningexample NevSaf{W) = NevSa{®) = NewSa{—-W¥) =
0 while NewvSa{—®) consistf theblackabstracstatec = {—a,~W}. Thereforewe movey(o) to the
abstracstated’ = {—a,—W¥,—®} andobtaina model 4 with thefollowing componenti andO. O

- o &
The refinementoperator takesasinput the abstract®-model 4 that the model checler returnsand
replacesq by anotherabstract®-model ;.11 whereagainthe under andoverapproximationgireim-
proved.4. 1 is obtainedby asequencef refinemenstepshatsuccessiely treatary of theVsubformulas
of ®. As usual,the subformulasshouldbe consideredn an orderconsistentith the subformularela-
tion. Let usassumehat 2 is the currentabstractd-modelto berefinedaccordingto a Vsubformula¥
of @. If the over- andunderapproximationfor ¥ agreein 4, i.e.if Sat" (W) = Sat (W), thenwe may
concludethatSat" (W) = Sat, (W) = Saf (W). As the precisesatisfictionsetfor W is known thereis
no needfor furthertreatmentof W. Fromthis pointon, W (andthe subformulasf W) canbeignored.
Thus,we just replaceW by the atomicpropositionay. E.g.if ® = VX(V0a A b) and¥ = V¢a then
we replace® by VX(ay A b). Otherwise,i.e. if Sat (W) is a propersubsetof Sat" (W), we calculate
2' = Refing 4, V) asfollows:
CASEVIS
VXWo THEN returnRefine_frall_Next(1,W);
YW1UW, THEN returnRefine_orall_Until(2,W);
VYW1UW,; THEN returnRefine_forall_WeakUntil(4,WV);
ENDCASE

First, we considerthe next stepoperatorLet W = VXW. Clearly, all concretestatess wherePost(s) C

Sat (Wo) satisfyW. Similarly, only thoseconcretestatess wherePost(s) C Saf" (W) arecandidateso
fulfill W. Thus,we mayreplacea by theabstractb-model 2’ with

Saf” (W) = Pre Saft (W) , Saf (¥) = Pre Saf (W)

while the over- andunderapproximationor the setsSat,, (¥') whereW’ # W do notchange. _
This changeof 4 correspondso a splitting of the blocksB € M into the subblocksB P andB\ P

whereP = ﬁe(. ..). The splitting is performedtwice: first for P = I57e(Sar(LPo)) which yields an
“intermediate”abstractb-model 4”; secondwe split theblocksin 4" with thesetP = Pre(Satt (Wp))

8 Any movementof blocks might change(improve) the currentabstract®-model 4. Thus,ary FOR-loopof
Model_Checkd,®) is startedwith a modelthatmight be evenbetterthanthe original model 4.



In our algorithm the splitting operationdoesnot createnew abstractstates.Let B = y(o) whereW,
—W ¢ o andP = Pre(Sat (W)). We realizethe splitting of B by moving the subblockB P from the
abstracstateo to theabstracstate aU{W} . Similarly, we treatthe splitting accordingto the overap-
proximations.

Algorithm 4 Refine_frall_Next(4, W), whereW = YXW¥,
Lety betheconcretizatiorfunctionof 4.
P:=Pre(Saf (Wo)); changed=false; (* improve theunderapproximatiofor Sat (W) *)
FORALL 0 SpwhereW /oandy(o) P#0DO
vio W )=(yo) P) y( o W ) yo):=y(o) P; changed=true;

oD

IE notchangedandW¥y is a propositionaformulaTHEN (* Saf (W) =Sat (W) =Sath(¥)*
replace¥ by theatomicpropositionay

ELSE P:=Pre(Sath(W)); (* improve the overapproximatiorfor Sat (V) *)

FORALL 0 Spwhere—W /o andy(o) P#0DO
oo -W )i=y(o =¥ ) (¥(o) P); v(0)i=y(0) P
OD;
Fl;
Returntheabstracid-model 4 inducedby y.

The procedurdor the handlingof until andweakuntil is basedon similarideas.For ¥ = YW;UW¥, we
switchfrom 4 to theabstractb-model 2’ where

Saf (W) =Saf (W)U Saf (W1) Pre Saf (V)

Then,we checkwhetherthe leastfixed point computationof Sat,, (W) via the underapproximations
finished.For this, we just needthe informationwhether2’ = 4, i.e. whetherat leastoneof the blocks
hasbeensplittedinto propersubblockgi.e.ychanged)If soandif W1 andW, arepropositionaformulas
(for whichtheprecisesatishctionsetsarealreadycomputedfhenwe mayconcludethatSat (W) agrees
with Sat,,(W). In this casewe switchfrom 4 to 2" whereSat" (W) = Saf (W) andreplace¥ by the
atomicpropositionay. If the computationof Sat,, (V) is not yet finishedthenwe improve the upper
bound.Theseideasarepresentedn Algorithm 5. The treatmenibf weakuntil in the refinemenstepis
almostthe sameasfor until; the only differencebeing— aswe have to calculatea greatesfixed point
via overapproximations- thattherolesof under andoverapproximationsave to beexchanged.
Example: Let usrevisit therunningexample.Let 4 = (a,y, U, O) bethe currentabstractd-modelthe
modelcrlgclerhasreturnggn thefirstiteration(seethepictureabove). Refinemenstartswith ¥ = VOa.
We getPre(Sat™ (W) = Pre(y({a})) = y({a}) \ {so}. Thus,thegrey concretenitial statesy is moved
to {a,—W}. All otherrefinemenstepdeave themodelunchangedRefine(@, ®) returnsthe modelwith
component¥l;, 01 asshavn below.

?\Q?\’g




In the following modelcheckingphase NewSat¥) = NewSaf®) = NewSaf—¥) = 0. NewSaf—d)
consistof thegrey abstracstates = {a,=W}. Thereforewe movey(o) = {s} to theabstracstateo’ =
{a,~¥,~®}. We obtainanabstractP-model 4, wheretheabstracinterpretatiorof the concretanitial
statesy is 02(sp) = 0’. As 0’ contains—®, the condition 4 |= —® in the repeat-loopof Algorithm 2
holds(seeDef. 3). Hence Algorithm 2 terminateswith the correctanswerno”. O

Algorithm 5 Refine_forall_Until(4, W) whereW = YW1UW,
Lety betheconcretizatiorfunctionof 4.
P:=Pre(Sat (¥)); changed=false; (* improve theunderapproximatiofor Sat (W) *)
FORALL 0 Spwhere¥W /o,W; oandy(o) P#0DO
v(o W )i=(yo) P) y( o W ) yo)=y(o) P, changed=true;

‘O
>

notchangedandWq, W, arepropositionaformulasTHEN
(* theleastfixed point computatioris finished;put Sat" (W) := Sat" (W) *)
replaceW by theatomicpropositionay;
FORALL 0 Spwith¥ /ocand-W /o DO
yeo ¥ )=y(o -¥ ) yo) v0)=0
ob
ELSE
P := Pre(Sat" (W)); (* improve the overapproximatiorfor Sat (W) *)
FORALL ¢ Spwhere=¥ /o,-W; 0,-%, ocandy(c) P#0DO
yio =¥ )=y(o -¥ ) (Vo) P) ¥o)=y0o) P
ob
Fl
Returnthe abstracid-modelwith concretizatiorfunctiony.

[T

Remark: Thereis no needfor an explicit treatmenif the booleanconnectives/ and A in the model
checkingor refinementstep.For instancejf W = W; v W, is a subformulaof ® thenimproving the
approximationgor thesetsSat,,(¥1) automaticallyyieldsanimprovementfor the underapproximation
for Saty (W¥). “Moving” ablock B from anabstracstateo to theabstracstated’ = ocU{¥;} hasthe
sideeffectthatB is addedto both Saf (W1) andSat (¥). Thisis dueto the axioms,we requirefor the
elementsn Sp. Thecorrespondingbsenationholdsfor the overapproximationSat” (). O

Remark: The auxiliary atomic propositionsay play a crucial role in both the model checkingand
the refinementprocedureThe labelingsL¢ andLo cover the information that might got lost due to
the transitionrelations— and~+q. In the refinementphase they are necessaryo detectwhenthe
computatiorof aleastor greatesfixedpointis finished.Ol

Lemma4 yieldsthe partial correctnessf our algorithm.

Theorem1. [Partial correctness]if Algorithm 2 terminateswith the answer‘yes” then M = ®. If
Algorithm2 terminateswith theanswer‘no” then = @. 0O

Becausaf the similaritieswith stablepartitioningalgorithmsfor calculatingthe (bi-)simulationequiv-
alenceclassegPT87,BFH90,LY92,HHK9Y5] it is not surprisingthatour algorithmterminatesprovided
thatthe (bi-)simulationquotientspaceof M is finite.

Theorem 2. [Termination] If the concretemodel M hasa finite simulationor bisimulationquotient
thenAlgorithm2 terminates.

Proof. (sketch)Neitherthemodelcheckingphasenortherefinemenstepsplitsary of the(bi-)simulation
equivalenceclasse$. Eithera (bi-)simulationequivalenceclassis completelymovedto anotherabstract
stateor noneof its stateds moved.Underthe assumptiorthatthereareonly finitely mary (bi-) simula-
tion equivalenceclassespnly afinite numberof “movementsf blocks”is possible ]

Full CTL: Our algorithm canbe extendedto treatfull CTL. The major differenceis the handling of
existential quantificationwhich requiresthe use of the transitionrelation ~»y when calculatingthe

9 This can be derived from the resultsin [BCG88,CGL94]statingthat (bi-)simulationequivalent statessatisfy
exactly the sameCTL resp.VCTL formulas.Any two concretestateghatare separatedh a refinemenstepcan
bedistinguishedy CTL or YCTL formulasbuilt from the subformulasf ® andthe next stepoperator



underapproximationgvhile for the overapproximationsve usethe transitionrelation —4. Given an
abstractd-model 4 = (a,y, U, O), we work (asbefore)with two satishctionrelationsi=¢; and=o.
E.g. 0 |=¢ 3¢ iff thereexists a pathttin O (i.e. a path built from transitionsw.r.t. ~»¢) that starts

in o andTt =¢ ¢. In therefinementphasewe usethe predecessopredicatePre(-) ratherthanPre(-).

E.g.toimprovetheunderapproximatiofor asubformula¥ = 30Wy we splitary blockB = y(o) (where
W¢o)intoB Pre(Sat (W)) andB\ Pre(Sat (W)). Again, the partial correctnesselieson theresults
of [DGG97]. Terminationcanbeguaranteedor any concretesystemwith afinite bisimulationquotient.

5 Concluding remarks

We have presented generalbstractiorrefinementlgorithmfor modelcheckinglargeor infinite tran-
sition systemsagainstvCTL (or CTL) formulas.Partial correctnessanbe establishedor ary concrete
transitionsystema which (if it is finite) could be representedhy a BDD or might be a programwith
variablesof aninfinite type. Terminationcanbe guaranteedor all concretesystemswith afinite bisim-
ulationquotient.For YVCTL, our algorithmterminatesalsoif only the simulationguotientis finite.
Clearly, the feasabilityof our algorithmcrucially depend®n the representationf the concretesystem
for which we have to extractthe Pre-information.In principle,our methodologycanbe combinedwith
severalfully or semi-automati¢echniqueghat provide anabstracimodel.For large but finite concrete
systemswe suggest symbolic representatiomf the transitionrelationin 4 andthe blocksin I
with BDDs. Wejuststartedo implementour methodwith a BDD representatiofor theconcretenodel
M but, unfortunately cannotyet reporton experimentalresults.lt might be interestingto seewhether
(and how) the abstractiontechniquesfor BDDs (e.g. [CILT99,LPJ"96]) can be combinedwith our
algorithm.To reasoraboutinfinite systemsthe fully automaticapproacthof [NKOO] seemso fit nicely
in our framework asit workswith a ﬁeoperatmsimilar to theonethatwe use.

Oneof thefurtherdirectionswe intendto investigatds the studyof realtime systemsr othertypesof
transitionsystemghatareknown to have finite (bi-)simulationquotient§AD94,HHK95]. In principle,
our techniqueshouldbe applicableto establishqualitatv propertiesof timed automata(expressedn
CTL). It would beinterestingo seewhetherandhow) ourmethodcanbe modifiedto handlequantitatv
propertieqe.g.specifiedn TCTL).
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