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e Startpoint O, unknown target ¢
e Strategy II sweeps the plane

e Findtift e Op;

e Competitive ratio: worst-case
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Searching for a point in the plane

e Startpoint O, unknown target ¢

e Strategy II sweeps the plane

e Findtift e Op;

e Competitive gtatio: worst-case
C :=sup, %

e (al 1980!
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Spiral search

e Spiral search! (¢, e¥cot(®))

e Worst Case! Sligthly miss the
target!
]

e Best periodic and monotone
strategy, optimal?

e Radius vector X (6):
6 increases and
X(0+2m) > X(0)

o ( :=sup,
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Lower bound construction: m rays

o S = (x1,B171, T2, Box2,...)
e Find ¢ on aray at step &, visited
at step k£ at the last time

e Any order is possible:

1= Jg, k7
e Worst-case for k: t close to Br.x
e Ratio: C(5) = sup,

Jp—1
Z k \/(ﬁzxz) —20;x;x ;41 COSY; z—l—l‘i"xH_l_'_(Bzxz ;)
Brxk
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Lower bound construction: m rays
e Ratio: C(5) = sup,

Ji.—1
Z k \/(ﬁzxz) —208;x; Lj41 COS Yy z+1+$z+1+(52$z xz) Br2
Brx

Bi1%ig ;

Bit1%iy1 )
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Lower bound construction: m rays
e Ratio: C(5) = sup,

Jp—1
Z k \/(ﬁzxz) —208;x; Lj41 COS Yy z+1+$z+1+(52$z xz) PR,
BTk

e Shrinking numerator:

\/(ﬁz‘il?z)Q — 285285 41%i41 €08 ZX + (Bip12i41)

Bi1%ig ;
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Lower bound construction: m rays
e Ratio: C(5) = sup,

Jp—1
Z k \/(ﬁzxz) —208;x; Lj41 COS Yy z+1+$z+1+(52$z xz) PR,
Brr

e Shrinking numerator:

\/(@'%)2 — 20,2 Bi+1Ti41 cos ZZ + (5i+1x“§1)2.
e Lower bound (y; := B;x;): C(S) > EHENY

Jp—2

\/yz — 2YilYi+1 COS T yz+1

= Bit1%iy1 )

sup
k Yk
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Lower bound construction: m rays
e Ratio: C(5) = sup,

Jp—1
Z k \/(ﬁzxz) —208;x; Lj41 COS Yy z+1+$z+1+(52$z xz) PR,
Brr

e Shrinking numerator:

\/(@'%)2 — 20,2 Bi+1Ti41 cos ZZ + (5i+1x“§1)2.
e Lower bound (y; := B;x;): C(S) > EHENY

Jp—2
\/yz — 2YilYi+1 COS T yz+1
— Bit1%iy1 )
Sup
k Yk
Minimizel!l
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Lower bound construction: m imaginary rays
Jip.—2
_k; \/yf—QyiyiJrl COS%W—?J?H

supy, = m , Indices J; original visiting order!

1

[\]

IS

EuroCG' 09 Optimality of spiral search  (©Elmar Langetepe Brussels '09 7



Lower bound construction: m imaginary rays
Jip.—2
_kz \/yz-z_Qyiyi—i—l COS%W—?J?H

supy, = m , Indices J; original visiting order!

2-ray version

Y10

EuroCG' 09 Optimality of spiral search  (©Elmar Langetepe Brussels '09



Lower bound construction: m imaginary rays
Jip.—2
_kz \/yz-z_Qyiyi—i—l COS%W—?J?H

supy, = m , Indices J; original visiting order!

2-ray version

Y10

EuroCG' 09 Optimality of spiral search  (©Elmar Langetepe Brussels '09



Lower bound construction: m imaginary rays
Jip.—2
_kz \/yz-z_Qyiyi—i—l COS%W—?J?H

supy, = m , Indices J; original visiting order!

2-ray version

Y10

EuroCG' 09 Optimality of spiral search  (©Elmar Langetepe Brussels '09



Lower bound construction: m imaginary rays
Jip.—2
_kz \/yz-z_Qyiyi—i—l COS%W—?J?H

supy, = m , Indices J; original visiting order!

2-ray version

Y10

EuroCG' 09 Optimality of spiral search  (©Elmar Langetepe Brussels '09



Lower bound construction: m imaginary rays
Jip.—2
_kz \/yz-z_Qyiyi—i—l COS%W—?J?H

supy, = m , Indices J; original visiting order!

2-ray version

Y10

EuroCG' 09 Optimality of spiral search  (©Elmar Langetepe Brussels '09



Lower bound construction: m imaginary rays
Jip.—2
_kz \/yz-z_Qyiyi—i—l COS%W—?J?H

supy, = , Indices J; original visiting order!

Yk

2-ray version

Y10

EuroCG' 09 Optimality of spiral search  (©Elmar Langetepe Brussels '09



Lower bound construction: m imaginary rays
Jip.—2
_kz \/yz-z_Qyiyi—i—l COS%W—?J?H

supy, = , Indices J; original visiting order!

Yk

2-ray version

Y10

EuroCG' 09 Optimality of spiral search  (©Elmar Langetepe Brussels '09



Lower bound construction: m imaginary rays
Jip.—2
_kz \/yz-z_Qyiyi—i—l COS%W—?J?H

supy, = , Indices J; original visiting order!

Yk

2-ray version

Y10

EuroCG' 09 Optimality of spiral search  (©Elmar Langetepe Brussels '09



Lower bound construction: m imaginary rays
Jip.—2
_kz \/yz-z_Qyiyi—i—l COS%W—?J?H

supy, = , Indices J; original visiting order!

Yk

2-ray version

Y10

EuroCG' 09 Optimality of spiral search  (©Elmar Langetepe Brussels '09



Lower bound construction: m imaginary rays
Jip.—2
_kz \/yiz_Qyiyi—i—l COS%W—?J?H

supy, = , Indices J; original visiting order!

Yk

2-ray version

Y10

EuroCG' 09 Optimality of spiral search  (©Elmar Langetepe Brussels '09



Lower bound construction: m imaginary rays
Jip.—2
_kz \/yiz_Qyiyi—i—l COS%W—?J?H

supy, = , Indices J; original visiting order!

Yk

2-ray version

Y10

EuroCG' 09 Optimality of spiral search  (©Elmar Langetepe Brussels '09



Lower bound construction: m imaginary rays
Jip.—2
_kz \/yiz_Qyiyi—i—l COS%W—?J?H

supy, = , Indices J; original visiting order!

Yk

2-ray version

Y10

EuroCG' 09 Optimality of spiral search  (©Elmar Langetepe Brussels '09



Lower bound construction: m imaginary rays
Jip.—2
_k; \/yz-z_Qyiyi—i—l COS%W—?J?H

supy, = m , Indices J; original visiting order!

1

4

ViSiting order: Jl — 7, Jz — 8, Jg — 10, J4 — 6, J5 — 9, J6 — 11, c.
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Lower bound construction: m imaginary rays
Jip.—2
_kZ VY -2yiyiticos g2,

supy, = visiting order:

Yk
J=T.Jo=8J3=10,J, =6,J5 =9, Js = 11, ...
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Lower bound construction: m imaginary rays
Jp.—2
_kZ VY -2yiiticos g2,

supy, = visiting order:

Yk
J=7J,=8J3=10,J,=6,Js =9, Js = 11, . ..
Optimize: J4:6,J2:7, J6:8,J1 —T—9,J5: 10,J9: 11,...

\ 2
=7 Jo =

Optimization |: 2-rays and smallest current depth visiting order!!
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Lower bound construction: m imaginary rays
Jp.—2
_k VY2 2uiyi 1 cos Zy?, | o
supy, ~= . opt. visiting order:

Ji=6.Jo=TJs=8J, =9 Js =10, Jg = 11, ...
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Lower bound construction: m imaginary rays
Jp.—2
];le \/y?—2yiy¢+1 cos 2L 4y? |

1

Supy, = m opt. visiting order:
Jy=6,Jo0="7,J6=8,J1=9,J; =10, J9g =11, ...
Optimize numerator by reordering!
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Lower bound construction: m imaginary rays

Jp.—2

_k VY2 —2uimiy1 cos ZEAy2 o
supy, ~= m opt. visiting order:
Jy=6,Jo=17,J6=8,J1,=9,J5 =10, J9 = 11, . ..

Optimize numerator by reordering!

3
Y=y vh =y v5 = ve. v = v1.v5 = v5. ¥ = vo, s
/ / / / /
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Lower bound construction: m imaginary rays

Jp.—2
g 2_ 94 27 4 .2
_ Y; YiYi+1 COS 7 +yi—|—1
supy, — .

opt. visiting order:

Ji=6,Jo=T.Js=8J =9 J5=10,Jg = 11,...

Optimize numerator by reordering!

Smallest current depth visiting order
Optimal visiting order: J,f =i+m
3
Y=y vh =y v5 = ve. v = v1.v5 = v5. ¥ = vo, s
vk =798 = v11,99 = v3,¥l0 = vs, 41 = V10, - ™
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Lower bound construction: m imaginary rays

Jp.—2

_k VY2 —2uimiy1 cos ZEAy2 o
supy, ~= m opt. visiting order:
Jy=6,Jo=17,J6=8,J1,=9,J5 =10, J9 = 11, . ..

Optimize numerator by reordering!

Smallest current depth visiting order
Optimal visiting order: J,f =i+m
3
Yl = yavh = y2. 95 = Y6, vh = y1. ¥ = Y5, Y6 = Yo
/ / / / /

Opt. Il: 2-rays, reordering and smallest current depth visiting order!!
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Lower bound construction
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Jk_QLower bound construction
1 VY3 2yiyig1 cos ZEty?,

C(S) = supy, =

Uk . Jy, original visiting order!
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Jk_QLower bound construction
1 VY3 2yiyig1 cos ZEty?,

C(S) > sup,, = , Jy. original visiting order!

Yk
n+m-—2
2 2
o ;1 Y. —2ylyip1 cos 24yl
Minimized by sup,, —= ,

Yn
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Jk_QLower bound construction
1 VY3 2yiyig1 cos ZEty?,

C(S) > supy —=

, Ji. original visiting order!

Yk
n—+m—2
2 2
. 2 Vi ~2YjYi41 €08 Ty
Minimized by sup,, —= /

Yn

Framework of Gal, discrete m, continous, unimodality etc.

EuroCG' 09 Optimality of spiral search  (©Elmar Langetepe Brussels '09 10



5, _JL-ower bound construction
Py VY3 2yiyig1 cos ZEty?,

C'(S) > sup, m , Ji original visiting order!

n—|—m 2

2

\/y —2yly; 1 cos 4yl
Minimized by sup,, = m
n

Framework of Gal, discrete m, continous, unimodality etc.

m—1

Optimized by y; = d’, ratio: f(a,m) = *— \/1 — 2a cos T+ g2

EuroCG' 09 Optimality of spiral search  (©Elmar Langetepe Brussels '09

10



Jk_QLower bound construction
2 \/yz-z—QyiyiH cos 2L 4y?

C'(S) > sup;, = , Ji. original visiting order!

Yk
n+m-—2
2 2
o ;1 Y. —2ylyip1 cos 24yl
Minimized by sup,, —= ,

Yn

Framework of Gal, discrete m, continous, unimodality etc.

Optimized by y; = d*, ratio: f(a,m) = aa—_l \/1 — 2a cos%7T + a?

m +— oo then f(amin, m) — 17.289. ..
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5, _JL-ower bound construction
Py VY3 2yiyig1 cos ZEty?,

Yk

C'(S) > sup, , Ji original visiting order!

n—l—m 2

27T 2
z_1 \/y —2Y;Yi+1 o8 24y;

Minimized by sup,, ”

Framework of Gal, discrete m, continous, unimodality etc.

m—1

Optimized by y; = d’, ratio: f(a,m) = *— \/1 — 2a cos T+ g2

m +— oo then f(amin, m) — 17.289. ..

Example: m = 100000, compute a,;, = 1.000009764 ... and
f(@min, 100000) = 17.289. ..
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Conclusion

e Searching for a point in the plane

e Spiral search is optimal

e Smallest current depth visiting order: powerful tool
e Applicable to standard m ray search

e Spiral conjecture of similar settings
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