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1 Introduction

Maybe the most significant change in computer systems in the last 20 years was caused by the
interconnection of computers, in particular, via the Internet. This new technology allows us now
to communicate with other people all around the world using, for example, email, VoiceOverlP,
or ICQ. We can also access all kind of information via the World Wide Web. However, these
new possibilities also raise new questions. How can we search in collections of documents as
large as the World Wide Web? How can we monitor internet traffic to quickly find out about
malicious behaviour like spreading worms or viruses? Search engine providers offer a wide
variety of tools to search in the web. These tools are already very effective and the building
ground of a multi-billion dollar industry. However, there are also many unsolved problems.
For example, if we are searching for words that have multiple meanings like 'Jaguar’, then we
are getting as a result a mix of web pages about the car and the animal. Searching for images
and movies is only possible, if users have provided the right textual descriptions. Searching
the web for local information as, for example, 'pubs in bonn’ is not yet very well supported.

It may be an interesting service to allow queries for English (Chinese, Russian,...) webpages
using German keywords. Ideally, the search engine could provide automatic translations of the
content. In summary, there are still many ways to improve the current technology.

From the point of view of an algorithms person the above setting raises the general question
how we can deal with data sets too large to be stored completely (like network traffic or the
World Wide Web). Often these huge data sets occur in the form of data streams, for example,
streams of packets at a router or streams of queries at a search engine. In this course we will
develop algorithmic methods to deal with these kind of problems.

1.1 An Example: Determine the Number of Users of a Search
Engine

Imagine we run a query engine and we are interested in the number of users that use it. How
can we obtain an estimate for this number? Obviously, there is no direct way of counting
different users, because people do not have unique IDs like a user name or so. However, it is
easily possible to find out the IP address of the computer from which the query is submitted.
IP addresses can change and different users may use the same computer, but still the number
of different IP addresses gives us a good estimate of the number of different users of our query
engine.

Ouir first step will be the development of a model of computation for this scenario. We will
assume that our search engine is run on a single computer. Queries arrive sequentially and at
high rate. With each query there is an IP associated and IPs come from a fixed universe. Thus,
we can model our scenario as follows. Our input consists of a sequercéoy, ..., 0,) of



items that come from a fixed univergg i.e. the items correspond to IP addresses. We can
view the stream as a sequence of insertions of iteis. ., o, in some seZ. For this reason,
we also call such a dat stream imsertion-only streamIn our case, we are interested in the
number of distinct items in this sequenda a standard model of computation we can solve
this problem easily by first sorting the sequence and then counting the number of distinct items
with one linear scan over the data. However, sorting requires random access to the data. This
is only possible if the data is stored in main or secondary memory. But in our case this is
hardly possible. A search engine must handle so many queries that we cannot even store one
IP for each query! Thus, we need a different approach. We will trade the space used by our
algorithm against accuracy, i.e. we will try &pproximatethe number of distinct items rather
than computing it exactly. Thus our algorithm is supposed to maintain a small summary of the
data already seen and this small summary should easily fit into the main memory of a standard
PC, because we might want to maintain different statistics at the same time, which alltogether
must be kept in main memory. Thus the interesting question is what approximation can we
guarantee under our space restriction or, equivalently, how much space is required, if we want
to guarantee a certain approximation quality (the latter formulation is what we typically look
at in the theory community).

Besides space efficiency, we also have to ensure that we can quickly process each data item.
Otherwise, our algorithm will significantly slow down the search engine, which is something
that must be avoided by all means. We can summarize that we are looking for an algorithm that

(a) processes data items in order of arrival,
(b) uses small space, and
(c) has fast per-item processing time.

Depending on the application different values for space and per-item-processing time may
be tolerable. For exampl&(/n) space will suffice for many applications, but ideally we only
require lod'" n bits of memory. Thus, we will typically require that a streaming algorithm
uses a polylogarithmic amount of memory in the length of the stream. Most of the time we will
measure memory requirements in bits. In some situations however, it will be more convenient
to talk about memory cells and assume that memory cells contain real numbers. In a similar way
to space complexity, we require that the per-item processing time #%'lag If an algorithm
requires more space or processing time we discuss this in detalil.

1.1.1 A Different View of Insertion-Only Data Streams

We now want to introduce a different view on insertion-only data streams. This view will be
helpful in many situations and show analogies to other areas such as dimensionality reduction
via the Johnson-Lindenstrauss Lemma.

Our items come from a fixed univeréeand we can view our stream as insertions of items
from U into a multisetZ. For simplicity we will assume thatl = {1,...,|U|}. We can

LIt should be noted that this is an idealized version of reality. Indeed, search engine providers maintain query
logs that contain the IP of every query. However, these logs are huge and cannot be accessed quickly, so that
sorting such a log by IP addresses is not really an option.



describe the current status of sétas a|ll|-dimensionalfrequency vectof = (fy,...,fuy)

that contains for each item it its multiplicity in Z. For example, when we consider the
streamaq, a, d, c, ¢, a with items from the setl = {a, b, ¢, d} we can view the current status

of the stream as&dimensional vectof = (3,0, 2, 1), where the first entry corresponds to the
number of occurences of item, the second entry to the number of occurenceb,adnd so

on. Having this view of theurrent status of a streanme arrival of an item translates into an
increment of one of the entries in this vector. In our problem we are interested in the support
of the setZ or, equivalently, the number of non-zero entriesvof We denote this number

sometimes as
0
1<i<ul

using the convention th&® = 0 and call it thed-th-frequency momeuwf the stream. Obviously,
the 0-th frequency moment is the number of distinct items in the stream.kTthefrequency
moment is then defined similarly as

Fo= ) fF.

1<k<|U

The 1-st frequency moment is simply the number of items in the streanThe frequency
moments of a stream belong to the best studied problems in the area of data streaming. Right
now, we will focus on the)-th frequency moment, i.e. the number of distinct elements in
the stream. However, later in this course we will also learn how to approximate higher order
frequency moments. Obviously, it is easy to maintainltse frequency moment using a single
counter withO(logn) bits of memory.

Our new view of things suggest that we should work with thelseather than individual
items. This turns out to be quite helpful. For simplicity, let us first assume that the items (not
their frequencies) in the stream are chosen uniformly at randomiton other words, we are
given a frequency vector and for each entry we choose the corresponding element uniformly
at random fromU. The sequence itself is given by an adversary. How can we learn about
the number of distinct items in this case? We have that the non-zero entries are distributed
uniformly in our frequency vectof. We know thatf is |U|-dimensional and hals, non-zero
entries. Thus we can expect that the smallest non-zero dimensiasmanoundU|/F, (we will
quantify this more precisely later). Thus, if we remember the iridefthe smallest non-zero
entry inf we can outpuf, ~ |U|/i as an estimator for the number of distinct elements.

The remainder of this section is devoted to making the above idea more precise. We start by
calculating the expected minimumafnumbers chosen uniformly at random from the interval
[0, 1]. We first determine the distribution of the minimum value of theandom points. To
do this, we recall that a continuous distribution is described psobability density functior
over its domain (in our case the intery@j 1]). We also recall that for a random valechosen
from [0, 1] according to our probability density functigrwe have

k
PriX < k] =J f(x) dx .
0
We are chosing points uniformly at random fraf 1], so our probability density function is
the constant-function, i.e.f(x) = 1 for all x € [0, 1].



We would now like to determine the probability density function of the minimum value of
points chosen uniformy at random frd 1]. Let g denote the probability density function of
this distribution. What is the value @f{x)? We know thak is the minimum value among the
n points, iff there is a point at and alln — 1 remaining points have a at leastSince any of
then points can attain the minimum valuexatve obtain

1 n—1
Mﬂznfwy(JﬂMdg :n-U—@W1.

X

The expected value &€ is then given by

rl
EX] = x - g(x) dx

n+1"°

Our next step is to show thatis concentrated around its expected value, i.e. with probability
at least’/10 we havel/(4n) < X < 4/n. We first calculate the probability thatis at least
4/n.

1
PriX >d/m] — J n (1 —x)™ dx
4/
- [_(]_X)n}4/n
4

(-3

n
1/¢e*
1/20

IA A

Then we need the probability for the evéaK 1/(4n).

1/(4n)
PriX < 1/(4n)] — J n- (1 — )™ dx
0

— [_(-I_X)n]:)/(‘hl)
T\n

— =030

< 1-3/4

— 1/4

Sincel — (1/20 + 1/4) > 7/10 it follows
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Lemmal.l.lletYs,..., Y, ben random numbers drawn independently and uniformly at
random from0, 1]. LetX = mini<i<,, Yi. ThenE[X] =1/(n+ 1) and

Pr(1/(4n) < X < 4/n] > 7/10 .

Now we want to implement the above observation as follows. Our algorithm selects a random
functionh : U — [0, 1], such that every element frofd is mapped to a location chosen
independently and uniformly at random frojd 1]. The algorithm maintains the minimum
valuem of theh(o;) seen so far. Upon arrival of an item € U in the data strearh(o;) is
computed and compared to the current valuenofif h(o;) is smaller tharm we setm to the
valueh(o;). Otherwise, we keep our value of. In the end we output/m as an estimate for
the number of distinct items. We summarize the algorithm below.

DISTINCTELEMENTS(0)

1. Choose functioih such that every element frobh is mapped to a location
chosen independently and uniformly at random friom |

2 m = oo

3 for eachitem o; in the input streando

4, if h(o;) < mthenm = h(oy)

5 output Fo= 1/m

From our discussion above it follows that with probability at Iegst0 we haveF,/4 <
Fo < 4 -Fo . Hence, our algorithm computes with probability10 a 16-approximation of the
number of distinct elements in the stream. The algorithm processes each item in constant time.
Ignoring the space required to stdtét usesO(1) memory cells.

Theorem 1 Algorithm DISTINCTELEMENTS computes d 6-approximation of the number of
distinct elements in a data stream. It processes each ite@(in time and use®(1) space
plus the space required to store the function

Discussion.  We have developed a first data streaming algorithm that already contains many
of the ingredients that are used in this area. First of all, the algorithm is randomized. Random-
ization plays a crucial role in most data streaming results. However, also a surprisingly large
number of deterministic data streaming algorithms exist. One of the main difficulties in data
streaming lies in a problem that we have hidden in the choice of the furicti®he first prob-

lem is that we map into the continuous spétd]. We can easily deal with this problem by dis-
cretizing the space. The bigger problem lies in the assumptiorhthetps each element from

|U| uniformly and independently to a number[iq 1] (or in our discretization of this interval).

To store such a functioh we would needU| memory cells. Sincél]| is typically larger than

n, we need more space that necessary to store the whole input stream! Even if we[(eplace

by some discrete spad® .., M] and we choose our functidnsuch that it maps each element
from U independently and uniformly t®, ..., M] we requireQ(|U|log M) bits. This follows

from the fact that we can choose any total function franto [0, ..., M] and there argvi|Y

many of these functions and so to address them we need at lefiatl|6) = Q(|U|logM)

11



bits. One of the main technical difficulties in data streaming is to show that one can choose
h from a smaller set of functions such thatcan be represented using only a small number

of bits. However, there are general results saying that in most cases this is only a technical
obstacle and it is enough to consider functions with ideal propertieslha&s. In the first part

of this course we will therefore ignore these issues and assume that we have access to these
ideal functions.

1.2 More Streaming Models

Besides the insertion-only model, there are a number of other models for data streaming that
model different application scenarios. In this course we will consider two more models: The
sliding window modeanddynamic data streams

1.2.1 The Sliding Window Model

In the last section we have developed an algorithm to approximate the number of users of a
search engine. The streaming algorithm maintains an approximation of the overall number of
users over the whole stream. In some situations, however, we are only interested in the number
of users in a certain time-window, for example, during the last 10 days. Such queries cannot be
answered with our previous algorithm. Since this type of question occurs in many scenarios, we
will formulate a streaming model for it. We will assume that items occur at roughly the same
rate in our stream, such that computing a statistic over a certain time window is (essentially)
equivalent to computing a statistic over the [asitems seen in the stream. Thus, we are given
access to an input stream of items and we are, for example, interested in the number of distinct
items among the la${ item seen. This model is called tekding window model

Formally, in the sliding window model the input is a strears (o7, ..., 0,) of items from
a universell. We are interested in maintaining statistics of the Mstemso,, ny1,...,0n.
Similarly to the insertion-only model we have sequential access to the stream and, typically,
log®" n space.

A Basic Counting Problem. We consider the following basic problem. We are given a binary
stream, i.e.U = {0, 1} and we would like to approximate the number of ones in the sliding
window of the stream. While this problem can be trivially solved for insertion-only streams
with a single counter that us€¥logn) bits, the problem in the sliding window model is that
when the sliding window moves we do not know whether a zero or one leaves the window. It
can be shows that one need$n) space to count the number of ones in the windowactly

The motivation to study the basic counting problem is that it provides a very basic tool and
that the algorithmic technique of the algorithm we develop below is used quite frequently for
algorithms in the sliding window model. Besides, the algorithm may be used to count the
number of certain events (for example, packet losses) in a certain period of time.

Notation. We call an element; of the data strearactive if it is in the sliding window, i.e.
within the lastN elements seen. Thene stampof an element is its position from the right

12



among all elements that appeared to so far in the stream, i.e. the current element has time stamp
one.

Idea behind the Algorithm. Our algorithm maintains a histogram for the active ones in the
stream. A histogram is a collection of non-intersecting buckets that cover the sliding window.
For each bucket we maintain the number of ones inside it and the time stamp of the rightmost
element within the bucket. If the time stamp of a bucket is at IBast 1 then all its ones are
outside of the sliding window. Thus we do not need it any more and delete it.

Let C;, T < i < m denote the number of ones in theh bucket sorted by time stamp. We
will also call C; to be thesize of bucket We defineN; = S+, _._, C;to be our estimation
for the number of ones inside the sliding window. What is the error of this estimator? The only
bucket that may contain ones that are not inside the sliding window is buckedince our
buckets cover the sliding window and since buakeis the only bucket that may contain ones
outside of the window, the additive error of our estimator is at rast, /2.

A (T4 €)-Approximation Algorithm. We now would like to design a subdivision into buckets
that guarantees that our additive error translates into a multiplicative approximation guarantee
of (1+¢€).

We know that the number of elements inside the sliding window is at least

m—1
1+) Ci,
i=1

because the bucketso m — 1 are completely contained in the sliding window and bucket
has at least a single one within the window. Therefore, the algorithm makes a relative error of
at most c

m
2.1+ xXM'Cy)
We want to select the bucket sizes in such a way that the relative error is at nnest

Cmm—l <e.
2 * (] + Zi:1 Cl)
Since it may happen that the current stream is followed by a stream consisting only of zeros, we
have to ensure that the above property is satisfied for every bjirk#te stream that contains

more than a single one (if a bucket contains only a single one, this one is contained inside the
sliding window until the bucket expires and so the bucket does not induce any error), i.e.

S ——— <e. (1.1)
2-(1+31,C)

To achieve this, we maintain the following invariant.

() GG<C<---<Cny
(i) C;€{1,2,4,...,2™} for somem’ = O(logN)

13



(iii) Every bucket size except for the size of the last bucket occurs €ithiet or [1/e] + 1
times.

Let C; = 2" denote the size of thgth bucket. Ifr = 0 there is nothing to prove and so
we can assume > 1. Our invariant implies that there are at lea$ye]| buckets of sizes
1,2,4,...,2" with index smaller thaf. This implies that

j—1
2-(1+) C) = 2-(14[1/e](2"=1)
i=1

2r+l -2

€
> 2'/e

sincer > 1. This implies inequality 1.1 sinc€; = 2".

We next analyze the maximum number of buckets created by the algorithm. Clearly, the
maximum bucket size idl. Therefore, we can have at most Ngdifferent bucket sizes. For
each bucket size we can have at mpste| + 1 buckets. Therefore, the overall number of
buckets is at mosD(logN/e). For each bucket we store its size and its time stamp. Both
values are at most and soO(logN) bits suffice to represent them. Overall, our algorithm
requiresO(log” N/e) space.

We summarize our algorithm below.

0-1-COUNTING

1. Update the time stamps of the buckets

2. if the time stamp of the last bucket exce@tisdelete this bucket.

3. Ifthe new element is @, ignore it. Otherwise, create a new bucket of diznd with
time stampl.

4. Traverse the list of buckets in increasing order of time stamps. If therd até + 2
buckets of the same size, then join the two oldest (with respect to time stamp) to create
a new bucket of the next larger size. This may lead to a cascade of such mergers.

An update operation tak&3(log N /€) time since we have to update the time stamp of every
bucket. Similarly, an estimate for the number of ones can be computefagN/e) time.

Theorem 2 Algorithm0-1-CoUNTING computes &l+¢)-approximation for the 0-1-Counting
Problem. It use®(log®N/e) bits of memory and performs updates and answers queries in
O(logN/e) time.

1.2.2 Dynamic Data Streams

A third data streaming scenario that occurs in some situations is that of dynamic data streams.
A dynamic data stream consists ofdERT and DELETE operations of items from a universe

U = {1,..., [U]} into the current (multi)set of item&. Each item may occur with multiplicity

upto M. We will assume that dynamic data streams @asistenti.e. no item is inserted

more thanM times and no item is deleted when no copy of it is presert.ilbynamic data

14



streams can be used to model most kind of update operations. For example, our universe could
be a discretization of the plane and items correspond to moving objects. We can update the
position of an object by first deleting it at its old position and then reinserting the object at its
new position. In a similar way, we can model updates in large database systems or financial
transactions.

Similar to the insertion-only model and the sliding window model, we are looking for algo-
rithms that process the stream (sequence of insert and delete operations) sequentially and that
uses space polylogarithmic in the size of the universeNnd

Like for the sliding window model, we will also consider a basic problem that has no direct
applications but occurs in important other problems as a subroutine. We would like to find a
data structure that can be used to output the currert,seZ < k for some constark known
in advance. IZ > k the algorithm outputs this as well. We call this problemitheet problem.

We restrict our attention to the cadé = 1, i.e. every item occurs at most one timednThe
difficulty is that we may have a stream that first inserts many itemratod then deletes most
of them. Our goal is to find out, which items remain.

Let us consider the case= 1, which is easy. We can simply count the number of items
currently inZ by maintaining a single counté€r, which is increased with every insert operation
and decreased with every delete operation. To obtain the element it is sufficient to maintain the
linear sumL of all inserted elements. Thus we can summarize the algorithm as follows.

INSERT(Q)

1. C=C+1

2. L=L+g¢q

DELETE(Q)

1. C=C-1

2. L=L—q

REPORT

1. if C =0 output <<’No item in current set.’return

2. if C > 1 output <<’More than one item in current setreturn
3. output <<’Currentsetis<< L

What can we learn from this simple example? First of all, we observe that in this case in-
sert and delete are inverse operations of eachother. This will be the case for every streaming
algorithm for dynamic data streams considered in this paper. In fact, to the best of our knowl-
edge every data streaming algorithm for dynamic data streams has this property and it seems
to be reasonable to conjecture that for every natural problem that can be solved in this model
there is an algorithm that uses insert and delete operations that are inverse to eachother. The
advantage of using operations that are inverse to eachother is that one can ignore the difficult
case sketched in the beginning of this section, i.e. we do not care whether our stream consists
of many insertions followed by many deletions or whether it is an insertion-only stream of the

15



remaining items. This will be very convenient for the analysis, because it will suffice to deal
with the simpler insertion-only case.

Now we turn our attention towards the more general problem of finditgms. Our al-
gorithm will use the same trick as for thg-approximation algorithm for the insertion-only
model. We will view the current sef as a characteristic vectdrwhose entries are from
{1,...,M}, i.e. in our cas€ is a binary vector. Similar as in the calse= 1 we can keep track
of the numberf, of non-zero entries ifi. Thus, ifF, > k we can simply output this and so
we just have to focus on the caBg < k. We cannot immediately use our previous attempt
because in this case our linear sum consisisdistinct values and we do not know how it de-
composes. So we are using the following trick. We subditidandomly intol = ©(k?) sets
Ui, ..., U, This makes it quite unlikely that any of these sets contaiosmore items. Thus,
if we apply our approach on the séis we obtain a streaming algorithm. The only problem is
how to store the subdivision &f. If we store it explicitly, we requir@.l| log k bits of memory.
Therefore, we will again use a random functierthat mapdl to {1, ..., £} and we define our
setsU; = h'(1),i.e. U; = {u € U: h(u) = i}. We remark that storing will also require
|U| log k bits, but as we will see later in Chapter 3 this space can be significantly reduced.

Now assume that at a fixed point of time we h&viems in our current sef. What is the
probability thath maps two of them to the same 3¢¢? Let us fixZ and two items¢,y € Z.
Clearly,

Prih(x) =h(y)l =1/ .

Now, the union bound implies

2
PrEvyeZ:h(x) =hyl< Y Prih(x) = hiy)] < (';) T
X,YE Z,x#£y

If we chooséd. > 5-k? we get with probability at leagt/10 that all elements from the current
Z map to different locations. Therefore, if we apply our algorithm for one element to each of
the setdl; we obtain a solution for thie-set problem (withMl = 1). The algorithm maintains
the functionh and{ countersCy, ..., C,. and anotheell counterL,, ..., L,.

INSERT(Q)
1. Ch(q) — Ch(q) + ]
2. Lhg) =Lna *4d

DELETE(Q)
1. Chig) = Chiq —1
2. Lhg =Lha—d

REPORT

1. if 9i: C; > 1 then output <<’Algorithm fails.’; return
2. else

3. output <<’Current setis’;

3 fori=1to{do

3 if C; =1 then output << L;
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Since each element of the universe is at most inserted once into our curréninse=know
thatC; < |U| andL; < [UJ2. It follows that each counter requir€Xlog[U|) bits of memory.

Theorem 3 There is a streaming algorithm for theset problem that at any point of time with
probability at leas®/10 reports the current sef, if |Z| < k. The algorithm use® (k?-log [U|)
bits of memory plus the space required to stiore

In contrast to the algorithm fdfy,-approximation in insertion-only data streams, the algo-
rithm above recognizes when it makes an error and outputs a faiure message.

1.3 Outline

So far, we have introduced the three different streaming models that will be used in this course:
Insertion-only streams, the sliding window model, and dynamic data streams. Our next step is
to develop the basic techniques that are used in this area. The first such technique is uniform
random sampling from the elements of the stream and will be discussed in Chapter 2. We will
use uniform sampling in the context of the heavy hitter problem, i.e. the problem of finding
elements that occur very often in the data stream. In this context we will also introduce some
analytical tools like Markov inequality, Chebyshev inequality and Chernoff-Hoeffding bounds.
Then we will apply these techniques to the analysis of random sampling in the context of
clustering. This will provide us with a first algorithm to cluster data streams.

In Chapter 3 we discuss another important approach to data streaming, namely the use of
hash functions and random projections. We will again consider insertion-only streams as oper-
ations on gu|-dimensional vectof and map this vector to some other space using a function
h. For example, when we want to approximate the second frequency mémeatmapf ran-
domly to a low dimensional space. The Johnson-Lindenstrauss Lemma tells us that the second
frequency moment of this projection can be used as an approximatidg. for

In Chapter 4 we consider an important paradigm that can be used in many situations to
develop deterministic data streaming algorithms. If we can find an algorithm that computes a
small space representation of an input set such that (i) the union of two such representations is
again a small space representation and (ii) the we can apply our algorithm to this union again
to reduce the size of the representation, then the merge and reduce paradigm essentially gives
us immediately a streaming algorithm for this problem.
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2 Uniform Random Sampling

In this chapter we will consider the first important technique in the area of data streaming:
Uniform Random Sampling. The idea is very simple. If we cannot store a data set, we simply
pick a small subset of the data uniformly at random and analyze this subset. The main questions
that we will address is how to pick a uniform random sample from a data stream and for which
problems we give provable guarantees using the random sampling approach.

2.1 Reservoir Sampling

The first problem we consider is how to maintain a random sample in the insertion-only model.
We will first develop a method known asservoir samplinghat can be used to maintain a
random samplé C Z of sizes of the current seZ. This method is used for sampling without
repetition. If we would like to take a random sample of sizeith repetition, then we can start

s’ parallel instances of the above algorithm wdtk= 1.

The basic idea of reservoir sampling is simple. We start taking thesfivsttices of the
stream as our sample set. Clearly, at this point of time the only samplev@tices froms
elements is to take all of them. When the next iteparrives we calculate the probability that
this element is in the sample set. This probability for this event is obvia/sly If the new
element is in the sample set, it must replace an old one. To preserve the uniform distribution,
we simple replace an element chosen uniformly at random from the sample.

RESERVOIRNSERT(0y, S)
S: Current sample set
s: sample size
if i< sthenS =S U o;
else
Choose a numberuniformly at random fromo, 1]
if x < s/ithen
Choosey € S uniformly at random
S=S\{ytuix}

oA wWNPE

To formally prove the correctness, we have to show that for any fixe® séts elements
from o4,..., 0, we havePr[S = R] = 1/(2). We first prove this for the case= 1. In this
case we hav® = {o;} for somel < 1 < n. We haveR = {o;} after all elements have been
processed, ift; has been chosen as a sample element when itis processed and no other element
that appears later in the stream has also been selected. The probabilityiseglected i3 /1.
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The probability that thg-th element (fo > 1) is not selected i$— 1/j. Hence,

Now let us consider the general case. The proof is by induction over the length of the stream.
The base case is a stream of length= s. In this case, we havé = R with probability
1 = s/n. Now assume that after — 1 elements for every fixed s&twe have

1 sl-(m—1—35)!

Pr(S=R] = ) ST

S

Now we want to prove that after processing we have for each s C {oy,...,0,} of
cardinality s a probability ofw. We distinguish between the cases ¢a) ¢ R and (b)
on € R.

Case (a). Letus useX to denote the event th&t= R after itemo,, ; has been processed. By
the above discussion we hake[X] = % Let us useY to denote the event that after
processing obtr,, we haveS = R. Clearly,Y happens only iiX happens and itenr,, is not
taking into the sample. Therefore, we have

Priv] = Prix] - Priviy) = ST =9 by
(n—1)!

Next we observe th&r[Y|X] = 1 —s/n, sinceY happens conditioned oX iff o, is not taken
into the sample set. Therefore, we have

'(n—1-=39)! — (n—s)! 1
Pry] = (n S n—s_st-n-s)t 1
(m—1)! n n! (M
Case (b). Let us callX the event thaR N {oy,...,0,1} C S after processing iteno,,

and let us call the event thaf = R after processing itemr,,. Again we observe that only
happens, iX happens and so we obtain

PriY] = Pr(X] - PriY|X] .

To determinePr[X] we observe that in this case— 1 elements of are fixed afterr,,_; has
been processed. Thus only one elemertt isfnot fixed and there ane — 1 — (s — 1) choices
for this element. By induction hypothesis, each of these choices has a probabilj/t(/“gf)
and the corresponding events are disjoint. Thus, we obtain
n—s s-Mm—T=s)-(n—s) sl (n—s)!
P pum— pu— prm—
riX] ") m—1) m—1)

S

To determinePr[X|Y] we observe that this event happens giff is chosen to be ii$ and the
only element ofS that is not inR is evicted fromS. Therefore,
T 1
S .

Prixly] = >
n
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Finally, we obtain

_sl-(n—=s)! T _L
T

We summarize our findings in the following theorem.

Theorem 4 We can compute a samplescélements taken uniformly at random with or without
repetition from{c+, ..., 0.} in the insertion-only data streaming model. Both algorithms (sam-
pling with and with repetition) us®(s) memory cells. A single element is processe@ )
time for samples without repetition and @(s) time for samples with repetition. Returning a
reference on the sample set requif@§l ) time.

Proof : The space requirements and running time follow immediately from the algorithms’
descriptions. O

2.2 Tools for the Analysis of Randomized Algorithms

In this section we discuss a few basic inequalities for the analysis of randomized algorithms:
Markov inequality, Chebyshev inequality, and Chernoff/Hoeffding bounds. We will apply
Chebyshev inequality and Chernoff/Hoeffding bounds to analyze the quality of our streaming
algorithm for the relaxed heavy hitter problem.

2.2.1 Markov Inequality

One of the most basic inequalities in probability theory is Markov inequality. Essentially,
Markov inequality states that if we the averagenafion-negative numbers ig then there can
be no more tham/k numbers that are bigger th&n .

Theorem 5 (Markov inequality) LetX be a non-negative random variable. Then we have for
k > 0:
PriX > k] <E[X]/k .

Proof :
PriXx > k] = ZPr[X:x]:]E-Zk-Pr[X:x]
x>k x>k
< % D e PriX=x<. -} x Pr[xzx]:¥
x>k x>0

Settingk = £ - E[X] we obtain
Corollary 2.2.1 LetX be a non-negative random variable. Then we havéfor O:

Prix > (- EX|] < 1/¢ .
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A typical application of the above corollary in the context of randomized algorithms is as
follows. Suppose we have an algorithm with expected running fe) < cn for some
constant. Since the running time of an algorithm is a non-negative random variable, we can
immediately apply Corrolary 2.2.1 and get that with probability at |84%0 the running time
of our algorithm is at mostOcn.

2.2.2 Chebyshev Inequality

While Markov inequality only depends on the expectation of a random variable, we can get
better bounds, if we take the variance of the random variable into account. This is often done
using Chebyshev inequality, which is proved using Markov inequality.

Theorem 6 (Chebyshev-Ungleichung) et X be a random variable. Then we have for- 0

VIX]

PriX—EX] > k] < ? .

Proof:
Pr[IX — E[X]| > k] = Pr[(X — E[X])? > k7]

From Markov inequality it follows that:

E[(X-EX])? _ VIX]
= K2 P

O

A typical application of Chebyshev inequality is as follows. Suppose we take a sample of
from a stream ofi non-negative numbefs,, ..., 0.} independently and uniformly at random.
Let M = max<i<n 0;. Let X; denote the-th random number taken. Then we have

Var [Xi] = E[X?] — E[X;]* < E[X?] < M? .
Since theX; are pairwise independent we get

Var[Z X <s-M?.

1<i<s
Then Chebyshev inequality gives us

s - M? 1
€2.s2M2  e2.g5

Pri) Xi—E[) Xll>e-s-Ml<

Therefore, if we choose > ﬁ we obtain with probabilityl — & that our sum deviates from

its expectation by at mostsM. Thus, the average value of our sum deviates at rsfrom
its expectation.
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2.2.3 Chernoff Bounds

Theorem 7 (Chernoff Ungleichung) LetX;, ..., X,, be independerit — 1-random variables
and let0 < e < 1. Then we have
PrIY Xi>(1+€) E[Y X{] <e s ERiX (2.1)
i=1 i=1
und

Zx< (1—e¢) Zx <e Xl (2.2)

Proof : We first prove Inequallty 2.1. Lét > 0 be a value that is optimized later.

Pr[ixiz(hte)-E[iXi]] = Prh. Zx >h-(1+e)- ZXJ
i=1 i=1

i=1

By monotonicity of thee-function we obtain

Prilh- ) Xi>(T4€)-h-E[Y) Xl = PrleMZinX > enHaELi X))
i i=1
Now we can apply Markov inequality and get
E[eh'Z{l=1 Xi]

YT X s ohe(1+e)EX T, X
Prle =€ I el (I+e) EIX 1 X{]

(2.3)

Before we continue with the proof, we have to deterntiifig™~=1 Xi]. By independence of
the X; we have

ElehZi=iX] = E[Heh'xi]

= ﬁ Ele™]
i

Now letp; denote the expected valueX{, which is equivalent t&r[X; = 1] since theX; are
0 — 1—random variables.

n n

JT1EE™ = J]pi-e™+(1—py)

i=1 i=1
n

= T +pier=1))

i=1
n

H epi(eh—U

i=1

GZ?ZT pi-(e—1)
eX ity EXil(eh—1)
eE i, Xil(eh 1)

IN

)
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where the inequality follows fromh + x < e* for all x. Together with 2.3 we get

PrIY_ Xi> (14¢) E[Y Xl < e MIeELE Xl ELE X

_ ef(1+h-(1+e)feh)-E[Z{‘:]Xi]

Now we seth = In(1+€) as this value minimizes the right-hand side of the above inequality.
We get

e (1HIn(1+e)- (14e)—enT+e))E[F Iy Xi]

g
™
x
V
=
o
m
™
i
VAN

—  ele=(1+e)in(l1+e))E[X L, Xi]

We use the Taylor series expansion dfllr- €), whichis In(1 +¢€) = ) .. ,(—1 )”‘5—5. It
follows -

(T4+¢e)-In(1+€) = (14¢€)- Z(—])mii

1

>
— Z( 11—0—1 +€ Z 1+1
> >
_ G_Z B _+Z 1+] 1+1
i>2 i>1
= e Y S Y-
i>2 i>2
i ] |
= e—l—Z(—]) € (m—{)

i>2

For0 < e < 1 we obtain by ignoring higher order terms

2 €3 €2
1 -In(1 —_—— > — .
(T+e¢€) n(+e)>e+2 6_e+3
Finally, we obtain
PrIY_ Xi>(1+¢€)-E[)_XJ| < el (Tramienent,x
i=1 i=1

e(e—(e+ez/3)J'E[Z?:1 Xi]

IN

2 EY T Xy

= e

This shows Inequality 2.1. To prove Inequality 2.2 we proceed similarly.
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Again, leth > 0 be a value that is optimized later.

PrIY_ Xo< (1— ) EIY_XJ] — Pr[—ixiz (1-e¢) ZXJ
i=1 i=1 i

= hZX>h1—e le
i=1

=1

Pr[e—h.Z?ZI Xi > e—h“ €) E[le Xl]]
Ele Mlizi X
< e (=€) EX -y X{]

Similarly, as in the proof of Inequality 2.1 we obtain

E[e*h'Z?ﬂXi] — eE[Z?ﬂXi](eih*])
and

Pri}_Xi<(1—¢) E[Y_ X < el H-anDeri,x]
i= i=1

We seth = In(1/(1 — €)) and get

(e " +(1—e)h—1)E[X T X{] 1—e)In(1—e))E[X T ; X4]

e el—el

Using the Taylor series expansion we get

n(l—e)==Y =

Multiplying this with (1 — €) gives

(1—6)-|n(]—€):Z _Z_:

i>1 i>1 1>2 i>2

1+1

i
T >—e+€%/2 .

Finally, we get

ZX <(1—¢) ZXJ ) MRS

2.3 The Heavy Hitter Problem

An element of the universd is called a\-heavy hitter in an insertion-only data stream of length
n, if it appears at leastn times in the stream. In the heavy hitter problem we are interested to
report the set ok-heavy hitters in the stream. One motivation to study the heavy hitter problem
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is the search for 'hot items’ in streams, for example, heavily traded stocks in streams of financial
transactions. Another example is the problem of detecting spreading viruses in network traffic.
Here we can assume that a spreading virus uses a big share of the overall number of packets
sent and so we will see many similar packets in the stream.

As we will see later in the lower bounds section, the heavy hitter problem posed as above
cannot be solved usingn) space. Therefore, we will define the following relaxed form of the
heavy hitter problem.

Problem 2.3.1 (Relaxed Heavy Hitter Problem)The e-relaxedA-heavy hitter problem is to
find a setH C U such that

(i) U contains every-heavy hitter,

(i) U contains no item that appears less than— ¢ )n times in the stream.

We will now consider the following simple approach to the heavy hitter problem. We main-
tain a random sample af elements from the stream chosen independently and uniformly at
random with repetition. Then

REPORTHEAVY HITTER(A, €)
S: Set ofs random elements chosen independently and uniformly at random with repetition
1. Report all elements that occur more than- €/2)s times inS

In the next section we will introduce the necessary tools to analyze our algorithm and perform
a first analysis.

2.3.1 Analysis Using Chebyshev inequality

We apply a similar analysis to the one above to the heavy hitter algorithm. Let us fix a stream
o = (oy,...,0,) and let let us consider an arbitraxye U and assume that occursA*n

times ino for someA* € [0, 1]. We will first determine the probability thatis reported by our
algorithm. LetX; denote the indicator random variable for the event that-theelement from

our random sample is. Since thei-th element of the sample is taken uniformly at random
from the stream, we know th&r[X; = 1] = A*. It immediately follows that

EXid=0-PriX;=04+1-PriXy=1]=A" .
Linearity of expectation implies that
EDY Xid=Ms .
i=1

Plugging these values into the analysis from Section 2.2.2 (idirg 1) we obtain

4e2.g

Pril ) Xi—E[} Xil>e/2-s] <
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Now let us consider the case thais a heavy hitter, i.eA* > A. Choosings = % and using
thatA* > A we obtain that

v

ZX >EZXJ—€S/2
= ZXJ Zx < es/2]
= 1—Pr[E Zx — ) Xi>es/2
1—Pr] in— E[iZXJI > es/2]

> 1-9

Prid Xi> (A—¢/2)s]

Vv

the probability of reporting is at leastl — 9.

Next we consider the case thais not a(A — €)-heavy hitter, i.eA* < A — €. Choosing
s = % and applying a similar analysis to the one above we obtain that the probability of
reportingx is at mostl — 6.

Finally, we have to choos&to make sure that (a) eveAtheavy hitter is reported and (b)
no element is reported that occurs less tflar- €)n times in the stream. To prove this, we
have to apply the following trick for the analysis. If two items in the stream appear less than
(A — e)n/2 times in the stream, we replace the item that occurs fewer times by the item that
occur more often in stream. Clearly, if the item is not reported after this procedure, then none
of the original items is reported. The benefit of this procedure is, that every item that occurs
less than A — e)n times occurs at leagh — €)n/2 times. Thus, we have at maat(A — €)
different items in the stream. Therefore, we obtain by the union bound

Pr[The output of the algorithm is corréct 1 — (6 - 2/(A —€)) .

Choosmgé <o ( — €)/2 gives an overall probability of error of at mastand a sample size

§= 357 (?\ e)e?”

Theorem 8 Algorithm REPORTHEAVY HITTER with parameters = ﬁ outputs with
probability 1 — &’ a setH that

(a) contains allA-heavy hitters and

(b) contains no item that occurs less then— e)n times in the stream.
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2.3.2 Analysis Using Chernoff Bounds

To analyze the heavy hitter algorithm via Chernoff bounds we can apply a similar analysis as
above. To prove that the algorithm accepisfaeavy hitterx, we show that fon* > A we have

Zx> A—e/2)s] = ZX>]——7\8]

> Zx > (1= ']
> Pr Z Xi > — z S] R
since increasing the right hand side of the inequality decreases the probability of success. Now
€., B
Pr)_Xi>(1=3\'s] = Zx > 1—— Zx
1—PrZX <(1—e/2)- ZXJ

1- e—%(%)ZE[ZiXJ

v

)\-ez-s
8

> 1—e"

This implies that fos = 2" we obtain a probability of at leadt— & for reportingx.

Now we consider the case thais not a(A — €)-heavy hitter, i.eA* < A—e. We can assume
thatA* = A — €, since the probability of seeing too many elements in the sample is maximized
when the individual probability of seeing an element is maximized. In this case we obtain

Zx <(A—¢€/2)s] = Zx < 1——7\3]
- Zx < )\*_i_e))(?\*—{-e)s]
- Zx- < Ns+es/2
= Zx < 1——)7\*]
= rZiXi< 27\* ZXJ

< PV[ZX1<(1+E' in

= 1—Pr[ZXi< +¢/2)- Zx
> ]_e;() B Xi

> 1—e_his
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Hence, fors = 21 e obtain a probability of not reportingof at leastl — 5.

Following the analysis for the Chebyshev inequality we obtain

. : 12In(5-257)
Theorem 9 Algorithm REPORTHEAVY HITTER with parameters = ——5>—

probability 1 — &’ a setH that

outputs with

(a) contains allA-heavy hitters and

(b) contains no item that occurs less then— e )n times in the stream.

2.4 Clustering Data Streams

One approach to the analysis of large data sets is clustering. In clustering we partition a set
of objects into subsets calledusters such that, ideally, each subset contains similar objects
and objects from different subset are dissimilar. A typical application of clustering is to get a
smaller representation of the input data. Instead of dealing with the whole data set, we represent
the data by taking one representative for each cluster.

One standard approach in clustering is to describe objects by a éeeaf-valuedeatures
For example, when we are monitoring internet traffic, we can easily transform information in
the packet headers (source IP, destination IP, packet size, etc.) into real values and then obtain
a clustering. It is likely that we can detect anomalies in network traffic by only looking at this
clustering. A description of objects via feature vectors allows us to view each object as a point
in ad-dimensional feature space. A natural measure for dissimilarity of points is then given by
the Euclidean distance between these points.

Even in the Euclidean case there are many different way to formalize clustering. Here, we
will consider thek-median clustering problem, which is defined as follows.

Problem 2.4.1 k-median) Let P be a set of points iflRe. Then thek-median problem is to
findk pointsc; ..., c € R4 such that

min d P, Cy
1<i<k ( )Cl)
peP

is minimized, wheré(p, c;) := ||p — cil|2-

We defined(p, C) = min.cc d(p,c) andcos{P,C) = Zpep d(p, C). Using this notation
the k-median problem is to find a sét of k points that minimizesos{P, C). We will some-
times call the points i€ the centers of a clustering.

Our goal is to analyze the following simple algorithmic approach to clustering a poiRt set
with respect to thé&-median quality measure.

CLUSTERINGSAMPLES(P, s)

1. Draw a random subs8tC P of s points uniformly at random with repetition
2. Run an arbitrarg-approximation algorithm fok-median on inpuf

3. Ouput the computed centers as a solutiorPfor
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First of all, we can easily apply this approach in data streaming. We know how to draw
random samples and so we simply maintain a random sample and then compute a clustering
for it. The main question is whether we can give bounds for the quality of this approach.

Unfortunately, in the general case, our algorithm can be arbitrarily bad for certain inputs.
Consider, for example, an input that consists of a@edtf n — 1 points that are close to
eachother and a single pomtwhich is far away from the rest. Since a small random sample
typically does not contain, every (approximate) solution for clustering the sample will be close
to Q. However, if the distance betweé&h andr is large enough, the distance betweeand
the nearest center (which is close@) will dominate the cost, i.e. the cost of the clustering
depends on the distance betwg@randr. However, the cost of an optimal clustering does
not depend on this distance, since we can place one center ldence, the gap between
an approximate solution for a random sample of gize) and an optimal solution can be
arbitrarily large with probability going td. One way to deal with this situation that models
many applications nicely is to assume that all input points are contained in B balll then
parametrize the analysis in terms of the diaméteof this ball.

For the analysis we will use the following lemma, which we are not going to prove. It states
that if have a set of functions that assigns values to elements fronXaasetif the function val-
ues are bounded, then the average function value can be approximated by the average function
values of a random sample of sufficient size.

Lemma 2.4.2 Let F be a finite set of functions froMto R with0 < f(x) < M forall f € F
andx € X. LetS = xq,...,xs be a sequence af objects that are drawn idependently and
uniformly fromX and lete > 0. Then

ZXEX f(X) o X €S

Pr{df e F: >e] <8
r3f e F: | X 7 (x)ISI] > €] <8,
if
M? 2
> . o).
$2 53 (In|F!—|—In6)

2.4.1 Overview of the Analysis

We will use Lemma 2.4.2 to analyze the quality of random samples with respect e the
median problem. We observe that, once the positions of the cluster centers are fixed, the cost of
every point (the distance to the nearest cluster center) is also fixed. We will use this observation
to apply Lemma 2.4.2. To do so, we sét= P and define for every sét of k centers inB
a functionf(x) = d(x, C). SinceB has diameteM and the centers and points areBinwe
know that0 < fc(x) < M for all x € P and allfc. We remark that it suffices to consider
centers fronB since if we have centers outside®fve can improve them by projecting them
ontoB. We also assume that oorapproximation algorithm computes center$in

We would like to apply Lemma 2.4.2, but the set of functiénss not finite. To overcome
this problem, we discretize the solution space by putting a grid over thébdfi this grid
is fine enough, it will suffice to consider only solutions on this grid. In particular, if the grid
has cell widthZ then for eacke € B we have a grid point in distancg- v/d/2. Let C be an
arbitrary set of centers iB and letC’ be the set of centers obtained by moving each center from
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C to the closest grid point. The difference between the coStafdC’ is at most - Z - /d /2
by the triangle inequality.

2.4.2 Analysis of the Random Sampling Approach

We will prove the following theorem.

Theorem 10 Lets > Mo . (| ([3YdM]dk 4 1) 4 |n 2). Then the solutiof. computed by
algorithm CLUSTERINGSAMPLES satisfies with probability — :

cost{P, L) < «-cos{P,Opt) + en ,

where Opt denotes the cost of an optimal solutionPfor

Proof :  We use a grid with cell widtlz = ﬁa' Let G be the set of grid points iB.

Definefc : P — R with fe(p) = d(p,C) for C C R4, LetF’ = {fc|C C G,|C| = k} and
F = F U {fop), Wherefop. It follows that|F| < ((%W)dk + 1. We apply Lemma 2.4.2 with
error parametee/(3«) and hence > 2% (n [F| 4 In 2) and obtain

ZXEP fC(X) ersf

clx), €
: — < —] <
Pri3fc e F:| 7 s | < FERE

Using that) ., fc(x) =costP,C)and} s fc(x) = cos(S, C) we get

cos{P,C) costS,C) e
Pri3fc € F: — <<
rBfc ek P| S| < 30 =0
and hence
Privic  F;S0SNC)_C0S8.C) ey g5

|P| IS| 3x

Now let.A be an arbitraryx-Approximationsalgorithmus aridbe the solution computed by
on inputS. We know from above that

t P t
cos{ S, Opt) _ cost{P, Opt) L& (2.4)
S n 3x

with probability at leasi — 6. Hence, we know that am-approximation algorithms finds a
solutionL satisfying
P
cos{S,L) < (XM + E .
n 3
Now, let Opt be an optimal set ot centers and le€y.q C B be an arbitrary solution with
|Cbaal = k andcos(P, Cpqq)/n > o - cos{P,Opt)/n + €. Let C} 4 be the grid solution
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obtained by moving the centers frofy .4 to the nearest grid point. We know that

COS‘(Sy Cbad) COS(S> Ciad) _ E
S - S 6
_ cos(P,Cig) € (cost(P, Chaa)  COSLS, Ciad))
a S 6 S S
> COS'(P, C;ad) . S . ‘COS(P, Cik)ad) . COSI(S) C%ad) }
- S 6 S S
cos ¥
< (P, Chua) _ €
n 2
> costP, Cpaq) - 2e
- n 3
P, Opt
o —COS‘(n’ PY L ¢/3

wit probability 1 — 8, where the forth inequality follows from inequality 2.4 and> 1. Hence,
with probability T — 6 no solutionCy4 is returned by the algorithms. It follow that
cos{P, L) <« cost P, Opt) te
n n
which implies
cos{P,L) < - cost{P,Opt) + en .

2.5 Sampling in Dynamic Data Streams

We will now consider the problem of sampling from dynamic data streams. First of all, we
have to define what it means to sample from a dynamic data stream. Recall that a dynamic
data stream can be viewed as a sequence of insertions and deletions into a multiset of objects
Z. Here, we will only consider the case thet = 1, i.e. each object occurs at most once in

Z. In this scenario we are interested in obtaining a random sampleArovide cannot apply
reservoir sampling because it may happen that the object currently in the sample is deleted.
Then we are left with no sample object (and we have stored no information about the objects
already processed). Another problem is similar to the case dé-#et data structure studied

in Chapter 1. It may happen that there is a long sequence of insertions and almost all of these
items are later deleted. We will a similar trick as in Chapter 1 to overcome this problem.

2.5.1 The Data Structure

We will useZ to denote the current set of item&.will be a set of items, i.e. we do not allow
multiple occurences of a single iterivi(= 1). Our data structure is parametrized by a failure
probability 5. It supports three operations:

e INSERT(x): Z = ZU{x}, wherex € U and it is assumed that¢ Z.
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e DELETE(x): Z = Z — {x}, where it is assumed thate Z.

e SAMPLE(): An item chosen uniformly at random fro@ is returned or the algorithm
outputs ‘failed’.

To choose a set afitems uniformly at random with repetition, we can rOifs) instances in
parallel and select the union of the fissinstances that did not return 'failed’.

2.5.2 The Algorithm

For simplicity let us first assume th@t| is known to the algorithm in advance. Then the main
idea is very simple and kind of similar to the one used forkkeet structure. We use a fully
random functiorh : U — {1,...,|Z|} (see next chapter for a more detailed discussion) and
apply thek-set data structure fdc = 1 developed in Chapter 1 fo~'(1), i.e. to all elements
mapped tol. If only one element is mapped g then it is chosen uniformly at random
from all elements inZ, becausén is fully random. As we will see later, if we knoWZ| or a
good approximation of it our algorithm will return a random element with constant probability.
However, if there are many more elementgithan we have guessed, it is very likely that more
than one element is mappedt@and so our algorithm fails. Similarly, {Z| is much smaller
than our guess, itis quite likely that no element is mappddaied the algorithm fails with high
probability. To overcome this problem we run one instance of our algorithm for every guess
2t for 0 < i < [logU]. Then we check all instances in order of increasingVe return the
sample of the first instance that did not fail or we return "failed’, if all instances failed. We refer
with hy : U — {1,..., 2%} to the function corresponding to the guégs= 2' andUE; to the
corresponding -set data structur@Jg is used to abbreviate 'unique element’).

INSERT(x)

1. fori=0to [logU] do
2. if hi(x) =1then

3. UE;.INSERT(x)

DELETE(x)

1. fori=0to [logU] do
2. if hi(x) = 1then

3. UE;.DELETE(x)

For the S\MPLE procedure we modify RPORTIN such a way that it reports 'failed’, if there
is not exactly one element present in the data structure.

SAMPLE()

1. fori=0to [logU] do

2. if UE.REPORT# failed then
3. RETURNUE;.REPORT
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2.5.3 Analysis

We show that with constant probability the algorithm return a sample. By the above discussion
it suffices to show that there existsuch thalthf(] )| = 1. Let us considet = |log|Z|], i.e.

21 < |Z| < 2%, Fori = 0 we havelZ| = 1 and only need to maintain a single element. Thus,
our algorithms works correctly. Giveaandi > 1, the probability that exactly one element is
mapped td is at least

g 2] 2=z 1\ iz T\ 201 T2t
prip =) = ALZ WAL Ty g Ly oy

We summarize our result below.

Theorem 11 Algorithm SAMPLE returns with probability at least/e? an element chosen uni-
formly at random from the current set of iterdsin the dynamic data stream model. If the
algorithm does not report an item, it returns an error message ’'failed’. The algorithm uses
O(log?|U|) space.
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3 Hashing and Random Projections

In this chapter we will take a closer look at random functions and discuss how much space is
needed to represent them. The first question to address is how to choose a random function
from a universdl to a setfm] := {0,..., m — 1}. For this purpose, we usually define a class

‘H of functionsh : U — [m] and pick a function front{ uniformly at random. The difficulty

is to define a set of functior§ such that

e arandomh € H can be represented in small space,

e h is reasonably close (in some well-defined mathematical sense) to a random function
from the set of all functions frorhl to [m] (ideal hash functions),

e the process of samplingis efficient, and

¢ h can be efficiently evaluated.

3.1 Ideal Hash Functions

We start with the definition of an ideal hash function.

Definition 3.1.1 A setH of functionsh : U — [m] is called anideal class of hash functions
if a randomly chosem ¢ H satisfies for anyk,y,...,u, € U with y; # y; andx # vy,
1<1,5<{ andz,rq,...,7 € [m]

14
Prin(x) =z | Ahlys) =1l = — .
i=1 m
The intuitive benefit of ideal hash functions is that no matter 'Tnow much we know’ ahout
if we do not know the image of an element 11, it will be distributed uniformly at random in
[m]. This simplifies the analysis of many algorithms significantly. So, why do we not always
use ideal hash functions in our algorithms? The reason is that the only set of functions that is
an ideal class of hash functions is the set of all functions ftbto [m].

Lemma 3.1.2 The only set of functions that is a class of ideal hash functions is tHe geif
all functions fromu to [m].

Proof: We first show that{,, is an ideal class of hash functions. This can be seen as follows.
Fixing £ values of the functions ift{y, leaves us withm“'~¢ different functions. Out of these
functionsm™—*! mapx to z. Hence,

¢ Iuj—¢—1
Prih(x) =z | A\hly) =1 = 1
i=1

mu-t — mqm
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Now assume thdk{ is a class of ideal hash functions and some functibn U — [m] is
not present irf{. Now let us consider a random functibne H. Let k be the smallest index
such that there exists € ‘H with h(i) = h*(i) for all k < 1 < m. Sinceh* ¢ H we conclude
k > 1 and obtain

Prin(k —1) =h*(k—=1)| A h(i) =h"(i)] =0,
i=k

which contradicts our assumption tifdtis an ideal class of hash functions.
O

So we know that the only set of ideal hash functions is the set all all functions lffam
[m]. Why is it a bad ideal to use this set in our algorithms? The reason is that there are many
functions fromU to [m], which implies that storing one function requires much space.

Lemma 3.1.3 The number of functions froi to [m] is m/".

Proof : Each element fronll is mapped to a value betweérandm. Hence, the overall
number of such mappingsis'"!. 0

Usingx bits of memory we can enco@é different functions. This implies

Corollary 3.1.4 Storing an arbitrary function from the set of all functions franto [m] re-
quires|U| - log(m) bits of memory.

Thus, if we wanted to store an arbitrary function function from the set of all functions from
U to [m] we require more bits of memory than the size of our universe! Obviously, this way
too much and we have to find a way to reduce the space requirements.

3.2 Count-Min Sketches

In this section we will consider the problem of approximating the distribution of the elements
given in a dynamic data stream. A simple strategy is to partition the uniteesd1, ..., M}

into k buckets each containingl/k elements fronil. For each bucket we maintain a counter
that stores the number of elements in the bucket. One problem of this approach is that most
elements might be contained in a single bucket. Then we do not know get much information
using our approach.

For example, it will not be possible to get information about the median of the data using
the above approach. In the following we will develop a data structure to find approximate
medians and so-called approxim&iei-quantiles of the dataPhi-quantiles can be viewed as
a generalization of the median. The mediama$ the element with rank /2; the ®-quantiles
are all elements whose rank is a multipledof.

Definition 3.2.1 (@d-quantile) Given a multiset ofi elements from a univerdé ={1,... M}
we call an element with rangk®M], k =1,...,1/®, a Phi-quantile

It is not possible to computehi-quantiles exactly in the data stream setting. Therefore, we
aim at computing a relaxation df-quantiles.

Definition 3.2.2 An element with rank betweéfk-® —e)-M and[k-® +¢e-M]| fore < @
is called arelaxed®-quantile

36



3.2.1 The Data Structure

In the following we describe a data structure, which is calledoant-min sketch For a
given approximation parameterand error probabilitys it usesd = [%1 random functions
hy,.. ha: U —{1,..., W}, whereW = [£].

We further need @-dimensional arraxount{l,1],..., counfd, W]. counfi,j] stores the
number of elements that are mappedyoj, i.e. 3 . o M (x)].

We use the following operations to insert or delete an element.

INSERT(x)
1. forj=T1toddo
2. countj, h;(x)] = countj, hj(x)] + 1

DELETE(x)
1. forj=1toddo
2. countj, h;(x)] = countj, h;(x)] — 1

It is easy to see that the data structure néd@smemory cells plus the space to store the
h;’s.

A query to our data structure asks for the multiplicity of an elemeniVe know that each
hash functiorh; distributes the elements randomly. Further, all occurencesasé mapped
to h;(x) and stored ircountj, h;(x)]. Thus, in a typical situationountj, h;(x)] will count all
occurences of plus approximatelyM /W other ‘random’ elements. Therefore, we can safely
take the minimum of altountvalues.

QUERY(x)
1. return f, = miny<j<q countj, h(x)]

Recall thatf,, denotes the number of occurences of elemdantthe current set.

3.2.2 Analysis

We will give the following bounds for the quality of approximation of a count-min sketch.

Theorem 12 For the output value?X computed by the count-min sketch we hye& {‘VX and,
with probability 1 — 8, f, < f, + eM, whereM is the number of elements in the current set.
Insertion, Deletion, and Query of elements can be performédl(in(1/6)) time and the data
structure use®(In(1/6)/¢) space plus the space required to store the hash functigns

Proof :
Forx,y € Uwith x # y letI; ., be the indicator random variable for the evénitx) =
h;(x). We have
Ell;xyl = Prlhj(x) = hi(y)l =1/ W < e/e .
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Let Y, be the random variable for the number of elements other thémat are mapped to
hj(X).

Our construction ensures that
countj, hj(x)] =fx +Yjx .
Thus, it follows that
mincountj, h;(x)] > fy .

Further, we have
€
ELY; . =E[ Yy Ij,x,y-fy] <M.
yell,y#x

It follows that

Prif, > fy+eM] = Prlyj: countj, hj(x)] > fy + eM]
= Privj:fi+Yjx > i+ eM]
= Privj:Yjx > e-E[Yj.ll
— (PrlY; > e-ElY;, )¢

e—d

d

IN A

3.3 The Johnson-Lindenstrauss Lemma and Second
Frequency Moments

In this section we will prove a result that in the first place seems to have nothing to do with
streaming algorithms. We consider a point set in a high dimensional space and show that there
always exists a mapping (embedding) of this point set in a smaller dimensional space such that
all pairwise distances between the points are approximately the same as in the source space.
The result is typically known as the Johnson-Lindenstrauss theorem:

Theorem 13 (Johnson-Lindestrauss)Let P be a set ofh points inR4, 0 < € < 1 andc be
a sufficiently large constant. Then there exists an embeddirgy — R<'°9™/<* such that the
following inequality holds for alp, q € P:

(T—e€)-llp,allz < lIn(p), ()2 < (T +€) - [[p,qall2 -

Thus we can reduce the dimensionality of a point set ftbta O(logn/e?), if we allow a
distortion of upto(1 + €) in the pairwise distances between points. The proof of the theorem
is algorithmic, i.e. it provides a method to construct the embedding explicitly.
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The connection to streaming is as follows. If we apply the theorem to a single fpeint
(fq,...,fq) andO, then it tells us that we can approximate

d
> ¢
i=1

upto a factor of 1 + €) using spac®(1/e?) plus the space for the embedding. As we will see
the proof will even provide a stronger result, namely that we can approximate

d
Y fi=F,
i=1

upto a factor of(1 + €). Thus, we can approximate the second frequency moment using the
Johnson-Lindestrauss embedding.

To prove the Johnson-Lindenstrauss theorem, we project the poiRtteed randomly se-
lected subspace. This is done using a random projectiorR¢ — R¥, k < d. One can
construct such an embedding by choosimgndom vectors; from R< independently accord-
ing to a suitable distribution. Farc R4 we consider the following mapping

3.3.1 The choice of the T1;

Letr; = (v),...,r8)T. Then we pick each entrg% fromr;, 1 <j < d, uniformly at random

i) i

from a Gaussian distribution with expectatidand variancd, i.e.

£
Prix < ] = J o (x)dx

with |
1.2
(X) — . e_f'X
® V2-m
If we useA to denote thé x d matrix, whosek rows are the vectons, .. ., 1, then we can

write ¢(v) = Av.Hence,p is a linear function and thus satisfigév; — v,) = t(v1) — 71(v>)

for all vi,v, € R4, It suffices to prove that for afh, q € P the lenght of the vector := p — q

is approximated by the length eflv) = 7t(p — q). Since we would like to approximate the
length of this vector with relative error, we can assume flelf = 1 sincertis linear. We want

to prove that with probability — # the length ofrt(v) (after scaling) approximates the length

of v upto a multiplicative error ol + €. In fact, we prove a stronger result, namely, that we
get a(1 + e)-approximation for the square of the Euclidean distance. The proof of the lemma
below is quite similar to the proof of Chernoff bounds.

Lemma 3.3.1 Letv € R4 be a unit vector andr : RY — R* be defined as above. Then we
have for0 < e < 1andk > c-logn/e?

||‘[(”)||% 1
kH‘H% ( e)] 3 2

wherec is a sufficiently large constant.

Pri(1—¢€)
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Proof: Letv=(v',...,v%) € R4with ||v||3 = ||v||2 = 1. We consider the random variables
Xi=v.1y = Z;L e r{. By the properties of the normal distribution we have twatr
is normally distributed with expectatidhand variancév’)2. The sum of independent normal
distribution is again a normal distribution whose expectation and variance is the sum of the
expectation and variance of the former distributions. Hedgés normally distributed with
expectatiorE[X;] = 0 and varianc&/ar [X;] = Z] L2 Var[r)] = Z] ;(V)% =1. Now, let

= ||7t(v)||% be a random variable for the square of the length(ef). We havey = Zf:] X?
Furthermore,

k
EY] = E[)_X]

EX{]

I
-
N

i=1

(Var [Xi] + (E[Xi])?)

I
M~

1

o
[

Var [Xl]

I
MK‘

1

I
=~ T

Next, we prove thaY is sharply concentrated.

PriY > (1+¢e)k] = PrlesY > es(1+e)K] (3.1)
< E[esY]/es(1+e)k (32)
k
_ e—s(1+e)k . E[H ein] (33)
i=1
N UL (E[esx%])k , (3.4)

where equality 3.1 holds for a#l > 0, inequality 3.2 follows from Markov’s inequality and
equality 3.3 follows fromy = Z; XZ2. Furthermore, we know that tkvél are distributed

according to the normal distribution. EveXy has density functiomp (t) = \T e~ From
this we conclude

E[esxf] _ 'JOO estz ) eftz/zdt

—00

*© 2
. J e—t (1—23)/2dt
—00

1 S
JT—2s Joo z

-5l -5l-
— 3 | A

2s

i
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where the second inequality from below follows from the assumptien1/2 be substitution
of z =12 /T —2s. We get

efs(1+e)k efs(lJre)

k
Tz = (=)

This is minimal fors = €/(2(1 + €). We get

Priy > (1 +e)k] <

Priy > (1 +e)k] <

< exp(— (5 —=5))

S_

fiurk > 2996 - A similar proof shows that

PriY < (1—e)k] < 1/(6n?)

holds. Hence, the lemma follows. 0

The proof of theorem 13 now follows from the union bound and the fact, that we have at
most(}) < n? pairwise distances between pointsini.e.

Privp,q € P: (1 —¢€)-Dy,(p,q) < Dy (7n(p),(q)) < (1+€)-Dy(p,qg)l
> 1-) 1-(1-3/m%

p,qeP

> 2/3 .
This proves theorem 13, because we have non-zero probability that our random process yields
an embedding that satisfies the properties in the theorem. Hence, such an embedding exists.

3.3.2 Second Frequency Moments

As already pointed out, we can use the Johnson-Lindenstrauss Theorem directly to obtain a
streaming algorithm to approximate the second frequency moment. This algorithm uses space
O(1/€?) plus the space required to store the embedding. In our case, weX{égédpace to

store the embedding, which translates to space bigger than the universe in the streaming setting.
This is, of course, too large to be of practical use. However, we will see later, that we can define

a similar embedding that requires less randomness and still offers the same guarantees as the
above embedding. This new embedding can be stored in small space.
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3.4 Universal Hash Functions

In our algorithms we always assume that the functionaps an arbitrary fixed elemente U
to a uniformly distributed value ifm]. Therefore, the minimum requirement is to ensure that
for anyy € [m] we have

Prlh(x) =yl =1/m .

However, it quickly turns out that this requirement is not enough for our purposes. For example,
we could define the set to be the set of constant functions, i.e.

H= {h : U — [m] | E]ce[m] Vxeu h(X) = C} .

The problem is that in this example each element is mapped to the same valuefromhich
will not be helpful for our purposes.
We will need a slightly stronger definition.

Definition 3.4.1 A setH of functions fronil to [m] is called auniversal (or pairwise indepen-
dent) class of hash functioni for every two elements,y € U, x # y, and everyz, r € [m]
we have

e Prlh(x)=2z]=1/m
e Prlh(x)=z|h(y)=1]=1/m .

Thus, the above definition implies that for a hash function that is chosen from a universal
class of hash functions, the evehis) = z andh(y) = r are independent fot # y. This
can in some cases by used together with Chebyshev’s inequality. This is because Chebyshev’s
inequality only requires us to know the variance of a random variable. If the random variable
can be expressed as a sum of pairwise independent random variables, then we can easily com-
pute an upper bound on the variance using the expectation of the random variables. Before we
consider such an application in detail, we will discuss a specific construction for universal hash
functions.

3.4.1 Constructing Universal Hash Functions

A simple way to construct universal hash functions is to assumenthat p for some prime
numberp and to view[p] together with addition and multiplication modupaas the finite field
F,. We will choosep large enough and assurbeC [p]. The idea is to pick a random linear
function inFy, i.e. Huny = {h : [p] — [p] | h(X) = aX+b modp with a,b € [p]}.

Let us verify thatH,, is a universal class of hash functions. To do so, we first prove that for
different choices of parameters the functions frafg,, are different.

Lemma 3.4.2 Leta;, by, az, by € [pl. Lethy, hy : [p] — [p] be defined ak4(X) := a1 X+ by
modp andh;(X) := a,X 4+ b, modp, respectively. Then

h] :h2<:>a1 :az/\b] :bz
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Proof : SincelF, is a field we can write
aiX+by=aX+b, modp & (a;—a)X=b,—b; modp .

The latter is true for alX, iff a; = a, andb; = b,. O

The lemma implies that choosing a function uniformly at random fié, is equivalent to
choosinga andb uniformly at random fronip] and settinghi(X) = aX+b modp. Now it is
easy to show thak{,;, is universal.

Prlh(x) =z] =Prlax+ b=z modp] =Prlax=z—b modyp] .

Fixing the random choice fob we obtain thatax = z — b modp, iff a = (z —b) - x™!
mod p. Hence, for one out gf choices we have(x) =z modp. Thus,

Prlh(x) =2zl =1/p .
It remains to show tha®r[h(x) =z | h(y) = r] = 1/p. To do so, we consider
Prlh(x) =zAh(y) =1 =Prlax+b=z modpAay+b=r modp] .

We haveax +b =z modp & b =z—ax modp and hencery +z—ax =r modp &
(y—x)a=r1r—z modp & a = (r—z)-(x—y)~' modp. Finally,b =z—(r—z)-(y—x)~"
mod p. Hence, exactly one choice afandb satisfiesh(x) = z andh(y) = r simultanuously.
This implies thaPr[h(x) = z A h(y) = 1] = 1/p?. Therefore,

Prih(x) =zAh(y) =1  1/p*
Prih(y) = 1] 1

Prih(x) =z |h(y) =1] = 1/p

Hence,
Lemma 3.4.3 Huniv IS @ universal class of hash functions.

Since it suffices to choose andb uniformly at random fromp and consider the function
aX +b modp itis easy to verify that we can store every such function ushipg(p)) bits
and we are able to efficiently evaluate them.

One disadvantage of our approach is that we cannot construct hash functions into arbitrary
sets[m]. This can be usually be circumvented by finding a numberhich is only a small
constant timem. Similar construction are known, ¥, is a field with characteristiq = p¥,
for example, ifq = 2*. For simplicity, we will assume in the following that we can construct a
universal hash function frofd to [m] for any natural numbeim and any finite universél.

3.5 Working with Universal Hash Functions
One central question when we want to analyze algorithms that use universal hash functions is
which events and which random variables are independent and which are not. Let us consider

the classH,ny described above using = 97. Further let us define two evenfsandB. A
denotes the event that a fixeds U = [p] is mapped td0, ..., 9}. B denotes the event that a
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fixedy # x € U is mapped to the interval0,...,19}. Are A andB pairwise independent?
Does it make a difference whether or not the relevant intervals intersect?
To prove that the two random variables are independent, we have to show that

PriA | B] = Pr[A] .
If Pr[B] # 0 this can be reformulated as
Pr[A N B] = Pr[A] - Pr[B] .
We further have

100

9 19
PrANBI=) 3 Prin(x) =iAhly) =jl= g -

i=0 j=10

SinceHyniv is universal, we know tha@r[h(x) =1 = 1/97. Hence Pr[A N B] = ;%)

Further, we have
10

. 10
Pr[A] = ; PrinG =1 = o
and, similarly,
Pr[B] = 10
97
Hence, we have 100
PrlANB] = 072 = Pr[A] - Pr[B] .

Thus the eventg\ andB are independent. Looking at the proof again one can see that the
situation does not change when the two intervals overlap. Thus, even in this case the two
events are independent.

3.5.1 Independence of Random Variables

Recall that two random variablég§ Y are independent, if all possible pairs of evexits: x and
Y =y are independent. Hence, if we defiXid¢o be the indicator random variable for the event
A andY the indicator random variable for the evéhtwe obtain thaK andY are independent,
because we know that

PriX=1]Y=1]=PriX=1]

and by symmetry
PriY=1|X=1]=Priy=1] .

These inequalities imply that
PriXx=0]Y=1=1—-Pr[X=1] =Pr[X=0]

and
PriY=0|X=1=1—-PriY=1=PrlY=0] .
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Since

PriX=1=Pr[Y=0]-PriX=1[Y=0/4+PrlY=1]-PriX=0|Y =1]

we have
PriX=1]Y=0] = P”XZ‘]—Pf[:)rzYﬂz-gr[x=1 Y=1]
_ PriX=1]1—=Prly=1]-Prix =1]
B PrlY = 0]
O PIX=1-Prly=1-PriX=1|Y=1]
B 1—Prly =1]

= PriX=1].

In a similar way we can prover[Y = 1 | X = 0] = Pr[Y = 1]. Finally, we can apply

the above technique to shdwr (X =0 | Y =0 = PriX =0landPrlX =1]Y =0] =

Pr[X = 1]. Hence, indicator random variables are independent, if the corresponding events are
independent.

Another way to prove that the random variables are independent for the case of uniform
hashing is to follow a proof similar to that showing that eveaAtsand B are independent.
(In)dependence of random variables is a big source for errors and recognizing dependencies
may be very difficult. Such an elementary proof offers a safe way to verify the assumption of
(pairwise) independence.

3.5.2 When Universal Hash Functions are not Sufficient.

In the algorithm for random sampling in dynamic data streams we used hash functions to make
sure that with constant probability a single element of the current set maps to thé v&lae

we show that for this purpose universal hash functions suffice? Let us denatehayevent

that exactly one element is mapped tdNVe have

PriCl = ) Prlh(x)=Tand A\ h(y) #1]

xelu yeU\{x}
m—1
= ) Prih(x)=1and A \/ hiy) =i
xelu yelU\{x} i=1
= Y Prfh(x) =1and \/ A ) =1
xelu iy €{1,... m—T}ye U\{x} ye U\{x}
=y > Prih(x) =Tand A h(y) =i,
xel iy e{1,...,m—1}yeU\{x} yeU\{x}

Although we have reduced the original event to a sum of simpler events we still have the
problem that the event(x) = 1 and /\yeu\{x} h(y) = i, depends on all values &f(x’) for
x" € U rather than on two of them. This indicates that the random variables may be not
independent. Technically, we have the problem that we cannot apply the definition of universal
hash functions since it involves only the outcome of two values ftbm
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3.6 An Improved Algorithm for the Distinct Elements Problem

We will now revisit the distinct elements problem from Chapter 1. Recall that the number of
distinct items in a streanay, ..., 0, IS denoted a$, and that the basic idea of the algorithm
from Chapter 1 is to map the frequency vector of the stream to the inf@al We will now
replace the functiom with a universal hash function that maps the universe to some discrete
interval [0, m], wherem = |U/3.

In comparison to our first algorithm we will also add another improvement that will allow us
to obtain a1 + €)-approximation of the number of distinct elements.

3.6.1 New Idea

We useD = {vy,...,vg,} to denote the set of distinct items in the stream. If we look at
the t-th smallest values obtained by applyihgo the setD, we expect that these values are
approximately mapped int®, ..., [tm/Fo| — 1}. If we usek to denote the-th smallest hash
value then typicallyk ~ tm/F,, which impliesFy, ~ tm/k. Therefore, our new algorithm
stores thet = [96/¢?] smallest hash values and uggs= tm/x as an approximation, where

K is the position of the-th smallest element ih(D).

3.6.2 The Algorithm

A description of the algorithm is given below. It uses a balanced binary search tree to maintain
thet smallest hash values. Besides insert and delete and search the tree is supposed to support
the operations max and sizeof, which return the maximum values stored in the tree and the
number of values stored in the tree, respectively.

IMPROVEDDISTINCTELEMENTS(0, €)
1. Choose functiof : [U] — [m], m = [U|3, uniformly at random from universal class
of hash functions
t = [96/¢€?]
Erzeuge leeren Suchbadm
for eachitem o; in the input streando
if h(oy) ¢ T then
if sizeof(l) < t theninsert(T,h(o))
if max(T) > h(oj)theninsert{T,h(o;)); delete{,max(T))
output Fo = mt/max(T)

NNoOkWD

3.6.3 Analysis

Ouir first step is to prove that with probability at ledst- 1/m the hash function& maps no
two elements fronD to the same values. Singeis from a universal class of hash functions
we have for fixeck,y e D C U

Prih(x) =h(y)l = ) Prlh(x) =iAh(y)=il=1/m .
i=1
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Let X, denote the indicator random variable for the eventtremdy are mapped to the same
location. It follows immediately that

EXwl =1/m .

The overall expected number of collisions is given by

El ) Xal= ) EXg <DP/m<Uuf/m=1/U .

{x,yjC€Dh x,y}CD

However, a collision occurs only [{w}CD Xxy = 1. By Markov inequality we have

x Xy ] 1
[ Z Xxy > ‘u’ : Z Xxy Z{ ,YjCD 7*Xxy _

{xy)CD [xy)CD iUi Bl xyco Xal U

Hence, with probabilityy — 1/[U| no collision occurs.
Our goal is to ensure that the output value of the algorithm satisfies

(1—e)-Fo<Fo<(14¢)-F

Usingfo = mt/« this translates into

1 mt 1 mt
<k < C—
1+€ Fo_ _1—6 FO

The latter inequality follows from

1) ™Mowcre. ™
Fo Fo
Now we observe that if the first inequality is not satisfied then there must be at lealsies
fromh(D) that are mapped t®, ..., [(1—€e/2)- mtJ — 1}. The probability that a single value
x € D is mapped td0, . .., [ (1 e/2) Oi 1}isatmost{1—¢€/2)- TT;t/m (1—e/2)-+
If t > Fo then all distinct elements will be stored in our tree provided they hash to different
numbers (which happens with probability at lebst1/[U]|). Therefore, we can assume< Fy
in the remainder of the proof. For eaeh, ..., v, let X; denote the indicator random variable
for the event that/; is mapped t40, ..., [ (1—¢€/2)- m‘J —1}. We haveE[X;] < (1—¢/2)- %
and hence
Fo Fo t
E[; Xil ; EXi <Fo-(1—e/2)- - =(1-e/2t
We also havé/ar [X;] < E[X;] sinceX; is a 0-1-random variable. By pairwise independence of
the X; we obtain

Fo
Var[E Xy g Var [X;] < E EX] < (1—¢€/2)t .
i=1
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Chebyshev’s inequality tells us that

F F
Pr[ZOXiZt] < Pr[ZOX >——|—EZX
i=1 i=1

Fo
< Prl| ) Xid-— E[Z Xi| > et/2]
i=1 i=1
Var[y_1°, Xi
< ==l
- (et/2)2
4
< = <1/16 .

for our choice oft. Hence, with probability — 1/16 — 1/|U] the first inequality is satisfied.
The approach to the second inequality is similar. We give it below for sake of completeness.
The second inequalitk(< (1+¢€)- ‘“t) is satisfied if at most values fromh(D) are mapped
to{0,...,[(1+¢€)- %ﬂ — 1} (assumlng that no collision occur). In this case, the probability
that a single value € D is mapped td0, ..., [(1+¢€)- mt} —1}isatleast{1+¢)- O. Again,
if t > Fy then all distinct elements will be stored in our tree provided they hash to different
numbers (which happens with probability at letst1/[UL|). Therefore, we can assurmes Fy
in the remainder of the proof.
For eachvy,...,vg, let X; denote the indicator random variable for the event thais
mapped tdo0, ... [(1 +e€)- mt} — 11 We haveﬁ >EX]>(14+¢€)- F—to and hence

0

Fo Fo
EIY XJ =) EXI>Fo-(14¢) o =T+t
i=1

i=1

We also havé/ar [X;] < E[Xj] sinceX; is a 0-1-random variable. By pairwise independence of

the X; we obtain
Fo
Var[ZX ZVar <ZE[X]§2t .
i=1

We obtain

Fo Fo
Pri Xi<tl < Pri) Xi<E[) Xi—et]
i=1 i=1

i=1

Fo Fo
< Pr| Y xJ—EIY_ x| > 5]
i=1 i=1
Var [221 Xi
< T i=1
- (et/2)2
< <18

for our choice oft. Hence, with probability — 1/8 — 1/|U| the second inequality is satisfied.
We summarize our analysis.
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Theorem 14 Algorithm IMPROVEDDISTINCTELEMENTS computer an estimatoF, for the
number of distinct elements in a data stream such that with probability at Bdsusing
O(1/€%) memory cells and with update tinglog(1/€)).

Proof : If |U| < 16 then we count the number of distinct elements exactly. Otherwise, the
theorem follows from our analysis and the fact that insert, delete and search can be performed
in O(logn) time in a balanced search treerotlements. Also, the maximum element can be
computed in constant time. O

3.7 Classes of k-wise Independent Hash Functions

While for some applications universal hash functions suffice, for others we will need stronger
properties of randomness. We extend the notion of universal (pairwise independent) classes of
hash functions ti-wise independent classes.

Definition 3.7.1 A class of functiong{ from U to [m] is calledk-wise independent, if if for
every set of elementsx;, x,,...,x¢ € U, £ <k, x; # x; fori #j, and everyr, ry,12,...1¢ €
[m] we have

The definition of classes &f-wise independent hash functions allows us to smoothly move
from universal hashing to ideal hashing by 'adding more and more randomness’. We will
see that for some applications in streamkagise independent hash functions wktbeing a
constant greater thahare required.

3.7.1 Construction of a Class of k-wise Independent Hash Functions

We use a construction which is a straightforward generalization of universal hashing. We again
consider a finite field™, for p > k and considet! as a subset df,. Then we defineg-
to be the set of all polynomials froffi, to IF,, of degree at mosk, i.e. Hx = {hq : [p] —
p] | ha(X) = Z’f;o] a;X%, a; € [p]}. To select a random elementH, we proceed similar as
in the case of universal hashing and pick the elemeptsiformly at random fron¥,,.
Now we prove that{, is k-wise independent.

k—1 k—1
Prihga(x) =1] = Pr[Z ax' =2z modp] =Prlayg=2z— Z aix' modp] .
i=0 i=1
Fixing the random choice fa1y, ..., a,_; we obtain that — Zlf;] a;x'is a constant € F,,.

Hence,Z]f;O‘ aix' = z modp, iff ay = c. Obviously, this happens with probabilify/p.
Thus,
Prlh(x) =2zl =1/p .
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It remains to show that for every set of elemexisx,,...,x, € U, { <k, x; # x; for i # j,

and everyry, r,,...7, € [p] we havePr[ﬂf:1 ha(xi) = 14 = & . To prove this, we have to
consider thea; as variables in the following system of equations. We will first assume that
¢ = k. Since thex; are fixed, this is a system of linear equations.

2 k—1
Qo + a1xy + azxy + ... + ax—1X, = T

2 k—1
Qo + ar1xg + azxk-l-...—l-ak,]xk = Tk

This system has a unigue solution as can be seen when we rewrite it in the matrix form.

T x %3 .0 X ao T
T x x5 ... x5 a T
T oxe X ... x! A1 Tk

The matrix above is a Van der Monde matrix and has full rank steé x; for i # j. Hence
there is only a single solution to this system. It follows that
X 1
Pri(Yhalx) =7 = 5 -

i=1

It remains to deal with the cade < {. This can be done by fixing the random choices of
ax1,...,0a¢ Inasimilar way as above we obtain a system of linear equations ofértra
has a unique solution. Hence,

¢
1 1
Pl’[ﬂ ha(xi) =7l =p - okl

i=1

Hence,

Lemma 3.7.2 Hy is ak-wise independent class of hash functions.

3.7.2 k-wise Independent Random Variables

Recall that a set of evens,, ..., A,, ; is calledk-wise independent, if for every subdet

], [I| < k, we have
Pr[ﬂAi} =T]Priad .

iel i€l
A set of random variableX,, ..., X,,_; is calledk-wise independent, if for every subdet
n], [I| <k, and for everyry, ..., € R we have
Pr[mXi:n} :HPr[Xi:ri] .
i€l iel
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Let us consider a clas of k-wise independent hash functions frathto [p]. Let h be
chosen uniformly at random froff. Then we can view(x) as a random variable. It follows
immediately that thé(x) arek-wise independent.

We first show the following lemma, which will be useful in many situations.

Lemma 3.7.3 Let X, ..., X,,_1 be a set oRk-wise independent random variables. Yet=
Xy, - Xi, -+ X4, 1 <1 < m be a set of monomials of degrkesuch that noX; appears in two
distinctY; and notX; appears more than once in aiYy. Then they; are pairwise independent.

Proof :  Wlog. we prove thal'; andY, are pairwise independent. We have to show that
PriYi =rNY; =z] =Pr[Y; =71] - Pr[Y, = z| forall r,z € R. We have

k k
Pr[Y1:TﬂY):Z] = Pr[HXLi:rﬂHXZ‘i:Z] .
i=1 i=1

Now let us consider the seB= {(ry,...,7) | [[;ri=rtandZ ={(z1,...,z) | [[;zi =
z}. We get
k k k k
Pr[HXH =1N sz‘i = ] = Pr[(U ﬂX],i :1‘1) N (U ﬂXZ,i = Zi)i|
=1 i=1 reRi=1 262 i=1
k
= Pr[ U ﬂ (XLi =TiNXyq = Zi):|
reRzEZ i=1
k
= Z Pr[ﬂ(XM:riﬂij:zi)}
TER,zEZ i=1

Now we can apply that our random variables 2kewise independent and obtain

k

K
Z Pr[ﬂ(Xu:TiﬂXz‘i:Zi)} = Z HPr[X1,i:Ti]'Pr[Xz,i=Zi]

TeER,zEZ i=1 réR,zeZ =1
k k
= (X IJPros =) ([T Prbc ==
reR i=1 zeZ i=1

k k
- Pru}xuzr} .Pr[gxz,i:z]

= PI’[Y] = T‘] . Pr[Yz = Z]

The above lemma can be used to obtain the following useful corollary.

Corollary 3.7.4 LetX,,...,X,_1 be2k-wise independent random variables. 1Set= } .Y;
with Y; = Xi1 - Xi2--- Xix With i; € [n] and such that no random variable appears twice in
theY;. ThenVar[S] < ) . Var[Yi].
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Proof : Follows immediately from the fact that th& are pairwise independent. O

For example, we might want to apply Chebyshev’s inequality to a random variable that can
be expressed as a sum of degkemonomials of basic non negative random variables. If we
can make sure that the basic random variableg Z¢g-wise independent, then we can again
obtain an upper bound on the variance using the expectation of the basic random variables.

3.8 Estimating the Frequency Moments

In this section we discuss how to approximate the frequency moerhgrits k > 2. We
have already seen that we can approxintatesing the Johnson-Lindenstrauss Theorem, if we
ignore the space required to store the random mattixat defines the random projection. Now
we will see how this can be achieved usiwise independent hash functions. In the following
we will consider universél = {1, ..., n} and we use€; to denote the number of occurences of
element € U in the data stream.

3.8.1 Estimating F,

The basis of our algorithm is a procedure that computes a Yalubose expected value s
and whose variance is relatively small. In order to achieve a good concentration we run this
procedures; = 16/e2 number of times and compute the average value. This way, we achieve
that with constant probability our algorithm computed a- €)-approximation of,. To boost
the confidence probability td — & we then invokes, = 96log(1/8) instances of the latter
algorithm and take the median of the output values. More details will be given at the end of the
analysis.

We first define our procedure to compute We sample a functioh from a class oft-wise
independent hash functions frofh, ..., n} to {—1,1}. To defineX we first need to define a
random variable as follows

Note that we can maintaid easily. If an elemenk arrives we simply have to perform the
assignmenZ = Z + h(x). Finally, we defineX = Z2.

SECONDFREQUENCYMOMENTS(s1, S2)
1 fori=1tos,do

2 forj =1tos;do

3 Zi,j - O

4 while not EOFdo

5. Letx be the next item from the stream
6 fori=1tos,do

7 forj=1tos;do

8 Zi,)' = Zi,j + h(X)

9. Yi=l.y (z)

10. return median{J:2, Y;)
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Now we proceed with the analysis. Our first step will be to show ¥a an unbiased
estimator forF,, i.e. E[X] = F,. We use the fact that thie(i) are pairwise independent and
haveE[h(i)] = 0 for all i. We get

_ Zfz V+2- Y fi-f-ER(i) - h)

1<i<g<n

- Zfz DI+2- Y fi-f-El(i)] - ERG)

1<i<i<n
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To compute the variance f we also have to compufg[X?].
EDX = E[((Y_n)- )’
i=1

= Y fl-Eh{i)]+ @) > -7 EM(i)? h(j)]
i=1

1<i<j<n
4 . .
+(3)- > £ EINGi) - h)
1<i,j<ng
i#j
4
+(2).zz. Y £ fi- ER(2- () - h(o)
i#£§i£k

+24- 3 fiofy- i fo- EM() () - (k) - h(0)]

1<i<j<k<t<n

= ) _fUEMI+ 6. Y - ff EM(i)’ERG)Y
i I<i<j<n
+4- Y f-f;-EM(i)] - ERG)

1<i,j<ny
i#j

+12- Y f}-f;- fi- EM({)] - EM()] - EMh(K)]

+4- Y f-fyfic fo- EM(A)] - EMG)] - EM(K)] - E[h(0)]

1<i<j<k<d<n

— iff+ 6- Z f7-f7
i=1

1<i<i<n

We obtain that

Var[X] = EX*]| — (EIX]*) =4- Y fi-ff <2F} .

1<i<i<n

At this point we have defined a random variallewith expected valué, and (relatively)
small variance. We have seen thdtan be computed easily in the streaming scenario. We
only have to maintain a single counter, which requiddtog m) bits of memory plus d-wise
independent hash function which requit@glogn) bits of memory. It remains to obtain a
sharply concentrated estimator by repeating this approach and apply Chebyshev’s inequality
and then boost the confidence probability by computing the concentrated estimator several
times in parallel and taking the median of the computations as a result.

Formally, we perform the above experiment- s, times to compute the random variable
Xij, Wwherel <i <s;andl <j <s;. We sety; = & . Z]L Xi; to be the average value of
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the X, ;. Linearity of expectation implies that

We also have

2
Var[— ZYJ = — - Var| ZYJ — .- Varyy = P

$1

by idependence of thé,. By Chebyshev’s inequality we get for each fixed

VarlY; 2F3
PrY, — Fa > eFl = PrllY, — EIV| > eFyl < o 10 <20

=1/8 .
Tos1-€?F5 T €5 F /

Thus, with probability at least/8 we have for every fixed
(1—e) FE<Yi<(14e)-F5.

Finally, we return the median of th&’s. We will use Chernoff bounds to show that the prob-
ability that more than,/2 of theY; do not satisfy the above inequality is very small. But if at
leasts,/2 satisfy the above inequality, then so does the median of them and hence our output
is within the desired approximation bounds. For the analysi§ léte the indicator random
variable for the event thatl — e) - F5 < Y; < (1 + €) - F5 does not hold. By our above
discussion we haver[E; = 1] < 1/8. For our analysis we will assuni&[E; = 1] = 1/8. We

are interested whethér 2, E; > s,/2. We get

ZE > ( [ZEH

A\

PI’[Z Sin > 82/2]
i=1

IA A
o

using Chernoff bounds.
We can summarize our result in the following theorem.

Theorem 15 For everye > 0 and every > 0 there exists a streaming algorithm that given a
stream ofm elements froml = {1,...,n} computes a valug; such that(1 —e) - F; < F3 <
(1+ €) - F5. The algorithm uses

log(1/9)

e2

Of - (logn + logm))

bits of memory. Each element in the sequence can be procesS¢tbai1/6)/e?) time.
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3.9 Higher Frequency Moments

Now we will develop an algorithm for the estmation of higher frequency moments. We consider
the same situation as fés. We are given a stream of items from a univetse= {1,...,n}
and we letf; denote the number of occurences of itémm the stream. We are interested in
approximatingF, = Y ", ¥ upto a factor of 1 & ¢).

The main idea behind the streaming algorithm is to use sufficiently weighted random sam-
pling. Let A denote the set of all items in the stream and= F; denote the number of items
in A. Next let us take a random elemenfrom A. For now we assume that we can take the
random sample and compute the valie- m - f¥~T in a single pass. This will be the output
value of our algorithm. We will later see, how to circumvent this problem using a modification
of our algorithm.

Since the probability to take an elemenis f,/n we obtain

Z—F LU S

Our next step is to compute an upper bound on the variane @ obtain such a bound we
computeE([X?], which is an upper bound ovar [X].

n fi
Var[X] < E[X?] = Z e P22 F LRy
L 1

In order to achieve a sharp concentration we repeat our experimet'rntles computings
random variableX;, T <1 < sy. Our output value will bel > ', Xi. Itis easy to verify that

— - > 7 Xi] = Fy. Since the random variables are mdependent we obtain

- Foxa
Var[— Xi] = Var [X <
< ; J= zz X

$1
Then we can apply Chebyshev’s inequality and obtain

Var[é Y i Xd
[\; ZX—ES1 ;x [<e- ES] ;XJ] S CELST X))

i=1 s i=1

Fi-Faca
€2-sy-F2

We now need the following inequality.

Claim 3.9.1

(ifizk1) _ (Zfi) . (ifizk1) < m-1/k. (if]f)z

i=1 i=1
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Proof : We usefmax = MaX<i<n fi. Then

n n

(R (U8 < (L)l Y

= (éﬂ) () ) - (gf‘:)
(30 () ()
SEORORO N
() (2
(3 (A
- ()R

IA

IN

IN

O

It follows that fors; > 8 - m'~1/%/e? we get that with probability at lea3y'8 our algorithm
gives a(1 £ e)-approximation. Now, we can boost the probability in a similar way as for the
F, sketch by computing the median of the output values,of 96log(1/0) instances of the
above algorithm.

A problem with the above approach is that we cannot easily compute the random sample and,
at the same time, count how many times the sample elements occur in the stream. Therefore, we
proceed in a slightly different way. We choose an elemesnt o; from the streanvy, ..., oy,
uniformly at random (for example, using reservoir sampling. Then we count all occurences
of x in 0j,..., 0. Letus call this value. It is not hard to see that we can modify reservoir
sampling to compute.

Finally, we compute the random value

X=m-(r*=(r—1% .
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Fi-APPROXIMATION(07)
m=20
while not EOFdo
Leto be the next element in the stream
m=m-+1
fm=Tthenx=o0;r=1
else
if o=xthenr=r+1
Choose a numbey uniformly at random fromo, 1]
if y <1/ithen
10. X=0
11. r=1
12. output m - (v* — (r — 1)¥)

©CoNOOR~WDNE

In order to comput& we need) (logn+logm) space to maintain the elementhe number
of its occurences and the overall number of elements in the stream. We compute the expected
value ofX.

To get an upper bound on the variance we compiix].

oh

EIX? = (%~ G —19*

1

33,
.Mj

1

o
[

-
o

IN
3
.I\/Ij

(= G-19- (G- 6G-1%

i 1

13

Now observe for anyt > b > 0 we have
k—1

ak — bk = (a—b)-Zak’1’i~bi§ (a—b) -k-a*!
i=0

and so
G*=G-=1% <k
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This implies

Again, we runs; parallel instances of the algorithm and compute the aveYaafehe com-
puted values. A similar analysis as before yieldssfor= 8km'~'/%/¢ that

(T—e) Fe<Y<(T+¢€) F

We can amplify the probability tol — &) using Chernoff bounds as in the section on estimation
of the second frequency moments. We summarize our results.

Theorem 16 For everyk > 1 and everye, b > 0 there is a randomized algorithm that given a
streamoy, ..., o, Of elements froml = {1,...,n} a valueF, such that

(1—e) Fu<F<(1+¢) Fy

The algorithm use® (¥4 m1=1/%(1ogn + logm)) bits of memory and processes each
update inO (X292 m1-1/k) time.
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4 The Merge and Reduce Principle

In this chapter we will learn a technique that is particularly useful to design data streaming
algorithms in the context of geometric data streams. The genereal idea is to design two oper-
ations REDUCE and MERGE and prove that these two operation satisfy two basic properties.
Then this will yield a streaming algorithm. We will now describe both operations and then
show how they can be used to design a streaming algorithm.

4.0.1 Description of Operations

Let us assume we consider a certain optimization problem on a ground set of items. The
REDUCE operation takes as input a setwfitems and produces as output a set ofAdgn
items such that the cost of any solution for the output set of itemg istae)-approximation
for the corresponding solution of the input set. In particular, this requires us to specify the
notion of corresponding solution.

The MERGEOperation takes as input two sets of items and outputs one set of items (typically
the union of both sets). These sets may results from #®UR E operation. It must satisfy that
the cost of a solution for the output set is the sum of the corresponding costs for the input sets.

4.0.2 An Example

Let us consider a geometric data stream, i.e. a streampafints{pi,...,pn} from R<. As
an optimization problem we will consider themedian problem. In th&-median problem, a
solution is a set ok centersC that minimizes the sum of distances of the poip{go their
nearest center ik. To solve thek-median problem over data streams we proceed with a two
step procedure. In the first step we compute a summary of the input data using #eEelsind
REDUCE paradigm. Then we solve themedian problem on the summary using an arbitrary
(1 + e)-approximation algorithm. Here, we will only discuss the first step and not deal with
the design of approximation algorithms for thkenedian problem. The input to theeERUCE
operation will be a positively weighted points set whose point weights sum up We can
think of a point with weightw(p) asp occuring with multiplicityw(p). An unweighted point
set can be interpreted as a weighted point set, where each point has weigie REDUCE
operation will now get a weighted point setwith overall weightn and compute a weighted
point setS of log®" n points, such that for every set kfcenters (every solution) and upto a
factor of (1 + €) the cost forS is approximately the cost fdt.

A M ERGEOperation corresponds to take the union of two weightedsets,, since for any
set ofk centers the cost fd?; U P, equals the cost fdP; plus the cost foP,.
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4.0.3 A Streaming Algorithm Using Merge and Reduce

How can we use the operation€RUCE and MERGE to design a streaming algorithm. The
idea is as follows. We are maintaining a set of fogucketsB;, 0 < i < logn. Before we
process the stream all buckets are empty. We take thé &hstments from the stream and apply
the REDUCE operation. Then we store the resulting set of items in buBkeiVe continue by
taking the next items from the stream and apply th& RucE operation to them. Now, bucket
B, already contains a set of points and so we apply tlERBE operation to MERGEthe output
of the REDUCE operation with the points from buck&t. The resulting set of items is stored
in bucketB; and buckeB, is emptied. So, we can proceed by reading the hgdints and
storing their summary in buck®,. In general, we proceed as follows

STREAMINGMERGEANDREDUCE
while not EOFdo
Let P be the next set df items from the stream
S « REDUCE(P)
i+0
while B; # () do
S «+ REDUCE(MERGES, B;))
Bi — @
1e—i+1
Bi «— S

We observe that the points storedBpcorrespond to a summary #f- { points in the input
stream. Therefordpgn buckets suffice fon input items. It has been obtained by applying
REDUCEoperations. Therefore, the error of our summarlis e)t. The error of the summary
stored in the largest non-empty bucket is at nfdst €)'°9™. Replacinge by ¢ - €/logn) will
guarantee an error of at masfor some constarnt. However, we need to know (or a rough
approximation o) in advance to do so. Although in practice this is not a big problem as
is supposed to be large and we are fine with, say, rapproximation, we will also derive an
algorithm that does not requite to be known in advance at all. In general, the quality of a
MERGEand-RebucEalgorithm depends on the quality of theeMGEand REDUCE operations
used and will be analysed ad-hoc.

4.1 A Streaming Algorithm for  k-Median Clustering via
Coresets

Our first application of the MRGEand-REDUCE principle will be to a streaming algorithm

for the k-median problem. We will use the idea sketched above in the example. We use the
MERGEand REDUCE operations to maintain a small summary of the data and the sol\e the
median only on this summary. We now discuss how to maintain such a summaryEDER
operation will receive a positively weighted point set with a bound on the sum of weights and
it computes a weighted set with few points that satisfies the same bound on the point weights
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and approximates the input point set. TheR&Eoperation simply takes the union of the two
input sets.

Since we are dealing with weighted point sets let us defink-tinedian problem for weighted
points as follows. We are given a point $etvith positive point weightsv(p) for eachp € P.
Our goal is to find a sef of k centers that minimizes

peP

whered(p, C) = mincec [[p — c2.
To implement the RDUCE operation we seek to compute a small weighted point set that

approximately has the properties as the input point set. Such a point set is also calieget

and is formally defined as follows.

Definition 4.1.1 (Coreset)Let P C R4 be a weighted point set. A weighted pointSef R4
is called(k, e)-coreset for a weighted point sBtC R9 under thek-median objective function,
if for every seilC of k centers we have

(1—e€)-cost{P,C) <costS,C) < (1+¢€)-cos{P,C) .

Our goal is to compute a coreset of the input points that arrive in the data stream. We
then use an arbitraryl + €)-approximation to solve the problem on the coreset. The results
will be a (1 + 4¢)-approximation as we will see in the following. An optimal solutiGg,,
for P has costcost(S, Copr) < (1 + €) - costP, Cop) for S. Hence, the cost of an optimal
solution for S is at most(1 + €) - cos{P,C). Now consider an optimal solutiofig, for
S. We havecostS, Co,) > (1 — €) - costP, Cg,). SinceCgy is optimal forS we have
cos{(S, Coy) < €os(S, Cop). It follows that

cos{P, Cj,) < Lcost(S Chy) < Lcosl(S Copt) < T+e - cos{ P, Copt)
)Opt—1_€ >Opt—1_€ )Opt_1_€ y “Opt)
which is at most1+4e€)-cos{P, Cop) for e < 1/2. Replacinge with e /4 we obtain &1+ ¢€)-
approximation algorithm for thie-median problem. It remains to describe how to maintain a
coreset in the streaming scenario.

4.1.1 From Clusterings to Coresets

The following coreset construction can be also viewed as a pre-clusterung that uses more than
k centers (but not too many) and has cost at neosbst P, Coy). Once we have computed the

pre-clustering we define the coreset to be the set of cluster centers and the weight of the points
is the number of points inside each cluster. Let us assume we have a partition of the input space

into clustersCy, ..., C,, and corresponding cluster centess. .., c,, such that
Y D lp—cill < ecostP,Cop)
i peC
whereCoy is an optimal solution withk centers. We will show that the sgt;, .. ., ¢} with

w(ci) = |Cil is a(k, €)-coreset. In order to prove this we need the following lemma, which
shows that moving a point by a distaridechanges the distance to any pagriby at most+-D.
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Lemma4.1.2 Letq € R be a point. Lep,p’ € R%. Then
llp—all = llp"—all| < l[lp =PIl .

Proof : We havellp —ql| < [[p"—ql +[[p —p’ and sof[p — q| — [[p — a’[| < [lp —p’].
Also, [p" — gl < [lp — gl + [lp — p’[l and soljp — q[| — [[p — q]| < [lp — p’[|. This implies
the lemma. O

Let us fix an arbitrary sef of k centers. Lefc;,...,cn} be as defined above. We can think
of constructing this set by moving every poine C; to ¢;. By the lemma above, this changes
its distance to every point i@ by at most|p — c;||. Hence, it also changes the distance to
the nearest point i€ by at most this value. Thus, the cost of solutiGrthanges by at most
2_i2_pec, llp — cill, which is the cost of the pre-clustering. Since we have chosen the pre-
clustering in such away thaf ; > . |lp —ci|| < e -cos{P, Con) < ¢ - cos{P, C) we know
that

(1—e€)-costP,C) <costS,C)le(1+¢€)-cos{(P,C)

and so the sdt,...,c.}is a coreset.

4.1.2 A Coreset Construction

In order to construct our coreset we pursue the approach sketched above and compute a pre-
clustering. This pre-clustering is computed by partitioning the input spacenntgions. For

each regiorR; we defineC; = PN R;. The coreset is obtained by taking a certain pojritom

eachR; and assigning the weighjtC;| to it. The cost of clustering th€; using the centers;

will be at moste - cos{P, Cop).

Our first step to construct the pre-clustering is to compute a constant factor approximation
A ={ay,...,aq} With g = O(k) andcos{P,A) < c - cos{P, Cop) for some constard. It is
possible to compute such a clusteringdfinkd) time, but we will not discuss the algorithm
here.

In order to construct the partitioning of the input space we put an exponential grid around
each of the centers iA. For this purpose I€k; be the subset df that is closest ta;. Further
letR = costP,A)/(c-n) < cos{P, Cop)/n be a lower bound on the average cost of a point
in an optimal solutions. We also halfp — a;|| < ¢ -n - R, since||p — a;|| < cos(P,A). To
define the exponential grid I€ : i, be an axis-aligned cube with side lengh2’ and center
aj for ) = 0, oo, M = (2 |Og(CTlﬂ . Let Vi,O = Qi,O andViyj = Qi,j \ Qi,j—]- SUbdiVideViJ'
using a grid with side length; = € - R - 2//10(cd). Let G; denote the resulting exponential
grid for Vi, ..., Vim. The union of these cells defines our subdivision of the input space. We
obtain the coreset by counting the number of points inside each grid cell and replacing them by
an arbitrary point inside the cell weighted by the number of replaced pointsS demhote the
resulting point set.

We first prove thast is small and then show that the cost of the constructed pre-clustering is
small, which implies tha$ is a coreset.

Lemma 4.1.3
S| = O(|A| - logn/e?) .
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Proof :  V;; is subdivided into at most'%4)< cells. From0 < j < M = O(logn) and
1 <1i<|Alit follows that|S| = O(|A| - logn/e9). 0

Theorem 17 The weighted seéi is a (k, €)-coreset forP.

Proof : We only have to show that the cost for clustering the points inside the grid cells using
the corresponding coreset point as a center is at mosos{P, Coy). For a pointp let us
denote byc(p) the coreset point of the grid cell that containsWe get

dp—coll = Y dp—c®I+ Y lp—clp)

peP peP,d(p,A)<R peP,d(p,Copt) >R
€ €
< —  n-R+—- d(p, C
peEP
2e
< —-cos{(P,C
>~ .lOC '( ) Opt)
< ecostP, Cop)

4.2 Coresets for High Dimensional Point Sets

The coreset construction from the last section is small with resp@ctdot the size of the core-

set and hence the space requirement of our algorithm depends exponentially on the dimension
of the input space. In this section we will develop a new construction that has only linear depen-
dence on the dimension. To obtain this result we need a new construction. We cannot hope for
a pre-clustering with relatively few centers and with small cost compared to the cost of an opti-
mal clustering solution. A simple counter example is the unit metric, where each pair of points
has distance exactly. We can construct such a metric usingoints inn-dimensional space.

The Johnson-Lindenstrauss Lemma tells us the we can embed-thisensional point set in
O(logn/e?) dimensions in such a way that every distance is preserved upto a fa¢tor ef.
Consider a clustering withh centers and the corresponding partition into clustars. ., Ci,..

In each cluster we group the points into pairs leaving possible one point unmatched. By the tri-
angle inequality, each pair has cost at Idadtience the overall cost of the clustering is at least
n—m/2. Thus, fore << 1/2 andm = o(n) there is no pre-clustering with cost (P, Cop),
whereCop denots an optimal solution with << m centers. Thus, we require a new idea.

Idea. Our new construction combines two results that we have already proved. One of them
is the fact that we can derive an addive error bound for a random sample of gitee points

come from a space with diametBr. For our purposes we will assign weighy's to every
sample point. We can parametrizén such a way that the additive error due to the sampling is
at mostenD/c, wheren is the size of the point set ardis a constant. This is then combined
with the charging argument of the previous coreset construction in the following way. We first
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compute a (bi-criteria)k-approximationA that use® (k) centers. Then we p@(logn) balls

with exponentially increasing radius around these centers. These balls define a partition of the
space into rings. Each ring has inner distaicérom the center and outer distanZ® for

some valueD. Therefore, every point in this ring contributes with at leBsto the cost of

the approximate solution. If we use to denote the number of point in this ring, then the
overall contribution of these points to the approximate solution is atte@kstBut the additive

error of the sample is at mostnD/c. Summing up over all rings gives an overall error of

> _emD/c < ecos(P,A)/c. Choosingc = /2 gives an error of at mosiOpt. It remains to
consider the error introduced by the (small) inner ball in the center of the set of rings. These
balls are chosen small enough to guarantee that the overall error induced by the sampling is at
most5Opt Thus, summing up, the error for every set of centers is at Bpt, which proves

that the sample set is a coreset.

The Algorithm.

HIGHDIMENSIONALCORESETP, s)

1. Computex-ApproximationA ={cy,...,c¢} with { = O(k) centersix = O(1)
2. LetP; C P be the set of points frof that are closest to;

3. LetD =cost{P,A)/(an)

4. fori=Ttokdo

S Pio ={p € Pild(p,ci) < D}

6. for j = 1to log(an) do

7 Pij={pePi27"-D <d(p,c) <2-D}

8 Draw a random s€; ; of s points fromP; ; uniformly at radnom with repetition
9. Let the weight of the points i ; be|P;;|/s

10. return S = ;5 S

Overview of the Analysis. We have to show that for any set of cent€ra/e get/cost P, C) —
costS,C)| < e -cos{P,C). In order to do so, we consider evely; separately. Then we
distinguish between two types of sets of centers. First we show that, if every ceritasin

far away fromP; ; then it does not matter which points frofq; are chosen as sample points,
because their pairwise distance is small in comparison to their distadtdttsuffices that the

sum of weights equal®; ;|. Then we consider a fixed set of sets of center§Ve show that

for everyC e C with high probability|cos{P; ;, C) — costS;;, C)| is small compared to the
contribution ofP;; to our approximate solutioA. Then we argue that for eadh; we only

have to consider a finite number of s€t$o guarantee thatos{P; ;, C) —cos{S; ;, C)| is small

for all C. The argument is as follows. We already know that we only have to consider centers
that are not too far away frof; ;. To find a bound for the error of nearby centers we discretize
the input space and consider only the solutions on the grid. If the grid is fine enough, then this
will give us sufficiently precise bounds for every near solution.

Any Set of Far Away Centers has Small Error. We now want to show that we have small
error for every set of cente® C R<. Our first observation is that #(C, P;;) > 2173 - D/e
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then the error induced by the sampling is small compare@ddiséP; ;, C). In order to prove

this, we will use the 'pre-clustering’ argument from the previous coreset construction. We show
that any clustering that uses the poifits as cluster centers and assignstg exactly|P; ;|/s

points has cost at most- costP; ;, C). Hence, the cost of clusterir@is approximated within

a factor of(1 + €). Since|P; /s may not be integral, we allow to assign points fractionally.

Claim 4.2.1 Let Q be a point set in a ball with radiuB and letC be a set ok centers with
d(Q, C) > 8R/e. Then we can replac® by an arbitrary positively weighted point stC Q
with overall weigh{Q| and we have

lcos{Q,C) —costS,C)| < % -cost{P,C) .

Proof :  We distribute the weight of every point $in such a way that every point froQ
gets an overall weight of exactly. This is always possible, since the overall weightSas
|Ql.For two pointsp € S andq € Q letw, 4 be the weight that receives fromp. Then we
have

|ZDez(q>C)_’SﬂZD€z(‘p)C)

qeq peES

- ZDEZ q, C Zzwpq Dez(P C)‘
qeq PES qeQ

- |ZZquDequ Zzwpq DEz D,C)|
qeQ peS peES qeQ

= |ZZWDQDQ d, C ZZWPQ sz(p C)|
PES d€Q PES q€Q

S ZZ ‘Wp,q(Dez(q)C) _DKZ(T%C))‘
PES q€Q

< 22 WhaR
PES q€Q

< [QI‘R

< Seos(Q,C)

O

UsingR = 2/ - D andQ = P;; we have that in this case the sampling error is at most
+7 - cos(Py;, C).

Thus, we know that for every set of centers that has a large distancePfromur sampling
approach works well. It remains to prove that for every set of centers that is clBgevie get
small error. In order to obtain this result we first prove that for a finite set of sets of cénters
we have small error for all € C. To prove that we can approximate the cost of every solution
we discretize the space closeRg; and consider only solutions on this grid. We can restrict
ourself to solutions where each pointans relatively close td; ;. This is because at least one
point of C must be close t®; ; because otherwise we are in the first case. But then any center
that is much further away cannot be closest center and is redundant for our purposes.
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A Fixed Set of Centers has Small Error. We apply Lemma 2.4.2. Let us fix an arbitrary
solutionC and se®; ;. We definef¢(p) = d(p, C) —d(Py;, C). This implies thad < fc(p) <

M for M = 2'*1. D, since the diameter of point sBt; is at most2’*'D and because of the
triangle inequality. Now le€ = {C;, C;, C3, ...} be a finite set of sets of centers. Further let
F = {fc: C € C}. Then we have fos > %‘2 (In|F| 4+ 1In(2/8)):

f f
Pri3f e F: \ZPTSJ| P ZPT?” (p)\ >N <53 .
ij i

Since the weight of each € S ; is |Py;|/[Si;| we get

Pr3feF:| Y f(p)— Y wp)f(p)| APyl <5,

PEP: ; PES;, j

wherew(p) denotes the weight qof. It follows

PrACeC:| ) flp)— ) wpifp)| = [Pyl <5

PEP PESi;

= Pr{3C € C: [cos(Py;, C) — costSi;, C) = A [Pyl < 8
Now we can sed = £* and obtain
Pr(3C € C: |cos(P;;,C) —cos(S;;,C)| > —— - [Py;| - 27D < 6 .

16

Hence,

Lemma 4.2.2 LetC be a set of sets of centers and@et. §, e. Fors > 25*(In[C| + In(2/3))
we have

Pr(3C € C: |cos(P;;, C) —cos(S;;, C)| > W Py-2D] <5 .

Any Set of Near Centers has Small Error. The analysis for the case that at least one center is
near to the input is similar to the analysis of uniform sampling in Chapter 2.4. We first discretize
the input space by restricting ourself to solutions on a grid with cell widtBpt/(4nv/d). Let

G be the set of grid points ar@ s ={p € G : d(p,P) < 3—62 -costP, A)}. Then we apply the
analysis for a fixed set of centers. We first prove an upper bound on the cardinality; of

Claim 4.2.3 There is a constanty such that

Getfl < cq-nt/e?d .

Proof :  For each point fronP there exists al-dimensional cube with side length- ‘—66 .
cost P, A) such that the union of these cubes contains all points féem Since the grid has
cell width e - Opt/(4n+/d), there are at mosty - n9/e24 grid points in this cube for a constant
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cq that depends on the dimension and because cost{P, A)/Optis a constant. The claim
follows from|P| = n. O

Now consider an arbitrary solutiof’ such that at least one center has distande, jdess
than2/*3De. We snap all points fronC’ to their nearest grid point to obtain a solutiGn By
our choice of the grid width we move every point at most a distane®©pt/(4n). Hence,
lcost(P,C") — cos{P,C)| < ;- Opt For every grid solutiorC we defineC.ss = C N Gey.
We will show that we can restrict ourself on the solutiog since the points irP; ; have no
nearest neighbor i@ \ C.¢. Sinced(p,A) < cost{P,A) we have2’~' - D < cos{P,A) &
D < costP,A)/2)~ for all j with P;; # (). Hence,

. 1
d(Py;,C) <2D/e < écos(P,A) )

For every poinp € P;; we now get
1 2
(p,C) < (2+ DicostP, A) < - costP, A)

because the diameter Bf; is at mostcos{ P, A). It follows that no point fronP; ; has a nearest
neighbor inC\ C.¢. Now we can apply the analysis for the case of a fixed set of set of centers.
We defineC = {C C Gefs : |C| < k). We havelC| < |Gegrl® < ¢k - nkldH1) /e2dk By Lemma
4.2.2 we have > £5%(In[C| 4 In(2/3))

Pr(3C € C: [cos(P;;,C) — cos(S;;, C)| > %( [Pyl - 27D <5

Now we set = m and writeC, ; for the setC that corresponds tB; ;. We get

Pr(31,j3Cess € Cy 1 [COS(Py 5, Cerf) —COS(Sy 5, Cers)| > %‘-IPHI-Z"“D] < 6-k-(1+log(an)) ,

since there are at most (1 + log(an)) setsP; ;. For our choice ob we have error probability
at mostl /3.
Finally, we have to show that the overall error is small. We use the following claim.

Claim 4.2.4 Forj > 1 we have
COST(PL]',A) > |Piyj| . 2].71 -D.

Proof :  From the definition ofP;; it follows that every point inP;; has distance at least
2)=1. D from A. Hence, the claim follows. O

We obtain forj > 1

Pr(3C € C: |cos(P;;,C) — cos(S;;,C)| = — - [Pyl - cos{P,A)] < & .

€
4o
Forj = 0 we have

Pr(3C € C: [costP;;, C) — cos(Sy;, C)| >
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Summing up the error fgr> 1 gives an overall error for any fixed set of centé€rsf at most
1o - Cos{P,A) < 7 - Opt < 7 - costP,C). For the cas¢ = 0 the sum of error is at most
35 "L+ COs{P, A)/( n) < 5 -Opt< g - costP,C). Summing up the errors for the sampling
and for considering only grld solutlons we obtain an overall error of at moestostP, C).
Hence, the computed point set is a coreset. Plugging in our choiéeafot the sizes of thé, ;

we obtain

Theorem 18 Fors > ¢ - k:—zd - log(nd/e) with probability at leas2/3 the setS is a (k, €)-
coreset. The cardinality df is O(k> - log>n - dlog(nd/e)/e?).
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5 Streaming Algorithms via Embeddings
Into Tree Metrics

In this chapter we will develop algorithms for dynamic geometric data streams. We will learn a
technique that can be used to reduce problems over such data streams to problems over simple
statistics of high dimensional vector, i.e. problems like approxim&tyay F,.

We first define dynamic geometric data streams. A dynamic geometric data stream is a
sequence ofNSERT and DELETE operations of points from a discrete spate. .., A}4. As
always when we consider dynamic streams we require that the stream is consistent, i.e. no
points are removed that are not present in the current set of points and no points are inserted
twice.

An example for an applications where dynamic geometric data streams naturally occur is a
mobile ad-hoc network. Here we have a set of mobile devices (laptops, PDAs, cell phones, etc.)
that form a communication network. We do not want to rely on base stations and instead form
the network using only our mobile devices. Since most mobile devices have limited energy
supply we would like to maintain an efficient network. In order to do this, each node has to
broadcast its new position from time to time. If we implement such a broadcastmissx Bof
the old position of the device and aRdERT of its new position, we get a dynamic geometric
data stream.

The algorithms we develop in this chapter are based on the following method. In a first step
the current point seR (endowed with Euclidean metric) is probabilistically embedded into a
tree such that for every poimt, g € P the expected distance in the tree is at most a factor
O(dlog|P]|) larger than the corresponding distarige— q||,. For many problem we can show
that an optimal or near optimal solution on a tree has certain properties, from which we can
approximate the cost of the solution by looking at certain statistics of the (new) metric space.

5.1 Embeddings into Trees

In this section we develop an embedding of a pointPs@tto a tree metric that tries to guar-
antee that the distances between points in the original space do not differ very much from the
corresponding distances in the tree. We need a few definitions.

Definition 5.1.1 (Metric Embedding) Given two metric spacd®, d) and(P’, d’), a mapping
fromP to P’ is called an embedding ¢?, d) into (P’, d’).

Definition 5.1.2 (Tree Metric) LetT be a tree with vertex saf. The corresponding tree met-

ric (V,dy) is defined by lettinglt(u,v) be the length of the (unique) path betwaerand
V.
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Definition 5.1.3 (x-Probabilistic Approximation) Let S be a family of metric spaces with
point setP and letD be a distribution ovef. Then(S, D) is an x-probabilistic approximation
of (P,d), if

e every metric space in S dominatésd)
e forall p,q € P we haveEpq/)-pld'(p,q)] < - d(p, q),

where a metridP, d’) dominateqP, d), if d’(p,q) > d(p, q) forall p,q € P.

Definition 5.1.4 (k-HST) A rooted tre€rl is ak-hierarchically well-separated tre&{HST)), if
¢ the distances from every vertex to its children are identical

e pnevery path from the root to a leaf the distances of subsequent edges drop by a factor of
at leastk.

5.1.1 Construction ofa 2-HST for P

In the following we develop an algorithm that computes a probabilistic embedding of a point set
P into a2-HST. The distribution over tree metrics defined by this algorithm is-gmobabilistic
approximation of P, d). The idea of the embedding is simple. We use several randomly shifted
grids G; with cell width2=" for 1 < i < logA. In grid G, every point ofP C {1,..., A} is

in a single cell. These points/cells are the leaves of our tree (@vét grid G; all non-empty

cells are interior nodes of the tree in lewel Each such node is connected to all nodes that
correspond to the non-empty cells in gfid_;. The connecting edge has lengtfi - 2.

2-HST-COMPUTATION(P)
Let a be a vector chosen uniformly at random frédnA] <.
fori=1tologA do
Let G; be a grid with cell widtr2*~! shifted bya
T « empty tree
Insert every point irP as a node of at level0
fori=1tologA do
For each non-empty cell in grid; insert a node in leval of T
Connect every node in leveli to the nodes in leval — 1 whose corresponding grid cells
are contained in the grid cell that correspondsa.to
Set the edge weight to'd - 2+
Insert a root in level logh + 1 of T and connect it to every node in level Idgusing
an edge of lengtiA.

We first observe thdfP, d+) dominategP, d). Let us consider two point, g and the coarsest
grid G; such thap andq are in different cells. Thed(p, q) > v/d2%. Further, we know that
p andq are in the same cell in gri@;,;. Hence their distance can be at most the diagonal of
that cell, which isv/d - 2t. Hence,(P, dt) dominates, d).
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Theorem 19 Let P be a set of point in the discrete spagde...,A}d and letd(.,.) be the
Euclidean distance. Then the distribution oHSTs as computed by algorithBaHST-
CoMPUTATION is anO(d log A)-probabilistic approximation of the metri®, d).

Proof : We show for two pointy, q thatE[dt(p, q)] = O(dlogA) - d(p, q). Let X; be the
indicator random variable for the event thgtq are in different grid cells in level. Then we

can write
logA

dr(p,q) :Z><i'\/a'2i :
i=0

Hence,
logA

Eldr(p,q)l = }_EIX{]-Vd-2'
i=0

by linearity of expectation. Fat = 1 we have

prixg < -9l
Vd- 2+
Ford > 1 this implies
PriXJ <vd- d(z]i’]q) .

HenceE[X{] < vd - 424 e obtain

logA

Eldr(p,q) < 3 va P
i=0

(zi’f” Vd-2t=2.d-(1+logA)-d(p,q) = O(dlogA)-d(p, q) .

O

5.2 Minimum Spanning Tree Cost

Now we will use the previous result to develop a streaming algorithm that maintains the cost of
a Euclidean minimum spanning treeRfi.e. the minimum spanning of the metfie, d). For
a weighted tred we definecos{ T) as the sum of the edge weights of tree. We will show that
the expected cost of ABHST computed by the algorithm above i©&d log A) approximation
of the cost of the Euclidean minimum spanning tree.

LetT be a2-HST computed by algorithidxHST-ComMPUTATION. We show that there exists
a spanning tree dfP, d+) with cost at mos2 - cos{T). We first transfornT into a treel’ such
that (a) the nodes of’ are the points irP (the leaves ofl), (b) (P, dt/) dominategP, dt),
and (c)cos{T’) < 2-cost{T). This can be done bottom-up by the following procedure. The
invariant is that all subtrees rooted at levebnsists of leaves only. Now let us consider a node
at leveli + 1. We choose one of its subtrees and connect all other subtrees to it using edges of
length2 - 2t (instead of2Y).

Now we replace the weight of every edfe, v) in T’ by d(u,v). Let T” be the resulting
tree. We haveos{T”) < cos{T’) < 2-cos{T). Further(P, dt~) dominategP,d) andT” is
a spanning tree for.
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Lemma 5.2.1 LetT* be a minimum spanning tree fBr Then we havi&[cos{T)] = O(dlogA)-
cost{T*).

Proof : For each edgéu,v) € T* we have that the expected cost of the path connecting
andvinTisO(dlogA) - d(u,v). The expected weight of all edgestn= U(u‘v)eT* dr(u,v)
isO(dlogA) - cos{T*). The graph P, E) contains all edges df. O

5.2.1 Approximation of cos{T) in Dynamic Data Streams

Let us usen, to denote the number of non-empty grid cells in geid We setn, = |P|.

Lemmab’5.2.2
logA

cos{T) =) 2'-m; .
i=0

Let G;(P) be the cell inG; that containg. Then we use for each leveh data structure DE
that counts the number of distinct non-empty cell&in

INSERT(p)
for eachleveli do

insert cellG;(p) in DE;

DELETE(p)
for eachleveli do
delete cellG;(p) from DE;

Each distinct elements data structure requidég A) space.

Theorem 20 There is an algorithm that compute€d d log A)-approximation of the weight of
the Euclidean minimum spanning of the current point set in a dynamic geometric data stream.
The algorithm require® (d log® A) bits of memory.

5.3 Cost of Minimum Weighted Matching

The next application of our technique will be to the minimum weighted matching problem.
The goal is to find a perfect matching with minimum cost in the complete Euclidean graph, i.e.
the complete graph over the point $etvhose edges are weighted with the Euclidean distance
between its vertices. We will assume tiras even.

For a given matchingl we usecost{P, M) = Z(p,q)eMd(p’ q) to denote the cost dfl.
Like in the previous section we can probabilistically constru@-lST T for P. We use
cost (P, M) = Z(p,q)eMdT(P» g) to denote the cost M when the distance between two
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points is given by the tree metric induced byWe know that(P, d+) dominategP, d) and so
we havecost (P, M) > cos{P, M). Further we have

Elcost(P,Opt] = E[ ) d(p,q)]

(p,a)eM

(p,a)eM

< ) Of(dlogA)-d(p,q)

(p,a)eM
= O(dlogA) - costP,Opt) ,

whereOpt denotes an optimal matching. Hence, we know that the cost of an optimal matching
in (P, dt) isaO(dlogA)-approximations of an optimal matching(iR, d). We will now study
optimal matching in(P, dr).

Claim 5.3.1 The cost of an optimal minimum weighted matchingPptlr) is

n+Z\/a~Zif1-mi ,

i>1

wherem, is the number of nodasin leveli of the tree such that the subtree rooted ditas an
odd number of leaves.

Proof: We first prove that the cost of an optimal matching is at least) .., Vad-2-m;.
We needn to connect all leaves of the tree to levelLetv be an interior node at levélwith
an odd number of leaves in the subtige) rooted atv. At least one leave of (v) must be
matched to a leave outside Bfv). This causes cost withifi(v) of v/d - 21", Since we are not
counting any cost twice, the lower bound follows.

Now we construct the upper bound, i.e. we give an algorithm that constructs a matching
with costn+ .. ; Vvd- 2. m;. We greedily match as many nodgsv whose shortest path
runs only through level® and1 of the tree. Then we match vertices whose shortest path run
through level® upto2, and so on. The overall number of unmatched vertices per lewel.is
For these vertices we have to pay the cost/af- 21" to connect them to the outside of the
subtree (the cost upto levehas been payed in the previous rounds). Summing up the costs
gives a matching of cost + Y .., v/d -2 - m,. O

In order to develop a streaming algorithm for this problem we have to estimate;thé/e
do this by solving the following problem over data stream. We are given a vedtar. . , M]
and we would like to perform the operationssERT,DELETE and G>DCOUNT, where NSERT
is defined ax[i] = x[i] + 1 and DeLETE is defined ax[i] = x[i] — 1. In our scenario we will
useM = A4, Thus, we can interpretas characteristic vector over the input space and so over
point setP corresponds to such a vector. We will assume @hsitx[i] < 1 during the course of
the algorithm. @DCOUNT must return an approximation of the numla@€ of entriesi such
thatx[i] is odd. We will develop a constant factor approximation algorithm for this problem.
We consider the following decision problem, which implies a constant factor approximation
algorithm by running the decision algorithm for=1,2,4,... A4 in parallel.
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The Decision Problem.  LetT € {1,...,n}, wheren = |P|. We require that
¢ the algorithm accepts with probability greater tHai3, if OC > T, and
¢ the algorithm accepts with probability less thBfi0, if OC < T/10.

Our algorithm just needs one bit of memory plus the space required to store the hash function.

INIT
Choose ideal hash function: {1,... M} —{1,..., T}
s« 0

INSERT(1)
if h(i) =1thens+ s+ 1 mod2

DELETE(1)
if h(i) =1thens+ s—1 mod2

OpbpCouT
if s =1 thenaccept
elsereject

Claim 5.3.2 ODDCOUNT satisfies the two conditions of the decision problem.

Proof : Recall that every entry ir[i] is either0 or 1 sincex is a characteristic vector. Let us
first consider the case thathas exactlyl odd entries (ones). L& be the set of the indices of
these ones. We have

T-(T—-1)"™"!

Prin-(R) =1 = LU L

= )Tfl .

1
T
ForT > 2 (T = 1 always works) we get

1/2 > (1—%)” >1/e .

If there are more thai ones, then we can fix the 'superfluous’ ones and obtain that the prob-
ability of acceptance is betwedri2 and1/eor1 —1/2 and1 — 1/e, which is always greater
thanl/3.

To prove the second condition we can assume that the number of ones is leggTihan
Again, letR denote the set of indices of the onexinMe have

Prih "(R)| > 11 < T/10-1/T .
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It remains to assemble things. We need to saMéogA) instances of the OGDCOUNT
problem (one for each level of the trd¢. To solve the approximation version of the prob-
lem we have to solv®(dlogA) instances of the decision problem. To ensure that all these
instances work correctly with constant probability, we need an error probability of at most
1/0(dlog” A). This can be achieved by runniylog d loglogA) copies of the ®DCOUNT
data structure to ensure and accept, if at I@a3tof the calls accept.

Theorem 21 The cost of a minimum weighted matching in a data stream can be approximated
with O(dlogd - log® A - log logA) bits plus the space required to store 1B¢d logd - log” A -
loglogA) hash functions.

5.4 Facility Location Cost

Another fundamental problem over geometric data streams is the facility location problem.

This problem models the following scenario. We have a set of customers at certain locations
and these customers demand a certain commodity. We can open facilities at all locations to
serve all customers. However, opening a facility has a certainfc&st, it would be cheapest

to open only one facility. But in this case, we have to ship the commodity to all the customers.

This incurs another cost per customer, which is propertional to the distance of the customer to
the nearest open facility. Our goal is to minimize the sum of the opening cost and the cost of
serving the customers.

Definition 5.4.1 (Facility Location Problem) We are given a metric spa¢g, d) and an open-
ing costf. Our goal is to find a sef C P of facilities such that

cost(P,d,F) = - [Fl+ }_mind(p, q)

peP

iS minimized. We define
cost(P,d) := Q}'Q cost(P,d,F) .

In the streaming version of the problem we will again assume that the points come from
the discrete spacf, ..., A}¢ and the distance measure will be the Euclidean distance, i.e.
d(p,q) = |l|p — q|l2- Thus, we consider only the Euclidean version of the facility location
problem.

5.4.1 Reduction to HSTs

Like in the previous problems our first step is to reduce the Euclidean version of the problem to
a problem on 2-HST. We are using the same embedding into a tree metric as in the previous
sections. Letlt(p, q) denote the distance betwegandq in this tree metric and let(p, q) :=

||p — ql|2 denote the distance betwep@ndq in the Euclidean metric. By the properties of the
embedding we know thatt(p, q) > d(p, q), i.e. the embedding is non-contracting. Further,
we haveE[dr(p, q)] = O(d -logA) - d(p, q).

1



Now let us fix an optimal solutiofi,,; for an instance of the facility location problem. For
each customep, let us use’(p) to denote the nearest open facility. The cost of this solution is
given by

O(dlogA) - cost(P, d, Fopt) = O(dlogA)-(f-lFomHquin d(p,q))

peP ort

= 0O(dlogA) - (- [Fopel + Y_d(p,7(p)))

peP

> f-[Fopd + O(dlogA) - > d(p,(p))

peP

= f-[Fop/+ ) _Eldr(p,7(p))]

peP

f - [Foptl + > Eldr(p,(p))]

peP

f+[Fop + ) E[ min dr(p, q)]

peP ovt

> Eff[Fop + ) min dr(p, )
peP

v

v

EFopt

= Elcost(P, dt, Fopt)] .

Thus, we know that the expected cost with respeatt®f an optimal solution (w.r.t.d)
is at mostO(dlogA) times the optimal cost fod. Further we know that the embedding is
non-contracting and so any solution fédf must be at least as expensive as the corresponding
solution ford. Thus, we know that

cost(P,d) < cosi(P,dr) < O(dlogA) - cost(P,d) .

5.4.2 Approximating the Cost of Facility Location in HSTs

Our next step is to find an approximation for the cost of facility location when the point set is
given as a 2-HST. In the following we will assume that we are allowed to place facilities at
the internal nodes of the tree. For any such solution, there is a solution of at most twice its cost
that places all facilities at the leaves, i.e. point®inThis can be seen as follows. For every
internal nodev that has an open facility, we open a facility at one of the leaves of the subtree
rooted atv. Since all leaves have the same distance, tthe distance to the nearest facility
increases by at moat Thus, we open the same number of facilities and have at most twice the
connection cost.

Let T; denote the set of nodes ®fat leveli. Let|T(v)| be the number of leaves of the subtree
T(v) rooted atv. We will show the following claim.

Claim 5.4.2 Let C be the minimum facility location cost for a 2-HST where we allow to
place facilities at internal nodes of the tree. Let

logA

Q=) > min[T)-vd-2""f .

i=1 veTy
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Then
C<Q+f<C-logA+f .

Proof : To prove the first inequality we just have to show that there exists a solution with cost
Q + f. Such a solution can be obtained as follows.

e One facility is opened at the root of the HST.
e For each node € T; place a facility ab, if [T(v)| - v/d2"! > f.

The cost of the solution iQ + f. This can be seen as follows. We us@® pay for the facility
at the root. At every internal node we either open a facilityTgw)| - 2* equals the cost of
using the edge fov to its parent for all points in the subtréév). It follows that for each point
we pay the cost to the nearest facility on the path to the root. Hence, the cost of the proposed
solution is at mosE) + f.

To prove the second intequality we only have to show that the cost for every level of the tree
is at mostC., i.e.

> min{T(v)|- Vd2"',fi<C .

veTy

Let F be a set of facilities that achieved c@stLet us consider an arbitrary nodec T;. If the
subtre€l (v) contains an (open) facility fror, then this add$ to the cost ofC. Otherwise, the

nodes inT (v) must be connected to a facility outside(fv). This adds a cost dT (v)| - v/d -
2171 . O

It remains to design an algorithm to approximate Our approach will be to approximate
ZveTi min{|T(v)|-v/d-2t", f} for each level separately. In order to do so, it suffices to estimate

> et MIN{T(V)|, £/(vd25 ). If £/(v/d27") is smaller thanl we can use an algorithm to
estimate the number of distinct elements in a stream to estimat®therwise, we can assume
that f/(v/d2Y) is integral as this changes the cost by at most a constant factor. Let us define
M := f/(v/d2'). Thus we would like to approximatgVeTi min{|T(v)|, M}, i.e. for each cell
in level i we count the minimum oM and the number of points contained in the cell. The
basic idea of the algorithm is very simple. If we select each element from the input stream
with probability 1/M then any cell that contains at leas{v)| points will contain at least one
point in expectation. Any cell that contains less tidrpoints will contain a sample point with
probability proportional to the number of points inside the cell. Thus, we can simply count the
number of non-empty cells using a distinct elements data structure.

The approach is implemented as follows. We use a hash furictioat maps the input points
to{1,..., M} and we only consider operations of points that are mappéd liw other words,
we are taking a sample from the input stream and select each point with prob&fiity

BCINSERT(p)
if h(p) = 1then
determine the grid cell that contaips
insert the grid cell into the distinct elements data structure
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BCDELETE(p)
if h(p) =1then
determine the grid cell that contaips
delete the grid cell from the distinct elements data structure

BCREPORT(p)
Let x be the number of elements reported by the distinct elements data structure
return Mx

5.4.3 Analysis

It remains to show thailx is a good estimator. LeK denote the number of distinct non-
empty grid cells after the sampling, i.e. the value that is estimated by the distinct elements data
structure.

Claim 5.4.3 Letp(k) = 1—(1—1/M)¥* be the probability that at least one element is selected,
if we select each element from a setkoélements independently at random with probability
1/M. We have

EKI=) p(T(v)) .

ve Ti

Proof: T(v) denotes the number of cells stored in subfree).

Claim 5.4.4 For anyk > 0 we have
min{k, M}/2 < M - p(k) < min{k, M} .

Proof :  To prove the first inequality observe thatk) is concave fork > 0. Further we
havep(0) = 0 andpM) =1—-(1—1/MM > 1 —-1/e < 1/2. Hencep(k) > k/2 for
0 < k < M, which proves the first inequality. The second inequality follows fiotk) < 1
andp(k) < k/M by the union bound. O

The last two claims imply that

> min{T(v),M}/2<M-E[K < Y min{[T(v)|,M} .

\)GT{L ve Ti.

Thus it remains to show that we also have a small variance. Then we can apply Chebyshev’s
inequality to obtain a sharp concentration by repeating the experiment a sufficient number of
times.

Var[K] <} p(T(v))) = EIK] .

ve Ti
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If > cr, min{[T(v)] - Vd -2 fl > M thenE[K] = Q(1). In this case, we can repeat the
experiment times to obtain random variablé&s, .. ., K. Our output value will be

] S
sk

which has expectatioB[K] and variance at mo&i[K]/s. By Chebyshev’s inequality we get

s s . | )
Pr[‘%ZKi—E[l-ZKJ\ 2%'5[121(1]] §4 Var [K] <
1 i=1

k s E[K]? s - E[K]

Thus, fors > 321log A we get a confidence probability #— 1/(8logA). Hence, with proba-

bility 7/8 all data structures work for all leveis Finally, we observe that foZVeTi min{|T(v)|
Vvd -2 f < M we can solve the problem exactly.

Theorem 22 There is a0 (d log® A)-approximation algorithm for computing the weight of the
minimum facility location problem of a dynamic geometric data stream. The space requirement
of the algorithm is determined b9 (log* A) independent copies of a distinct elements data
structure plus the space for the hash functions.
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6 Density Sampling

In the next chapter we will consider a different technique to approximate problems over dy-
namic data stream®ensity Sampling Like embedding into tree metrics, density sampling
obtains information about the input point set by considering nested grids with side length
1,2,...,A. We will useG; to denote a grid with side lengfhi. In each grid we try to maintain

the L cells that contain the largest number of points for some small Valughis means that

in coarse grids we essentially maintain information about every non-empty cell. As the grids
become finer the number of non-empty cells increases and we can only keep track of the cells
that contain the most points. We call these ce#lavy cellsIn the streaming algorithm we will
identify these heavy cells by using a random sample. The main trick will be to show that we
can use samples much larger than the space requirement of our algorithm because all sample
points will lie in a few distinct grid cells.

The number of sample points inside every cell tells us which cells are heavy and gives us
a rough estimation about the number of points frBroontained in it. Finally, we combine
the cells and the corresponding estimates from the different grids to one approximation for the
distribution of points. Here the idea is simple. If we have a cell in a larger grid that contains at
least one heavy cell, we replace it by the correspongihcells from the next finer grid.

In some way, density sampling tries to obtain as much information as possible from every
grid layer and then combine this information in a single summary. As we will see later, this
summary contains enough information to solve a number of interesting problems in the dy-
namic streaming model. The approach will be to construct a weighted point set by putting a
point into each non-empty grid cell obtained by the density sampling. The weight of the point
is the estimated number of points in the cell. For a number of problems, it will turn out that
solving the problem on this new point set is approximately similar as solving it on the original
point set. Thus, the new weighted point set is a coreset in the sense of Section 4.

For which problems we can apply density sampling and how are the details? For the first
guestion, there is the following rule of thumb: A problem can be solved using density sampling,
if

(a) moving a point by a distance & changes the cost of a solution BYD), and,
(b) there exists a poing such that the cost of an optimal solutior®¢3 . [lp — q/[2).

As we will see, condition (a) ensure that the quality of approximation will be good and condi-
tion (b) takes care of the space complexity. We remark that the characterization above is by far
not complete. For example, we can apply density sampling te-timeans problem. However,

it gives a good first intuition what is going on.

83



6.1 Density sampling

We first develop the density sampling algorithm and then show how it can used to compute a
coreset for thd-Median problem. As usual in the dynamic geometric setting? le¢ a points

set from{1,..., A}4. We consider nested grid3; with cell width 2t and assume that no input

points lies on a grid point, i.e. in gri@, each cell contains at most one point. The largest grid

IS Gioga+1, Where we assume thatis a power of2. We start with a version of the algorithm

that cannot be implemented in the streaming scenario, because it uses too much space. Then we
show how this algorithm can be implemented in streaming. The first version of the algorithm
given below uses parametkrbesides the point s&. This parameter is related to quality of
approximation and space requirement of the algorithm and will be determined later.

DENSITYSAMPLING (P, L)
Let C be a bounding cube ¢fin grid Gioga+1
i—logA+1; T, « 1; Hy « {C}
repeat
LetC;_; be the set of cells of grih;_; that are contained in some cellsf
Tiq T
repeat
for each cellC € C;_; letnc be the number of points i@
Let H; ; be the set of cells id;_; that contain at least; ; points
if | Hiq]>LthenTi_; « 2 T,

until |H;4| <L
Liq — Ci1\ Hix
1e—1-1

until H;=0ori=0

The algorithm maintains the set¢; and £; and for each cellC € | (Hi U Li) it also
maintains the value.c. The union of this information is maintained as a summary of the data.
We will call the cells inH; heavy cells and the cells if}; light cells.

Claim 6.1.1 The summary defined above can be sta@xhbgA - L) space.

Proof : In each grid we have at moktcells in/;. Therefore, inf;_; we have at most¢ - L
cells. Storing each cells requir€¥ 1) space. Since we considdrto be constant the space
bound follows. O

6.1.1 A Coreset for the 1-Median Problem

Let us recall that thd-Median problem is to find the poinf that minimizescost{P, q) :=

> pcp P — dl[2. Obviously, this problem satisfies conditions (a) and (b) from above. Also,
recall that are-coreset for thd -Median problem is a set of poinfswith point weightsw(p)

for eachp € P such that for every poing € R¢

(1 —e€)cos(P,q) <cos{S,q) < (1+¢€)-cos(P,q) ,
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wherecos{(S, q) :=} sw(p) - |lp —dl2

We show that if we obtain the setg andL; using the above algorithm for sufficiently large
value ofL one can construct a coresetrom the maintained summaries in the following way.

If Ho # () then we havd, = 1, soL; = () for all i. Each cell inH, contains a unique grid
point and we will use these grid points (with unit weight) as a coresd.fom this cases = P
and saoS will clearly be a coreset.

If Ho = 0 then the se$ is obtained by replacing every cdll € £; with an arbitrary point
inside C and assigning a weight ofc to it is ane-coreset. We will interpret this process as
moving each point in cell; to the corresponding point frorf. We have to show that the
overall movement of points is at most cost{(P, qopt), Whereqoy is an optimall-Median for
P. We need the following definition.

Definition 6.1.2 Let qop: be an optimall-Median forP. A cell C in grid G; is calleddistant
if it has distance fromyoy: of more thar2/d - 2t/e. Otherwise, it is callechear

Next, we show that there are only few near cells.
. 8vd d
Claim 6.1.3 There are at most2¥4)" near cells.

Proof : There is a cube of side leng8i/d/e - 2! that contains all near cells. This cube has
volume(8v/d/e)4 - 214, Each cell of gridG; has side lengt! and volume2i¢, Hence there

d
can be at most®/4) “ near cells. 0

Let £7** be the subset of cells if; that are near. Lezf:?‘S‘a”‘be the subset of cells ii; that
are distant. For the analysis, we consider near and distant cells separately and show that the
movement of points inside each type of cells is at nfostost P, qopt).

Lower Bound

We recall that, by the triangle inequality, moving a point by a distande changes the cost
of the 1-Median problem by at mo$d. Hence, moving the points to the center of a cell in grid
G; changes the cost of tHeMedian problem by at mosy'd - 2t - T,. Letimay be a level such
thatv/d - 2t - T; is maximized.

Claim 6.1.4 (Lower Bound) Let qop be an optimall-Median forP. Then
cos(P, qopt) > Tipe - 21 - (L — (8V/d)4/eY) /e .

Proof : Sincei, .. is a level that maximizeg/d - 2t - T;, we know thatl;, > T ..1. Hence,
there are more thahcells in gridG;,, that containT;__ /2 points. At leas{L — (8v/d)%/e%)
of these cells must be distant and they contribute With /2 - 2'" /¢ to cos{P, qopt). Hence
the claim follows. O
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Near Cells

It remains to prove that the overall movement cost for points in near cells is atTngst
2ima1 (L — /d)84/€4) for L being large enough. We have

Z,Enea \/_ 2t T; < (logA +2) - 8\/_/€ .\/a.zimax.Timax.

i

Using the lower bound from above we obtain thatfor 2(logA + 3) - vd - (8v/d/e)4
O(logA/e%) we have

(logA+2)-Vd-(8Vd/e)d - Vd 2. T, <

Distant Cells

For distant cells we use the fact that every point in a distant cell contributes a2{éas2 /e
to the cost of an optimal solution. For a c€lllet |C| denote the number of points . We
obtain

Z Z V- 2‘<— Z Z 2Vd - 2‘/e<— costP, qmax) -

i CEL?iStam 1 CEEd'Stam

Thus, the overall movement of points is at mestcost{P, qop:). We can summarize our
findings in the following theorem.

Theorem 23 For L > 2(logA + 3) - V/d - (84/d/¢e)4 the setS o btained by the above process
is ane-coreset. The size of the coreseOilogA - L) = O(log® A/e9).

6.1.2 Developing the Streaming Algorithm

Our next step will be to develop a streaming version of the above algorithm. The basic idea is
to identify the heavy cells using a random sample. However, a straightforward approach will
not work. The problem is as follows. In the coarsest grids the threshaldn be as small as
1. In other words, every non-empty cell is heavy and so our sample must contain all the points.
However, for problems satisfying condition (b) we can use a similar argument as in the analysis
of the 1-median problem above to show that the overall number of points in distant cells is not
too large, i.e. a properly sized random sample will only hit few of them. Hence, all but a very
few sample points will lie in near cells. As a consequence, we can store all cells that contain a
sample point. This is, what the following algorithm does.

To take a random sample from the data stream we use hash funicfidrest map the points
to the number1, ..., 2/} and consider all points that are mappedl tas sample points, i.e.
using a hash functioh; corresponds to taking a samavhere each element is chosen with
probability equal tol /2). Now let us consider grié;. To deal with the fact that the sample
may be large, we only try to remember the different non-empty cells and the number of points
inside them. Thus, whenever a point arrives that is contained in the sample set, we compute
to which cell inG; it belongs and then we insert this cell into a data structure that keep track
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of the distinct cells and their count. For the latter purpose we usset data structure (with
parametek := L’, therefore we call if.’-set data structure in the remainder of this chapter),
that satisfies the following conditions.

¢ If the number of distinct elements is at madstthen the data structure return with high
probability all distinct elements as well as their individual counts.

o If there are more thah’ distinct elements, the data structure return ‘failure’ with high
probability.
Using these two changes we can implement insertions and deletions as follows. To initialize
our data structure we choo§¥log® A) hash functionsh; ; andL’-set data structures Sgt-
for0 <1i<logA+1and0 <j < dlogA. Upon arrival of a poinp we call the procedure
SAMPLINGINSERTdescribed below for all values dfandj.

SAMPLINGINSERT(1,j,p)
if hi,j(p) = 1then
let C be the cell in gridG; that containg
Set; 1.Insert(C)

SAMPLINGDELETE(1,j,p)
if hi,j(P) = 1then
let C be the cell in gridG; that contain®
Set; 1..Delete()

Now we can also describe the streaming version of density sampling. The algorithm uses a
values,, which is the smallest threshold at which we begin to use random sampling and which

is assumed to be a power bf The value of, will be ('OQTA)O(”.
STREAMINGDENSITYSAMPLING (P, L', so)
Let C be a bounding cube df in grid Giog a1
je—0;i—logA+T1; T« 1, H; « {C}
repeat
while Set ; .Reporf) = failureand j < dlogA do
if T; < sothenT; « 2T;
elsej «—j+1
if Set ; 1-.Report) = failure then exit
Let C;_; be the set of grid cells contained in some celHhf
D 1« Set‘]—,y.Repor()
for eachcell C € C;_; do
if C € D;_ythennc « 27 - Set;.Coun{C) elsenc =0
let H;_; be the set of cells if;_; withn¢e > 2 - T,
Li1 ¢ Cioa \ Hi
1e—1-1
Ty Tip
until H; =0ori=0
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6.1.3 Coreset Construction

The process to construct a coreset is a slightly modified version of the construction for the
non-streaming version. Ify < s then for every cell we have the exact number of points. If

L’ > so - L then we can apply a similar analysis as in the previous section to show that the
previous coreset construction giveseoreset.

Otherwise, we use the following modified construction. For each lightetl setC; we
check whether its parent cél contains some heavy cell as a subcell, i.e. whether a subcell of
H is contained irH;. If this is the case, we add a point in the centeCato the coreset and
assign weightic to it. Otherwise H contains no subcell ift/;. In this case, we add a point in
the center oH to the coreset and weight it wittn,.

This modification is needed, because it may happen that the vajughahges significantly
when we move from + 1 to i. In this ca se, we approximate the pointsGnwith only a
relatively large additive error. In fact, this error may be much larger theif and we do not
know how to charge it in the analysis.

For the analysis we only prove that the change of cost introduced by the random sampling
is relatively small, i.e. the difference between any point set that is within the sampling bounds
andP is at moste - cos(P, qopr). Then we can apply our previous analysis to prove that the
final point set is a coreset. We proceed similarly as in the non-streaming case and start with
deriving a lower. After this, we continue the analysis by finding bounds for the change in cost
in near cells and distant cells.

6.1.4 Overview of the Analysis

We now give a first overview of the analysis. It consists of five steps. We will show that with
high probability

every cell in; has at least, - 2 points,

e every cell with at least, - 2" points is inH;,
¢ the number of points in every cell ify; is approximated upto a relative errorfs, - 2J,

e if jis large enough, then with high probability for every cell that is hit by the sample set,
we can determine the number of sample points in it, and

o if the above statements are satisfied, then the modified coreset construction gives a core-

set. a coreset.

6.1.5 Analysis

We will first show that for given, if a cell contains a certain number of points, then it will be
classified as heavy with high probability, i.e. the number of sample points in it is aflleast,
(for smaller values ot we do not use sampling). We first observe that
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Lemma6.1.5LetS C P be a random sample, where each element is chosen with probability
r=1/2). LetC be a cell withC N P| > s, - 2/*1. Then

Pr|ISnc|—ElSncl| > eElSncl] < :
2€2 - 5o

Proof: LetX, be the indicator random variable for the event that a given goisitaken into
the sample set. Clearlig[X,] = % We have

PrSNC| > sol =Pr[ ) X, >sql .

pePNC

SincelC N P| > sq - 27! we have
1
E[ISNC|] :\CﬂPl-f >2-50 .

By pairwise independence of thg, we haveVar[|S N Cll = Var[}_ cpne Xpl < @. Thus
we can apply Chebyshev’s inequality to obtain

Var[|S N C|]

Prij[sncl—ElSncll| > e-ElSNCl] < SE[SNC2

_1
— 2e?sg

O

Corollary 6.1.6 LetS C P be arandom sample, where each element is chosen with probability
r=1/2). LetC be a cell withC N P| > s, - 2/*1. Then

2
PriiSNC| >sgl >1— — .
So

A somewhat similar proof shows that the second statement is true with high probability.

Lemma6.1.7 LetS C P be a random sample, where each element is chosen with probability
r=1/2). LetC be a cell withC N P| < sy - 2. Then

PrijiSnCl—ElSNCll| = A-sol < :
7\2'80

Proof : Let X, be the indicator random variable for the event that a given poisttaken
into the sample set. Again we hakéX,,] = % andPr[|SNC| > so] = Pr[ZperC Xp > sol .
Since|C N P| < so - 21! we have

1
E[ISﬂCI]zICﬂP|-5<2-so .
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By pairwise independence of thg, we haveVar[|S N Cll = Var[}_ _pc Xpl < 2-s0. Thus
we can apply Chebyshev’s inequality to obtain

Z-So
PrijiSncl—ElISNCl| >A-so] < N2
<

Corollary 6.1.8 LetS C P be arandom sample, where each element is chosen with probability
r=1/2). LetC be acellwithC N P| < so-2). Then

2
Priiisncl—ElISNCll| = sol < = .
0
The two Lemmas above can be used to fix our choicg.0We would like to have that they
apply to every cell irC;. We use the following claim.

Claim 6.1.9 If the data structures Sgt;- work correctly then the number of cells in 9éf is
at mostL’.

Proof : If the data structures Sgt. work correctly, we know that if it does not return failure
then our sample set intersects at mosgrid cells. Only these cells will obtain a valug: > 0
and so only these cells can potentially be heavy cells. O

By the above claim, eac}; contains at mos2¢ - L’ cells. DefineC = | J;C;. Clearly, we
have|C| < (2+logA)-24.1’. Lemma 6.1.6 has an error probabilitylof(2e%s,) and Lemma
6.1.7 has an error probability @ (A%-so) > 2/s, for A < 1 (which will hold for our choice of
A). Hence, we can assume that the error probability for every cell and every lemma is at most
2/(A?- €% - s0). Summing up over all cells, the error probability is at most

2-1Cl-2/(e2- A% sp) .

/.9d+8
Hence, we have to ugg > 210920)C0207

holds for all these cells is at leaki/16.

to guarantee that the probability that each lemma

Lemma 6.1.10LetS C P be a random sample, where each element is chosen with probability
r. LetC be the set of cells in gri; that contain at least one point 6f Letl’ > \/%—1— 3441

for somet > 0 and letq € R be an arbitrary point. If}___.|lp —qf2 < ¢- 27 then with
probability at leastl — 6 we haveC| < L.

Proof : Let us fix an arbitrary poing € R<. Let P’ C P be the set of points with distance at

least2' from q. If 2 oerllp—all2<t: 2? then|P’| < {. LetX, be the random variable for the
eventthap € P’ is taken into the sample set. We hd,,] = r and henc&[}_ . X,] = L.
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SinceX,, is a0 — 1—random variable, we hawéar [X,,] < E[X,]. By pairwise independence of
the X, we also havevar [}, X,] < [P’| - E[X;] < {. Using Chebyshev’s inequality we get

Pri| Y Xp—ELY_Xl| 2k <5

peP’ peP’

There are at most¢ cells with distance at mo&t from q. Hence, choosing? = £/6 gives for
L' > \/t/5+4 34+ 1thatPr[|C| > L] <1—6. O

6.1.6 1-Median in Dynamic Data Streams

We usel’ > \/>+3‘1+1 in the algorithm above fay = l+dlog1A] PR for some value of
to be determined later. For these choices we have by Lemma 6.1.10 that with probability at least

15/16, foralli,j, if 3 p[[pP—dopt|2 < ¢ z — then|C| < L’. From now on let us assume that this
event occurs. In this case we know that fonajl IC| > L' impliest - 5 T <2 pep P — doptll2,
since in this casé, ; is used to sample every element with probabilit2’. In other words,

Set ; /= failure implies that o
cost(P, qopt) > £-27 .

For the analysis we will now assume that all proceduces work within the specified bounds.
This holds with probability at least/8. We prove that for every centerfor any point sef’
that matches the bounds obtained via our sampling procedure we have

|cost(P, q) — cos{P’, q)| < ecos{P,q) .
We extend the notion of near and distant to arbitrary centers as follows.

Definition 6.1.11 A cell C in grid G; is calledg-distant if it has distance fromy of more than
2V/d - 21/e. Otherwise, it is calledj-near

Lower Bound

To obtain a lower bound, we use that Set= failure implies thatos{(P, qopt) > £- 2" . Let

us defineimax jmax Tmax 10 be the values of,j, T; that maximize2'") - T; during the course
of the algorithm. We have that eith@f.x = 0 or jmax iNncreased by more than one when the
algorithm moves to the current levigla. This implies that Set,, ;...1.1-= failure and hence

cos{P, qopy) > { - 2metimact

d-Near Cells

Next we sum up the overall cost changes introduced-ogar cells. We have to show that this
is at most§ - ¢ - 2imtima—l | the following we useC®?'to be the set of cells irf; that are
g-near. We obtain

2 2t 8 o
Z cnea). =X — = \/_ A-s0-2) < (2+logA)-( \F) Vd-sp21 /e < gcosi(P, dopt) < =-(P,q) .

8A(2+HogA)spvd [8/d\d

€

N m
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g-Distant Cells

It remains to sum up the error for thedistant cells. Similarly to the non-streaming algorithm
we will show that the change of cost is small in comparison with the contribution of the points.
Here, the idea is slightly different because we also have to cope with errors in the estimated
number of points rather than the movement of points.

We have to proceed by a case distinction. Let us consider &dallC; ; that is light. Let
H € H; be its parent cell. The first case is that at least one subckllisfn ; ;. The second
case is that all subcells &f are not inH; 4, i.e. they are light.

Case (1). We know that every cell with more thaw - 27*! points is classified as heavy and
every cell with less thas, - 21! points is approximated upto an additive erroiofs, - 2 by
Lemma 6.1.7. Choosiny < 1 we know that every heavy cell has at least 2’ points. Thus,
one of the subcells dfl has at least, - 2’ points for the current value gf Each point in this
subcell contributes at leadtC, q) — v/d - 2t to cos{P’, q), sinceC is a distant cell. Wlog. let
us assuméP’| > |P| and let us consider an arbitrary subBé&tC P’ of cardinality[P’| — |P].
The points inP* contribute at most

cost(P*, q) < Aso-2 - (d(C,q) + vVd2}) <A-so-27"-4d(C,q) .

This error is charged to the contribution of the pointsPahside H, whose contribution is at
leastsy -2/ - (d(C, q) —vd-2Y) > s,-277"-d(C, q). Summing up over all cells in gri6; we
get an overall error of at moat- 2¢+2. cos{P, q). Hence, by summing up over all grids we get
an overall error of at most

(24 logA) -A-2%2 . cos(P, q) .

Hence, choosing < m gives an additive error of at mosy2 - costP, q).
Case (2). In Case (2) we use the number of pointsHnas an estimate. Sinde is heavy,
we know that the number of points inside is approximated within additive efidf. We
further know thatH contributes at leasH| - d(H, q) to the cost of an optimal solution and this
contribution is increased by at most(H, q) + v/d2!) - e/H| < 2d(H, q) - €/H|. Hence, the
overall change of contribution for each cell is at mdsttimes its current contribution. Thus,
the overall change of cost is at m@st- costP, q).

The remaining analysis shows that moving the points inside a cell to its center increases the
cost by at most another- cos{ P, q). Thus, the overall change of cost is at mést cos{P, q).
Replacinge with €/3 concludes the proof.
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7 Lower Bounds

In this chapter we discuss how to prove lower bounds for streaming algorithms. In general, it
is easier to prove a lower bound for a streaming algorithm than for a classical algorithm. The
reason is that streaming algorithms work in a more restricted model of computation and the
more restricted a model of computation is the harder it is to develop algorithms and the easier it
is to prove lower bounds. In the streaming case it is clear that some problems cannot be solved
in small space and with a single pass over the data. A simple example is the following problem.
We are given a stream afbitsaq, ..., a,. The problem is to design a deterministic streaming
algorithm, i.e. an algorithm that usésg®"'n space and that can answer the question 'What

is the value ofa; for any indexi € {1,...,n}. Clearly, we cannot design such an algorithm
because it would imply that we can encode an arbitradit string using 10" n bits, which

is impossible.

The arguments used in this section will always be as follows. If a certain streaming algorithm
A exists, then we can design a compression algorithm that takes an arhibétrgtringy and
compresses it to an(n)-bit stringy, such that we can recoverfrom y. Obviously, this is
impossible and henca cannot exist.

We will have to cope with two difficulties: approximation and randomization. Why do these
two properties make it harder to prove lower bounds? Intuitively, both approximation and
randomization make the ouput of an algorithm 'more fuzzy’. This makes it more difficult to
exploit certain properties of a solution.

7.1 Distinct Elements cannot be solved Deterministically

In this section we develop our first lower bound. We will show that no deterministic algo-
rithm can compute the number of distinct elements in a stream of elements from a universe
U = {1,...,n} usingo(n) space. Then we will prove that no deterministic algorithm with
o(n) space can approximate the number of distinct elements within a certain (small enough)
constant factor. This result together with our randomized algorithm to approximate the number
of distinct elements shows that randomization is essential for some streaming problems.

Theorem 24 Any deterministic streaming algorithm that computes the number of distinct ele-
ments in a stream of elements from a univeilse {1, ..., n} requiresQ(n) bits of space.

Proof : Assume we have a deterministic streaming algorithttat computes the number of
distinct elements in a stream of elements from a universe {1, ..., n} exactly and that uses
o(n) bits of memory. Now consider an arbitrady— 1-vectory = (y1,...,yn) With exactly
n/2 ones. We will viewy as a characteristic vector for elements from Thus, a vectoy
corresponds to a set of/2 elements fromll. We can turn these elements into a stream by
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sending them, for example, in increasing order. We will show how we could use algakithm
to compress the vectorinto ano(n) bit stringy in such a way that we can recowgfromy.
Since there are at leadt’/° choices fory for some constant, we can encode anfn/c)-bit
string as a unique vectey. Thus, we have designed an algorithm that compresgedits to
o(n) bits, which is a contradiction and gocannot exist.

The idea of our ‘compression algorithm’ is quite simple. Frgmve construct a stream of
n/2 elements fromll and runA on this stream. Then we store the current statg of A.
SinceA useso(n) bits of memory, we can store the stateAfin a bitstring witho(n) bits.
This short bitstring will be our compressionof y. Next, we show how to ‘'decompresg:

Let us consider an arbitrafy— 1vectorz with n/2 ones. Again, this vector encodes a set with
n/2 elements froml, that can be easily turned into a stream. The idea is toAron this
stream starting in statgy). The final state of the algorithm is similar as if the algorithm was
run on the stream correspondingydollowed by the stream corresponding4o Hence, the
number of distinct elements is/2, if and only iff y andz encode the same set of elements.
Thus, having algorithm\ and the state(y) it suffices to try all values of and check whether
the number of distinct elementsng’2 to recovery. Hence, algorithnmA cannot exist. O

Our next step is to consider approximation algorithm. Here, we cannot immediately apply
the idea from above because it requires us to distinguish betwg2mandn/2 + 1 distinct
elements, which cannot be done by a constant factor approximation algorithm.

7.1.1 There is no Deterministic c*-Approximation Algorithm for Distinct
Elements

We will now show that there is no deterministit-approximation algorithm for some constant
c*, which will be determined later. The basic idea is to apply a similar approach as above, but
instead of using as a characteristic vector we first encadesing an error-correcting code.

Definition 7.1.1 (Code) A codeC is an injective mapping frorf0, 1} to {0, 1}™. The set of
codewords ofC is given by{a € {0,1}™: db € {0, 1}™ such thatC(b) = a}.

Definition 7.1.2 (Hamming Distance) The Hamming distance between twebit vectorsa =
(a1,az,...,am),b = (by,ba,...,by) € {0,1}™is given asH(a,b) = > 1(a; # by), i.e.
the number of values 1 < i < m, for whicha; # b;.

Definition 7.1.3 LetC be a code andV be its set of codeword€: is calledc-error-correcting,
if for everya € {0, 1}™ there is at most one € W with H(a, b) < c.

Hence, consider a messagewhich is encode by a-error correcting cod€. Assume that
we sendC(m) over some noisy channel such that due to the noise at enoiss are flipped.
Let us call the resulting corrupted messay¢m). Then we know tha€.(m) is still closer to
C(m) than to any other codeword and hence we can de€qéie) by moving to the nearest
codeword. This process works, as long as we have at erersors in the corrupted message.

How can we design an error correcting code? The most simple idea is to use repetition.
Instead of sending every bits once, we send it three times. Clearly, the resulting tesleas
correcting. But this method of encoding does not seem to be very effective. In the following
we prove the existence of much better error correcting codes.
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Claim7.1.4 LetW C {0,1}™ be a set of vectors with parwise Hamming distance at least
2c + 1. Let C be an injective mapping frofd, 1} to W. ThenC is a c-error-correcting code.

Proof : Let us assume thdl is notc-error-correcting. This means, that there exists a vector
x € {0,1}™anda,b € W with H(a,x) < candH(x,b) < c. Since the Hamming distance is
a metric, it satisfies the triangle inequality. This implieé&a,b) < H(a,x) + H(x,b) < 2c,
which is a contraction to the choice 9f. O

Now we prove the existence of a good error correcting code. Our approach is based on the
above claim and constructs the set of codewddsom {0, 1}™ incrementally. Once we have
W, we setn = |log|W/|| and defineC to be an arbitrary injective mapping frof®, 1} to W.
The interesting question is how areandn related.

We begin withX = {0, 1}™ as the set of candidates for our codewords an#éet (). Then
we take an arbitrary codeword € {0, 1}™ and put it intoW. We remove all wordsa € X from
X with H(x,w) < 2¢. Then we take the next codeword fro¥nand again remove all words
within Hamming distance at mogt. We proceed untiX is empty. Clearly, the words iw
have pairwise Hamming distance at leas#- 1 and so the resulting codedserror-correcting,
i.e. it receives am-bit string and encodes it as an-bit string that allows decoding in the
presence of upto errors. The question is, how large (small?yisThe relation between and
m tells us, how much overhead is required for ensuring error tolerance.

To find out the size ohh we have to compute a lower bound on the sizéAf This is
achieved as follows. We know that in the beginniXidas2™ bit vectors. Each time when
we add a new code words we eliminate all codewords within Hamming disfanakit. If B
denote the number of words within Hamming distandeom a vectorx, then we know that
W > 2™/B. So, it remains to determine an upper boundBorB is simply the number of
words inside a Hamming ball of radids around a vectok. By symmetry, we can simply
assume that = (0,0,...,0). Then a word is inside a Hamming ball of radilts if it has at
most2c ones. The number of these words is given by

2c
m m m-e.2
B:Z(i) S2C'<2c> <2 ()T
i=0

In the following, we will definec = <2, i.e. we allow error linear inm.. In this scenario, we

can use at mogtlog W | bits for our code. For simplicity, we will ignore the rounding errors.
We have

log —
9%
m —logB

logW

m— (2¢ - log mz—ce +log(2¢))
m —4c - log m-e

2c
m/2

v

v

v

for our choice of.
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Theorem 25 For anyn there exists af;3*-error-correcting code that requiresi = O(n) bits
per codeword.

Now we can use error correcting codes to obtain a space lower bound for approximating the
number of distinct elements with a deterministic streaming algorithm. For the proof, we need
an error correcting cod€, whose codewords have exactty/2 ones. Sin0€(m”/‘2) is at least

2m-logm e can use a similar construction as above to prove that there exigty-amror-
correcting code whose codewords all hang2 ones (assumingy > 4). We assume that we
have such a cod€. Letc* = ;5;. We assume that there is a deterministic algorithrthat
takes a stream of elements frdih= {1, ..., m}, useso(m) bits of memory, and computes a
factor(1+ c*) approximation of the number of distinct elements in the stream, i.e. it computes
a valueF, such thaff, < Fo < (14 c*)Fp. In order to compress an arbitrary stripge {0, 1}™

into a small string, we appl to the set of items encoded I6}(y) and store the final state
s(y) of A usingo(m) = o(n) bits (sincem = O(n)). Using algorithmA we can now recover

y from s(y) in the following way. We choose a stringe {0, 1}™ with exactlym/2 ones and
apply A to the set of item encoded kystarting in states(y). Clearly, the output value is a

(1 + c*)-approximation for the number of distinct elements given by the union of the elements
encoded byC(y) andz. If C(y) = z then there aren/2 distinct elements and so the algorithm
returns a number between/2 andm/2 + c*m/2. On the other hand, H(C(y),z) > S5
thenA computes a value of more tham/2 + ¢* - m/2. We try all choices for until we find a
vectorz such that the algorithm outputs a number not bigger tha@ + c*m/2. Clearly, for
thisz we haveH(C(y),z) < $58. SinceC is $5g-error-correcting we can obtainfrom C(y).
Hence, algorithmA cannot exist.

Theorem 26 There exists a constant such that any deterministic streaming algorithm that
approximates the number of distinct elements in a stream of element$lfrom, m} upto a
factor of (1 4 c*) requiresQ)(m) bits of memory.

7.2 Lower Bounds for Randomized Algorithms

In this section we will derive some lower bounds for randomized streaming algorithms. Our
first step is to prove that there is no randomized algorithm that computes the number of distinct
elements in a stream of elements fram= {1, ..., m} usingo(m) space.

The general proof idea is similar to the lower bound proofs for deterministic algorithms. We
will show that the existence of a streaming algorithm implies that we can compress an arbitrary
n-bits string usingo(n) bits. Let us assume that there exists a randomized algovthhmat
compute the number of distinct elements in a stream of elementsireni1, ..., m} exactly
with error probability at most /4 usingo(m) space. Running a constant number of copies of
the algorithm and taking the median of the resulting output values we can amplify the success
probability to an arbitrary constant. We will use the error correcting €offem the proof of
the previous theorem and assume that the error probability of our algorithm is attyést
Given an arbitrary vectog € {0,1}" let S, C U be the set of items that is described by the
characteristic vecto€(y). For each se§, let us define a unique streasy, ..., s, m/; as
the setS, in increasing order. We feed this stream to algorithnand store its state using
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o(m) = o(n) bits. We show that there exists a choice of random coins such that one can
retrievey from this internal state for a constant fraction of vectgrs {0, 1}™. This implies
that we can stor®(n) bits usingo(n) bits, a contradiction.

In order to retrievey from the internal staté, we proceed as follows. For evejye U we
run algorithmA starting in state on the stream consisting of the single elemeiitthe output
value ism/2 then we set; = 0. Otherwise, we set; = 1. For a fixed stream,, 1,...,Sym/2,j
we know thatA has error probability at most /4 and soz; = C(y); with probability at least

1—c*/4. This implies that if we choose the= U uniformly at random and consider the stream

Su.l,-- -, Sym/2,) we still have success probability at ledst c* /4.
Now letp; denote the probability that algorith/ started in staté on a randonj € U has
an error. Since the overall probability of error for stresm, ..., sym/2,j IS

D Priil-pi<c/4

we obtain that there exists a sub$edf states with) ., Pr[i] > 1/2 andp; < c¢*/2 for all

i € 1. For any state il we have that the expected number of errors is at mig& - m. By
Markov inequality, with probability at leadt/2 we have less thaa* - m errors. In this case,
we can reconstrugf from z. Since this case occurs with probability at legst we know that
there is a choice of random coin tosses which workd fdrof the vectorgy. Hence A cannot
exist.

Theorem 27 Any randomized algorithm that computes the number of distinct elements in a
stream of elements from a univef8e. .., m} with probability at leasB /4 requiresQ (m) bits
of memory.

7.2.1 Lower Bounds for Randomized Computation of the Second
Frequency Moment

In a similar way as above we can also prove that one cannot solve the following problem with
a randomized streaming algorithmafim) space. We are given a streammf2 + 1 elements,
where the firstm/2 elements are distinct elements from a set= {1,..., m} and the last
element is an elemente U. The goal is to output whether elemandccurs among the first
m/2 elements or not. We will call this problem the indexing problem and reduce it to the
computation of the second frequency moment (via an intermediate problem).

Definition 7.2.1 (Gap Dot Product) In the gap product problem we are given access to a data
streamsoy, ..., 0, with pairs of elements; = (u,j), whereu € U = {1,...,m} and

j € {1,2}. The stream encodes two multisets of elements. The mutiset{u : o; =
(u,1)forsomejandU = {u : oy = (u,2) for some}. We usefy and f denote the fre-
guency vector of andl, respectively. The gap dot product problem is to accefft, ify = 0

and reject, iffy - fy > A. If 0 < fy - fy < A the algorithm may accept or reject.

We will prove that a special case of the gap dot product problem is hard.
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Lemma 7.2.2 Let us restrict the dot product problem to instances, whekd|3 = ||ful|? =
m/2 and whereV only contains distinct elements. Then solving the dot product problem with

probability at least3 /4 for A = (%) 12 requiresQ(m) space.

Proof :  We can reduce the indexing problem to the restricted dot product problem in the
following way. Let us assume that algorithnsolves the dot product problem with probability

at least3/4. Then we can usé to solve the indexing problem. The firsi/2 elements
o1,...,0m/2 are passed té as pairs(oi, 1). Then the last elemerntof the stream is read.

For this element we appengm/2 copies of the fornii, 2) to our stream. Since the first/2
elements are distinct, we hajjéy||5 = ||fv||3 = m/2. Now observe thaty, - fy = 0, if i does

not occur among the firsh/2 elements andy, - fy = A, if it appears among the first/2
elements. Hence, the dot product problem decides the indexing problem. Thus algarithm
requiresQ)(m) space. O

To prove that the second frequency moment is hard to compute, we reduce the restricted gap
dot problem to it. Assume we have an algorltI?Prrthat computes &l + €)-approximation
to the second frequency moment for some vaiu:e S ie. a vaIuer such thatF, < Fz <
(1 + €) - F,. Given access to a stream for the restrlcted dot product problem, we compute the
second frequency moment of the multiét U = {u : o5 = (u,1) or o5 = (u,2)}. We use
the equality
[fu+ fvllz = [Ifull3 + [Ifvli3 +2 - fu-fv .

Since we know thatfy||3 = ||fv||3 = m/2 we have
||fu+fv‘|%=m‘|‘2fuf\/ .

Since we know that for the restricted gap dot problem we Hdve fv||5 € {0, m/2} we
get that||fuuv|| < 3m/2. This implies that|fy,v|| is approximated with additive error at
MOostA/4 = zie Hence, alsdy, - fy is approximated upto an additive error©fA/4, which
solves the restricted dot product problem for approximation pararadtee can accept, if the
approximated value is at moat/4 and reject, if it is larger). This implies tha requires
Q(m) = Q(1/€?) space.

Theorem 28 Any randomized streaming algorithm that approximates the second frequency
moment upto a factor dfl + ¢) with probability at leasB/4 requiresQ(1/¢e?) space.
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