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1 Introduction

Maybe the most significant change in computer systems in the last 20 years was caused by the
interconnection of computers, in particular, via the Internet. This new technology allows us now
to communicate with other people all around the world using, for example, email, VoiceOverIP,
or ICQ. We can also access all kind of information via the World Wide Web. However, these
new possibilities also raise new questions. How can we search in collections of documents as
large as the World Wide Web? How can we monitor internet traffic to quickly find out about
malicious behaviour like spreading worms or viruses? Search engine providers offer a wide
variety of tools to search in the web. These tools are already very effective and the building
ground of a multi-billion dollar industry. However, there are also many unsolved problems.
For example, if we are searching for words that have multiple meanings like ’Jaguar’, then we
are getting as a result a mix of web pages about the car and the animal. Searching for images
and movies is only possible, if users have provided the right textual descriptions. Searching
the web for local information as, for example, ’pubs in bonn’ is not yet very well supported.
It may be an interesting service to allow queries for English (Chinese, Russian,...) webpages
using German keywords. Ideally, the search engine could provide automatic translations of the
content. In summary, there are still many ways to improve the current technology.

From the point of view of an algorithms person the above setting raises the general question
how we can deal with data sets too large to be stored completely (like network traffic or the
World Wide Web). Often these huge data sets occur in the form of data streams, for example,
streams of packets at a router or streams of queries at a search engine. In this course we will
develop algorithmic methods to deal with these kind of problems.

1.1 An Example: Determine the Number of Users of a Search
Engine

Imagine we run a query engine and we are interested in the number of users that use it. How
can we obtain an estimate for this number? Obviously, there is no direct way of counting
different users, because people do not have unique IDs like a user name or so. However, it is
easily possible to find out the IP address of the computer from which the query is submitted.
IP addresses can change and different users may use the same computer, but still the number
of different IP addresses gives us a good estimate of the number of different users of our query
engine.

Our first step will be the development of a model of computation for this scenario. We will
assume that our search engine is run on a single computer. Queries arrive sequentially and at
high rate. With each query there is an IP associated and IPs come from a fixed universe. Thus,
we can model our scenario as follows. Our input consists of a sequenceσ = (σ1, . . . , σn) of
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items that come from a fixed universeU, i.e. the items correspond to IP addresses. We can
view the stream as a sequence of insertions of itemsσ1, . . . , σn in some setZ. For this reason,
we also call such a dat stream aninsertion-only stream. In our case, we are interested in the
number of distinct items in this sequence. In a standard model of computation we can solve
this problem easily by first sorting the sequence and then counting the number of distinct items
with one linear scan over the data. However, sorting requires random access to the data. This
is only possible if the data is stored in main or secondary memory. But in our case this is
hardly possible. A search engine must handle so many queries that we cannot even store one
IP for each query.1 Thus, we need a different approach. We will trade the space used by our
algorithm against accuracy, i.e. we will try toapproximatethe number of distinct items rather
than computing it exactly. Thus our algorithm is supposed to maintain a small summary of the
data already seen and this small summary should easily fit into the main memory of a standard
PC, because we might want to maintain different statistics at the same time, which alltogether
must be kept in main memory. Thus the interesting question is what approximation can we
guarantee under our space restriction or, equivalently, how much space is required, if we want
to guarantee a certain approximation quality (the latter formulation is what we typically look
at in the theory community).

Besides space efficiency, we also have to ensure that we can quickly process each data item.
Otherwise, our algorithm will significantly slow down the search engine, which is something
that must be avoided by all means. We can summarize that we are looking for an algorithm that

(a) processes data items in order of arrival,

(b) uses small space, and

(c) has fast per-item processing time.

Depending on the application different values for space and per-item-processing time may
be tolerable. For example,O(

√
n) space will suffice for many applications, but ideally we only

require logO(1) n bits of memory. Thus, we will typically require that a streaming algorithm
uses a polylogarithmic amount of memory in the length of the stream. Most of the time we will
measure memory requirements in bits. In some situations however, it will be more convenient
to talk about memory cells and assume that memory cells contain real numbers. In a similar way
to space complexity, we require that the per-item processing time is logO(1) n. If an algorithm
requires more space or processing time we discuss this in detail.

1.1.1 A Different View of Insertion-Only Data Streams

We now want to introduce a different view on insertion-only data streams. This view will be
helpful in many situations and show analogies to other areas such as dimensionality reduction
via the Johnson-Lindenstrauss Lemma.

Our items come from a fixed universeU and we can view our stream as insertions of items
from U into a multisetZ. For simplicity we will assume thatU = {1, . . . , |U|}. We can

1It should be noted that this is an idealized version of reality. Indeed, search engine providers maintain query
logs that contain the IP of every query. However, these logs are huge and cannot be accessed quickly, so that
sorting such a log by IP addresses is not really an option.
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describe the current status of setZ as a|U|-dimensionalfrequency vectorf = (f1, . . . , f|U|)

that contains for each item inU its multiplicity in Z. For example, when we consider the
streama, a, d, c, c, a with items from the setU = {a, b, c, d} we can view the current status
of the stream as a4-dimensional vectorf = (3, 0, 2, 1), where the first entry corresponds to the
number of occurences of itema, the second entry to the number of occurences ofb, and so
on. Having this view of thecurrent status of a streamthe arrival of an item translates into an
increment of one of the entries in this vector. In our problem we are interested in the support
of the setZ or, equivalently, the number of non-zero entries ofv. We denote this number
sometimes as

F0 =
∑

1≤i≤|U|

f0
i ,

using the convention the00 = 0 and call it the0-th-frequency momentof the stream. Obviously,
the0-th frequency moment is the number of distinct items in the stream. Thek-th frequency
moment is then defined similarly as

Fk =
∑

1≤k≤|U|

fk
i .

The 1-st frequency moment is simply the number of items in the streamn. The frequency
moments of a stream belong to the best studied problems in the area of data streaming. Right
now, we will focus on the0-th frequency moment, i.e. the number of distinct elements in
the stream. However, later in this course we will also learn how to approximate higher order
frequency moments. Obviously, it is easy to maintain the1-st frequency moment using a single
counter withO(logn) bits of memory.

Our new view of things suggest that we should work with the setU rather than individual
items. This turns out to be quite helpful. For simplicity, let us first assume that the items (not
their frequencies) in the stream are chosen uniformly at random fromU. In other words, we are
given a frequency vector and for each entry we choose the corresponding element uniformly
at random fromU. The sequence itself is given by an adversary. How can we learn about
the number of distinct items in this case? We have that the non-zero entries are distributed
uniformly in our frequency vectorf. We know thatf is |U|-dimensional and hasF0 non-zero
entries. Thus we can expect that the smallest non-zero dimension inf is around|U|/F0 (we will
quantify this more precisely later). Thus, if we remember the indexi of the smallest non-zero
entry inf we can output̃F0 ≈ |U|/i as an estimator for the number of distinct elements.

The remainder of this section is devoted to making the above idea more precise. We start by
calculating the expected minimum ofn numbers chosen uniformly at random from the interval
[0, 1]. We first determine the distribution of the minimum value of then random points. To
do this, we recall that a continuous distribution is described by aprobability density functionf
over its domain (in our case the interval[0, 1]). We also recall that for a random valueX chosen
from [0, 1] according to our probability density functionf we have

Pr[X ≤ k] =

∫k

0

f(x) dx .

We are chosing points uniformly at random from[0, 1], so our probability density function is
the constant1-function, i.e.f(x) = 1 for all x ∈ [0, 1].
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We would now like to determine the probability density function of the minimum value ofn

points chosen uniformy at random from[0, 1]. Let g denote the probability density function of
this distribution. What is the value ofg(x)? We know thatx is the minimum value among the
n points, iff there is a point atx and alln − 1 remaining points have a at leastx. Since any of
then points can attain the minimum value atx we obtain

g(x) = n · f(x) ·
(∫ 1

x

f(x) dx

)n−1

= n ·
(
1 − x

)n−1
.

The expected value ofX is then given by

E[X] =

∫ 1

0

x · g(x) dx

=

∫ 1

0

x · n · (1 − x)n−1 dx

=

[
−

(1 − x)n · (nx + 1)

n + 1

]1

0

=
1

n + 1
.

Our next step is to show thatX is concentrated around its expected value, i.e. with probability
at least7/10 we have1/(4n) < X < 4/n. We first calculate the probability thatX is at least
4/n.

Pr[X ≥ 4/n] =

∫ 1

4/n

n · (1 − x)n−1 dx

=
[
− (1 − x)n

]1

4/n

=
(
1 −

4

n

)n

≤ 1/e4

≤ 1/20

Then we need the probability for the eventX ≤ 1/(4n).

Pr[X ≤ 1/(4n)] =

∫ 1/(4n)

0

n · (1 − x)n−1 dx

=
[
− (1 − x)n

]1/(4n)

0

= 1 −
(
1 −

1

4n

)n

≤ 1 − 3/4

= 1/4

Since1 − (1/20 + 1/4) ≥ 7/10 it follows
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Lemma 1.1.1 Let Y1, . . . , Yn be n random numbers drawn independently and uniformly at
random from[0, 1]. LetX = min1≤i≤n Yi. ThenE[X] = 1/(n + 1) and

Pr[1/(4n) ≤ X ≤ 4/n] ≥ 7/10 .

Now we want to implement the above observation as follows. Our algorithm selects a random
function h : U → [0, 1], such that every element fromU is mapped to a location chosen
independently and uniformly at random from[0, 1]. The algorithm maintains the minimum
valuem of theh(σi) seen so far. Upon arrival of an itemσi ∈ U in the data streamh(σi) is
computed and compared to the current value ofm. If h(σi) is smaller thanm we setm to the
valueh(σi). Otherwise, we keep our value ofm. In the end we output1/m as an estimate for
the number of distinct items. We summarize the algorithm below.

DISTINCTELEMENTS(σ)
1. Choose functionh such that every element fromU is mapped to a location

chosen independently and uniformly at random from[0, 1]

2. m =∞
3. for each itemσi in the input streamdo
4. if h(σi) < m then m = h(σi)

5. output F̃0 = 1/m

From our discussion above it follows that with probability at least7/10 we haveF0/4 ≤
F̃0 ≤ 4 · F0 . Hence, our algorithm computes with probability7/10 a16-approximation of the
number of distinct elements in the stream. The algorithm processes each item in constant time.
Ignoring the space required to storeh it usesO(1) memory cells.

Theorem 1 Algorithm DISTINCTELEMENTS computes a16-approximation of the number of
distinct elements in a data stream. It processes each item inO(1) time and usesO(1) space
plus the space required to store the functionh.

Discussion. We have developed a first data streaming algorithm that already contains many
of the ingredients that are used in this area. First of all, the algorithm is randomized. Random-
ization plays a crucial role in most data streaming results. However, also a surprisingly large
number of deterministic data streaming algorithms exist. One of the main difficulties in data
streaming lies in a problem that we have hidden in the choice of the functionh. The first prob-
lem is that we map into the continuous space[0, 1]. We can easily deal with this problem by dis-
cretizing the space. The bigger problem lies in the assumption thath maps each element from
|U| uniformly and independently to a number in[0, 1] (or in our discretization of this interval).
To store such a functionh we would need|U| memory cells. Since|U| is typically larger than
n, we need more space that necessary to store the whole input stream! Even if we replace[0, 1]

by some discrete space[0, .., M] and we choose our functionh such that it maps each element
from U independently and uniformly to[0, ...,M] we requireΩ(|U| logM) bits. This follows
from the fact that we can choose any total function fromU to [0, ...,M] and there are|M||U|

many of these functions and so to address them we need at least log(|M||U|) = Ω(|U| logM)
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bits. One of the main technical difficulties in data streaming is to show that one can choose
h from a smaller set of functions such thath can be represented using only a small number
of bits. However, there are general results saying that in most cases this is only a technical
obstacle and it is enough to consider functions with ideal properties likeh has. In the first part
of this course we will therefore ignore these issues and assume that we have access to these
ideal functions.

1.2 More Streaming Models

Besides the insertion-only model, there are a number of other models for data streaming that
model different application scenarios. In this course we will consider two more models: The
sliding window modelanddynamic data streams.

1.2.1 The Sliding Window Model

In the last section we have developed an algorithm to approximate the number of users of a
search engine. The streaming algorithm maintains an approximation of the overall number of
users over the whole stream. In some situations, however, we are only interested in the number
of users in a certain time-window, for example, during the last 10 days. Such queries cannot be
answered with our previous algorithm. Since this type of question occurs in many scenarios, we
will formulate a streaming model for it. We will assume that items occur at roughly the same
rate in our stream, such that computing a statistic over a certain time window is (essentially)
equivalent to computing a statistic over the lastN items seen in the stream. Thus, we are given
access to an input stream of items and we are, for example, interested in the number of distinct
items among the lastN item seen. This model is called thesliding window model.

Formally, in the sliding window model the input is a streamσ = (σ1, . . . , σn) of items from
a universeU. We are interested in maintaining statistics of the lastN itemsσn−N+1, . . . , σn.
Similarly to the insertion-only model we have sequential access to the stream and, typically,
logO(1) n space.

A Basic Counting Problem. We consider the following basic problem. We are given a binary
stream, i.e.U = {0, 1} and we would like to approximate the number of ones in the sliding
window of the stream. While this problem can be trivially solved for insertion-only streams
with a single counter that usesO(logn) bits, the problem in the sliding window model is that
when the sliding window moves we do not know whether a zero or one leaves the window. It
can be shows that one needsΩ(n) space to count the number of ones in the windowexactly.
The motivation to study the basic counting problem is that it provides a very basic tool and
that the algorithmic technique of the algorithm we develop below is used quite frequently for
algorithms in the sliding window model. Besides, the algorithm may be used to count the
number of certain events (for example, packet losses) in a certain period of time.

Notation. We call an elementσi of the data streamactive, if it is in the sliding window, i.e.
within the lastN elements seen. Thetime stampof an element is its position from the right

12



among all elements that appeared to so far in the stream, i.e. the current element has time stamp
one.

Idea behind the Algorithm. Our algorithm maintains a histogram for the active ones in the
stream. A histogram is a collection of non-intersecting buckets that cover the sliding window.
For each bucket we maintain the number of ones inside it and the time stamp of the rightmost
element within the bucket. If the time stamp of a bucket is at leastN + 1 then all its ones are
outside of the sliding window. Thus we do not need it any more and delete it.

Let Ci, 1 ≤ i ≤ m denote the number of ones in thei-th bucket sorted by time stamp. We
will also callCi to be thesize of bucketi. We definẽN1 = Cm

2
+
∑

1≤i≤m Ci to be our estimation
for the number of ones inside the sliding window. What is the error of this estimator? The only
bucket that may contain ones that are not inside the sliding window is bucketm. Since our
buckets cover the sliding window and since bucketm is the only bucket that may contain ones
outside of the window, the additive error of our estimator is at most±Cm/2.

A (1+ε)-Approximation Algorithm. We now would like to design a subdivision into buckets
that guarantees that our additive error translates into a multiplicative approximation guarantee
of (1± ε).

We know that the number of elements inside the sliding window is at least

1 +

m−1∑
i=1

Ci ,

because the buckets1 to m − 1 are completely contained in the sliding window and bucketm

has at least a single one within the window. Therefore, the algorithm makes a relative error of
at most

Cm

2 · (1 +
∑m−1

i=1 Ci)
.

We want to select the bucket sizes in such a way that the relative error is at mostε, i.e.

Cm

2 · (1 +
∑m−1

i=1 Ci)
≤ ε .

Since it may happen that the current stream is followed by a stream consisting only of zeros, we
have to ensure that the above property is satisfied for every bucketj in the stream that contains
more than a single one (if a bucket contains only a single one, this one is contained inside the
sliding window until the bucket expires and so the bucket does not induce any error), i.e.

Cj

2 · (1 +
∑j−1

i=1 Ci)
≤ ε . (1.1)

To achieve this, we maintain the following invariant.

(i) C1 ≤ C2 ≤ · · · ≤ Cm

(ii) Cj ∈ {1, 2, 4, . . . , 2m ′
} for somem ′ = O(logN)
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(iii) Every bucket size except for the size of the last bucket occurs eitherd1/εe or d1/εe+ 1

times.

Let Cj = 2r denote the size of thej-th bucket. Ifr = 0 there is nothing to prove and so
we can assumer ≥ 1. Our invariant implies that there are at leastd1/εe buckets of sizes
1, 2, 4, . . . , 2r−1 with index smaller thanj. This implies that

2 · (1 +

j−1∑
i=1

Ci) ≥ 2 · (1 + d1/εe(2r − 1))

≥ 2r+1 − 2

ε
≥ 2r/ε

sincer ≥ 1. This implies inequality 1.1 sinceCj = 2r.
We next analyze the maximum number of buckets created by the algorithm. Clearly, the

maximum bucket size isN. Therefore, we can have at most logN different bucket sizes. For
each bucket size we can have at mostd1/εe + 1 buckets. Therefore, the overall number of
buckets is at mostO(logN/ε). For each bucket we store its size and its time stamp. Both
values are at mostN and soO(logN) bits suffice to represent them. Overall, our algorithm
requiresO(log2 N/ε) space.

We summarize our algorithm below.

0-1-COUNTING

1. Update the time stamps of the buckets
2. if the time stamp of the last bucket exceedsN, delete this bucket.
3. If the new element is a0, ignore it. Otherwise, create a new bucket of size1 and with

time stamp1.
4. Traverse the list of buckets in increasing order of time stamps. If there ared1/εe+ 2

buckets of the same size, then join the two oldest (with respect to time stamp) to create
a new bucket of the next larger size. This may lead to a cascade of such mergers.

An update operation takesO(logN/ε) time since we have to update the time stamp of every
bucket. Similarly, an estimate for the number of ones can be computed inO(logN/ε) time.

Theorem 2 Algorithm0-1-COUNTING computes a(1+ε)-approximation for the 0-1-Counting
Problem. It usesO(log2 N/ε) bits of memory and performs updates and answers queries in
O(logN/ε) time.

1.2.2 Dynamic Data Streams

A third data streaming scenario that occurs in some situations is that of dynamic data streams.
A dynamic data stream consists of INSERT and DELETE operations of items from a universe
U = {1, ..., |U|} into the current (multi)set of itemsZ. Each item may occur with multiplicity
upto M. We will assume that dynamic data streams areconsistent, i.e. no item is inserted
more thanM times and no item is deleted when no copy of it is present inZ. Dynamic data
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streams can be used to model most kind of update operations. For example, our universe could
be a discretization of the plane and items correspond to moving objects. We can update the
position of an object by first deleting it at its old position and then reinserting the object at its
new position. In a similar way, we can model updates in large database systems or financial
transactions.

Similar to the insertion-only model and the sliding window model, we are looking for algo-
rithms that process the stream (sequence of insert and delete operations) sequentially and that
uses space polylogarithmic in the size of the universe andM.

Like for the sliding window model, we will also consider a basic problem that has no direct
applications but occurs in important other problems as a subroutine. We would like to find a
data structure that can be used to output the current setZ, if Z ≤ k for some constantk known
in advance. IfZ > k the algorithm outputs this as well. We call this problem thek-set problem.
We restrict our attention to the caseM = 1, i.e. every item occurs at most one time inZ. The
difficulty is that we may have a stream that first inserts many items intoZ and then deletes most
of them. Our goal is to find out, which items remain.

Let us consider the casek = 1, which is easy. We can simply count the number of items
currently inZ by maintaining a single counterC, which is increased with every insert operation
and decreased with every delete operation. To obtain the element it is sufficient to maintain the
linear sumL of all inserted elements. Thus we can summarize the algorithm as follows.

INSERT(q)
1. C = C + 1

2. L = L + q

DELETE(Q)
1. C = C − 1

2. L = L − q

REPORT

1. if C = 0 output <<’No item in current set.’;return
2. if C > 1 output <<’More than one item in current set.’;return
3. output <<’Current set is ’<< L

What can we learn from this simple example? First of all, we observe that in this case in-
sert and delete are inverse operations of eachother. This will be the case for every streaming
algorithm for dynamic data streams considered in this paper. In fact, to the best of our knowl-
edge every data streaming algorithm for dynamic data streams has this property and it seems
to be reasonable to conjecture that for every natural problem that can be solved in this model
there is an algorithm that uses insert and delete operations that are inverse to eachother. The
advantage of using operations that are inverse to eachother is that one can ignore the difficult
case sketched in the beginning of this section, i.e. we do not care whether our stream consists
of many insertions followed by many deletions or whether it is an insertion-only stream of the
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remaining items. This will be very convenient for the analysis, because it will suffice to deal
with the simpler insertion-only case.

Now we turn our attention towards the more general problem of findingk items. Our al-
gorithm will use the same trick as for theF0-approximation algorithm for the insertion-only
model. We will view the current setZ as a characteristic vectorf whose entries are from
{1, ...,M}, i.e. in our casef is a binary vector. Similar as in the casek = 1 we can keep track
of the numberF0 of non-zero entries inf. Thus, ifF0 > k we can simply output this and so
we just have to focus on the caseF0 ≤ k. We cannot immediately use our previous attempt
because in this case our linear sum consists ofk distinct values and we do not know how it de-
composes. So we are using the following trick. We subdivideU randomly into` = Θ(k2) sets
U1, . . . , U`. This makes it quite unlikely that any of these sets contains2 or more items. Thus,
if we apply our approach on the setsUi we obtain a streaming algorithm. The only problem is
how to store the subdivision ofU. If we store it explicitly, we require|U| logk bits of memory.
Therefore, we will again use a random functionh that mapsU to {1, ..., `} and we define our
setsUi = h−1(i), i.e. Ui = {u ∈ U : h(u) = i}. We remark that storingh will also require
|U| logk bits, but as we will see later in Chapter 3 this space can be significantly reduced.

Now assume that at a fixed point of time we havek items in our current setZ. What is the
probability thath maps two of them to the same setUi? Let us fixZ and two itemsx, y ∈ Z.
Clearly,

Pr[h(x) = h(y)] = 1/` .

Now, the union bound implies

Pr[∃x, y ∈ Z : h(x) = h(y)] ≤
∑

x,y∈Z,x 6=y

Pr[h(x) = h(y)] ≤
(

k

2

)
· 1

`
≤ k2

2 · `
.

If we choosè ≥ 5·k2 we get with probability at least9/10 that all elements from the current
Z map to different locations. Therefore, if we apply our algorithm for one element to each of
the setsUi we obtain a solution for thek-set problem (withM = 1). The algorithm maintains
the functionh and` countersC1, . . . , C`. and anotherell counterL1, . . . , L`.

INSERT(q)
1. Ch(q) = Ch(q) + 1

2. Lh(q) = Lh(q) + q

DELETE(Q)
1. Ch(q) = Ch(q) − 1

2. Lh(q) = Lh(q) − q

REPORT

1. if ∃i : Ci > 1 then output <<’Algorithm fails.’; return
2. else
3. output <<’Current set is ’;
3. for i = 1 to ` do
3. if Ci = 1 then output << Li
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Since each element of the universe is at most inserted once into our current setZ, we know
thatCi ≤ |U| andLi ≤ |U|2. It follows that each counter requiresO(log |U|) bits of memory.

Theorem 3 There is a streaming algorithm for thek-set problem that at any point of time with
probability at least9/10 reports the current setZ, if |Z| ≤ k. The algorithm usesO(k2 · log |U|)

bits of memory plus the space required to storeh.

In contrast to the algorithm forF0-approximation in insertion-only data streams, the algo-
rithm above recognizes when it makes an error and outputs a faiure message.

1.3 Outline

So far, we have introduced the three different streaming models that will be used in this course:
Insertion-only streams, the sliding window model, and dynamic data streams. Our next step is
to develop the basic techniques that are used in this area. The first such technique is uniform
random sampling from the elements of the stream and will be discussed in Chapter 2. We will
use uniform sampling in the context of the heavy hitter problem, i.e. the problem of finding
elements that occur very often in the data stream. In this context we will also introduce some
analytical tools like Markov inequality, Chebyshev inequality and Chernoff-Hoeffding bounds.
Then we will apply these techniques to the analysis of random sampling in the context of
clustering. This will provide us with a first algorithm to cluster data streams.

In Chapter 3 we discuss another important approach to data streaming, namely the use of
hash functions and random projections. We will again consider insertion-only streams as oper-
ations on a|U|-dimensional vectorf and map this vector to some other space using a function
h. For example, when we want to approximate the second frequency momentF2 we mapf ran-
domly to a low dimensional space. The Johnson-Lindenstrauss Lemma tells us that the second
frequency moment of this projection can be used as an approximation forF2.

In Chapter 4 we consider an important paradigm that can be used in many situations to
develop deterministic data streaming algorithms. If we can find an algorithm that computes a
small space representation of an input set such that (i) the union of two such representations is
again a small space representation and (ii) the we can apply our algorithm to this union again
to reduce the size of the representation, then the merge and reduce paradigm essentially gives
us immediately a streaming algorithm for this problem.
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2 Uniform Random Sampling

In this chapter we will consider the first important technique in the area of data streaming:
Uniform Random Sampling. The idea is very simple. If we cannot store a data set, we simply
pick a small subset of the data uniformly at random and analyze this subset. The main questions
that we will address is how to pick a uniform random sample from a data stream and for which
problems we give provable guarantees using the random sampling approach.

2.1 Reservoir Sampling

The first problem we consider is how to maintain a random sample in the insertion-only model.
We will first develop a method known asreservoir samplingthat can be used to maintain a
random sampleS ⊆ Z of sizes of the current setZ. This method is used for sampling without
repetition. If we would like to take a random sample of sizes ′ with repetition, then we can start
s ′ parallel instances of the above algorithm withs = 1.

The basic idea of reservoir sampling is simple. We start taking the firsts vertices of the
stream as our sample set. Clearly, at this point of time the only sample ofs vertices froms

elements is to take all of them. When the next itemσi arrives we calculate the probability that
this element is in the sample set. This probability for this event is obviouslys/i. If the new
element is in the sample set, it must replace an old one. To preserve the uniform distribution,
we simple replace an element chosen uniformly at random from the sample.

RESERVOIRINSERT(σi, s)

S: Current sample set
s: sample size
1. if i < s thenS = S ∪ σi

2. else
3. Choose a numberx uniformly at random from[0, 1]

4. if x ≤ s/i then
5. Choosey ∈ S uniformly at random
6. S = S \ {y} ∪ {x}

To formally prove the correctness, we have to show that for any fixed setR of s elements
from σ1, . . . , σn we havePr[S = R] = 1/

(
n
s

)
. We first prove this for the cases = 1. In this

case we haveR = {σi} for some1 ≤ i ≤ n. We haveR = {σi} after all elements have been
processed, iffσi has been chosen as a sample element when it is processed and no other element
that appears later in the stream has also been selected. The probability thatσi is selected is1/i.
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The probability that thej-th element (forj > i) is not selected isj − 1/j. Hence,

Pr[S = R] =
1

i
·

n∏
j=i+1

j − 1

j
=

1

i
· i

n
=

1

n
.

Now let us consider the general case. The proof is by induction over the length of the stream.
The base case is a stream of lengthn = s. In this case, we haveS = R with probability
1 = s/n. Now assume that aftern − 1 elements for every fixed setR we have

Pr[S = R] =
1(

(n−1)
s

) =
s! · (n − 1 − s)!

(n − 1)!
.

Now we want to prove that after processingσn we have for each setR ⊆ {σ1, . . . , σn} of
cardinalitys a probability of s!·(n−s)!

n!
. We distinguish between the cases (a)σn /∈ R and (b)

σn ∈ R.

Case (a). Let us useX to denote the event thatS = R after itemσn−1 has been processed. By
the above discussion we havePr[X] = s!·(n−1−s)!

(n−1)!
. Let us useY to denote the event that after

processing ofσn we haveS = R. Clearly,Y happens only ifX happens and itemσn is not
taking into the sample. Therefore, we have

Pr[Y] = Pr[X] · Pr[Y|X] =
s! · (n − 1 − s)!

(n − 1)!
· Pr[Y|X] .

Next we observe thatPr[Y|X] = 1− s/n, sinceY happens conditioned onX, iff σn is not taken
into the sample set. Therefore, we have

Pr[Y] =
s! · (n − 1 − s)!

(n − 1)!
· n − s

n
=

s! · (n − s)!

n!
=

1(
n
s

) .

Case (b). Let us callX the event thatR ∩ {σ1, . . . , σn−1} ⊆ S after processing itemσn−1

and let us callY the event thatS = R after processing itemσn. Again we observe thatY only
happens, ifX happens and so we obtain

Pr[Y] = Pr[X] · Pr[Y|X] .

To determinePr[X] we observe that in this cases − 1 elements ofS are fixed afterσn−1 has
been processed. Thus only one element ofS is not fixed and there aren − 1 − (s − 1) choices
for this element. By induction hypothesis, each of these choices has a probability of1/

(
n−1

s

)
and the corresponding events are disjoint. Thus, we obtain

Pr[X] =
n − s(

n−1
s

) =
s! · (n − 1 − s)! · (n − s)

(n − 1)!
=

s! · (n − s)!

(n − 1)!
.

To determinePr[X|Y] we observe that this event happens, iffσn is chosen to be inS and the
only element ofS that is not inR is evicted fromS. Therefore,

Pr[X|Y] =
s

n
· 1

s
=

1

n
.
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Finally, we obtain

Pr[Y] =
s! · (n − s)!

(n − 1)!
· 1

n
=

1(
n
s

) .

We summarize our findings in the following theorem.

Theorem 4 We can compute a sample ofs elements taken uniformly at random with or without
repetition from{σ1, . . . , σn} in the insertion-only data streaming model. Both algorithms (sam-
pling with and with repetition) useO(s) memory cells. A single element is processed inO(1)

time for samples without repetition and inO(s) time for samples with repetition. Returning a
reference on the sample set requiresO(1) time.

Proof : The space requirements and running time follow immediately from the algorithms’
descriptions. 2

2.2 Tools for the Analysis of Randomized Algorithms

In this section we discuss a few basic inequalities for the analysis of randomized algorithms:
Markov inequality, Chebyshev inequality, and Chernoff/Hoeffding bounds. We will apply
Chebyshev inequality and Chernoff/Hoeffding bounds to analyze the quality of our streaming
algorithm for the relaxed heavy hitter problem.

2.2.1 Markov Inequality

One of the most basic inequalities in probability theory is Markov inequality. Essentially,
Markov inequality states that if we the average ofn non-negative numbers isµ, then there can
be no more thann/k numbers that are bigger thank · µ.

Theorem 5 (Markov inequality) LetX be a non-negative random variable. Then we have for
k > 0:

Pr[X ≥ k] ≤ E[X]/k .

Proof :

Pr[X ≥ k] =
∑
x≥k

Pr[X = x] =
1

k
·
∑
x≥k

k · Pr[X = x]

≤ 1

k
·
∑
x≥k

x · Pr[X = x] ≤ 1

k
·
∑
x≥0

x · Pr[X = x] =
E[X]

k

2

Settingk = ` · E[X] we obtain

Corollary 2.2.1 LetX be a non-negative random variable. Then we have fork > 0:

Pr[X ≥ ` · E[X]] ≤ 1/` .
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A typical application of the above corollary in the context of randomized algorithms is as
follows. Suppose we have an algorithm with expected running timeO(n) ≤ cn for some
constantc. Since the running time of an algorithm is a non-negative random variable, we can
immediately apply Corrolary 2.2.1 and get that with probability at least9/10 the running time
of our algorithm is at most10cn.

2.2.2 Chebyshev Inequality

While Markov inequality only depends on the expectation of a random variable, we can get
better bounds, if we take the variance of the random variable into account. This is often done
using Chebyshev inequality, which is proved using Markov inequality.

Theorem 6 (Chebyshev-Ungleichung)LetX be a random variable. Then we have fork > 0

Pr[|X − E[X]| ≥ k] ≤ V [X]

k2
.

Proof :
Pr[|X − E[X]| ≥ k] = Pr[(X − E[X])2 ≥ k2]

From Markov inequality it follows that:

≤ E[(X − E[X])2]

k2
=

V [X]

k2
.

2

A typical application of Chebyshev inequality is as follows. Suppose we take a sample ofs

from a stream ofn non-negative numbers{σ1, . . . , σn} independently and uniformly at random.
Let M = max1≤i≤n σi. Let Xi denote thei-th random number taken. Then we have

Var [Xi] = E[X2
i ] − E[Xi]

2 ≤ E[X2
i ] ≤ M2 .

Since theXi are pairwise independent we get

Var [
∑

1≤i≤s

Xi] ≤ s ·M2 .

Then Chebyshev inequality gives us

Pr[|
∑

i

Xi − E[
∑

i

Xi]| ≥ ε · s ·M] ≤ s ·M2

ε2 · s2M2
=

1

ε2 · s
.

Therefore, if we chooses ≥ 1
δ·ε2 we obtain with probability1 − δ that our sum deviates from

its expectation by at mostεsM. Thus, the average value of our sum deviates at mostεM from
its expectation.
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2.2.3 Chernoff Bounds

Theorem 7 (Chernoff Ungleichung) LetX1, . . . , Xn be independent0 − 1-random variables
and let0 < ε < 1. Then we have

Pr[
n∑

i=1

Xi ≥ (1 + ε) · E[

n∑
i=1

Xi]] ≤ e− 1
3
ε2·E[

∑n
i=1 Xi] . (2.1)

und

Pr[
n∑

i=1

Xi ≤ (1 − ε) · E[

n∑
i=1

Xi]] ≤ e− 1
2
ε2·E[

∑n
i=1 Xi] (2.2)

Proof : We first prove Inequality 2.1. Leth > 0 be a value that is optimized later.

Pr[
n∑

i=1

Xi ≥ (1 + ε) · E[

n∑
i=1

Xi]] = Pr[h ·
n∑

i=1

Xi ≥ h · (1 + ε) · E[

n∑
i=1

Xi]] .

By monotonicity of thee-function we obtain

Pr[h ·
n∑

i=1

Xi ≥ (1 + ε) · h · E[

n∑
i=1

Xi]] = Pr[eh·
∑n

i=1 Xi ≥ eh·(1+ε)·E[
∑n

i=1 Xi]] .

Now we can apply Markov inequality and get

Pr[eh·
∑n

i=1 Xi ≥ eh·(1+ε)·E[
∑n

i=1 Xi]] . ≤ E[eh·
∑n

i=1 Xi]

eh·(1+ε)·E[
∑n

i=1 Xi]
(2.3)

Before we continue with the proof, we have to determineE[eh·
∑n

i=1 Xi]. By independence of
theXi we have

E[eh·
∑n

i=1 Xi] = E[

n∏
i1

eh·Xi]

=

n∏
i=1

E[eh·Xi]

Now letpi denote the expected value ofXi, which is equivalent toPr[Xi = 1] since theXi are
0 − 1−random variables.

n∏
i=1

E[eh·Xi] =

n∏
i=1

(pi · eh + (1 − pi))

=

n∏
i=1

(1 + pi(e
h − 1))

≤
n∏

i=1

epi(e
h−1)

= e
∑n

i=1 pi·(eh−1)

= e
∑n

i=1 E[Xi]·(eh−1)

= eE[
∑n

i=1 Xi](e
h−1) ,
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where the inequality follows from1 + x ≤ ex for all x. Together with 2.3 we get

Pr[
n∑

i=1

Xi ≥ (1 + ε) · E[

n∑
i=1

Xi]] ≤ e−h·(1+ε)E[
∑n

i=1 Xi] · eE[
∑n

i=1 Xi](e
h−1)

= e−(1+h·(1+ε)−eh)·E[
∑n

i=1 Xi]

Now we seth = ln(1+ε) as this value minimizes the right-hand side of the above inequality.
We get

Pr[
n∑

i=1

Xi ≥ (1 + ε) · E[

n∑
i=1

Xi]] ≤ e−(1+ln(1+ε)·(1+ε)−eln(1+ε))·E[
∑n

i=1 Xi]

= e(ε−(1+ε)·ln(1+ε))·E[
∑n

i=1 Xi]

We use the Taylor series expansion of ln(1 + ε), which is ln(1 + ε) =
∑

i≥1(−1)i+1 δi

i
. It

follows

(1 + ε) · ln(1 + ε) = (1 + ε) ·
∑
i≥1

(−1)i+1 εi

i

=
∑
i≥1

(−1)i+1 · εi

i
+ ε ·

∑
i≥1

(−1)i+1 · εi

i

= ε −
∑
i≥2

(−1)i · εi

i
+
∑
i≥1

(−1)i+1 · εi+1

i

= ε −
∑
i≥2

(−1)i · εi

i
+
∑
i≥2

(−1)i · εi

i − 1

= ε +
∑
i≥2

(−1)iεi
( 1

i − 1
−

1

i

)
For0 < ε < 1 we obtain by ignoring higher order terms

(1 + ε) · ln(1 + ε) > ε +
ε2

2
−

ε3

6
≥ ε +

ε2

3
.

Finally, we obtain

Pr[
n∑

i=1

Xi ≥ (1 + ε) · E[

n∑
i=1

Xi]] ≤ e(ε−(1+ε)·ln(1+ε))·E[
∑n

i=1 Xi]

≤ e(ε−(ε+ε2/3))·E[
∑n

i=1 Xi]

= e−
ε2·E[

∑n
i=1 Xi]

3

This shows Inequality 2.1. To prove Inequality 2.2 we proceed similarly.
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Again, leth > 0 be a value that is optimized later.

Pr[
n∑

i=1

Xi ≤ (1 − ε) · E[

n∑
i=1

Xi]] = Pr[−
n∑

i=1

Xi ≥ −(1 − ε) · E[

n∑
i=1

Xi]]

= Pr[−h ·
n∑

i=1

Xi ≥ −h · (1 − ε) · E[

n∑
i=1

Xi]]

= Pr[e−h·
∑n

i=1 Xi ≥ e−h·(1−ε)·E[
∑n

i=1 Xi]]

≤ E[e−h·
∑n

i=1 Xi]

e−h·(1−ε)·E[
∑n

i=1 Xi]

Similarly, as in the proof of Inequality 2.1 we obtain

E[e−h·
∑n

i=1 Xi] = eE[
∑n

i=1 Xi](e
−h−1)

and

Pr[
n∑

i=1

Xi ≤ (1 − ε) · E[

n∑
i=1

Xi]] ≤ e(e−h+(1−ε)h−1)·E[
∑n

i=1 Xi]

We seth = ln(1/(1 − ε)) and get

e(e−h+(1−ε)h−1)·E[
∑n

i=1 Xi] = e(−ε−(1−ε)·ln(1−ε))·E[
∑n

i=1 Xi]

Using the Taylor series expansion we get

ln(1 − ε) = −
∑
i≥1

εi

i
.

Multiplying this with (1 − ε) gives

(1 − ε) · ln(1 − ε) =
∑
i≥1

εi+1

i
−
∑
i≥1

εi

i
= −ε +

∑
i≥2

εi

i − 1
−
∑
i≥2

εi

i
> −ε + ε2/2 .

Finally, we get

Pr[
n∑

i=1

Xi ≤ (1 − ε) · E[

n∑
i=1

Xi]] ≤ e−
ε2·E[

∑n
i=1 Xi]

2 .

2

2.3 The Heavy Hitter Problem

An element of the universeU is called aλ-heavy hitter in an insertion-only data stream of length
n, if it appears at leastλn times in the stream. In the heavy hitter problem we are interested to
report the set ofλ-heavy hitters in the stream. One motivation to study the heavy hitter problem
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is the search for ’hot items’ in streams, for example, heavily traded stocks in streams of financial
transactions. Another example is the problem of detecting spreading viruses in network traffic.
Here we can assume that a spreading virus uses a big share of the overall number of packets
sent and so we will see many similar packets in the stream.

As we will see later in the lower bounds section, the heavy hitter problem posed as above
cannot be solved usingo(n) space. Therefore, we will define the following relaxed form of the
heavy hitter problem.

Problem 2.3.1 (Relaxed Heavy Hitter Problem)Theε-relaxedλ-heavy hitter problem is to
find a setH ⊆ U such that

(i) U contains everyλ-heavy hitter,

(ii) U contains no item that appears less than(λ − ε)n times in the stream.

We will now consider the following simple approach to the heavy hitter problem. We main-
tain a random sample ofs elements from the stream chosen independently and uniformly at
random with repetition. Then

REPORTHEAVY HITTER(λ, ε)

S: Set ofs random elements chosen independently and uniformly at random with repetition
1. Report all elements that occur more than(λ − ε/2)s times inS

In the next section we will introduce the necessary tools to analyze our algorithm and perform
a first analysis.

2.3.1 Analysis Using Chebyshev inequality

We apply a similar analysis to the one above to the heavy hitter algorithm. Let us fix a stream
σ = (σ1, . . . , σn) and let let us consider an arbitraryx ∈ U and assume thatx occursλ∗n

times inσ for someλ∗ ∈ [0, 1]. We will first determine the probability thatx is reported by our
algorithm. LetXi denote the indicator random variable for the event that thei-th element from
our random sample isx. Since thei-th element of the sample is taken uniformly at random
from the stream, we know thatPr[Xi = 1] = λ∗. It immediately follows that

E[Xi] = 0 · Pr[Xi = 0] + 1 · Pr[Xi = 1] = λ∗ .

Linearity of expectation implies that

E[

s∑
i=1

Xi] = λ∗s .

Plugging these values into the analysis from Section 2.2.2 (usingM = 1) we obtain

Pr[|
∑

i

Xi − E[
∑

i

Xi]| ≥ ε/2 · s] ≤ 1

4ε2 · s
.
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Now let us consider the case thatx is a heavy hitter, i.e.λ∗ ≥ λ. Choosings = 4
δ·ε2 and using

thatλ∗ ≥ λ we obtain that

Pr[
∑

i

Xi > (λ − ε/2)s] ≥ Pr[
∑

i

Xi > E[
∑

i

Xi] − εs/2]

= Pr[E[
∑

i

Xi] −
∑

i

Xi < εs/2]

= 1 − Pr[E[
∑

i

Xi] −
∑

i

Xi ≥ εs/2]

≥ 1 − Pr[
∣∣∑

i

Xi − E[
∑

i

Xi]
∣∣ ≥ εs/2]

≥ 1 − δ

the probability of reportingx is at least1 − δ.

Next we consider the case thatx is not a(λ − ε)-heavy hitter, i.e.λ∗ < λ − ε. Choosing
s = 4

δ·ε2 and applying a similar analysis to the one above we obtain that the probability of
reportingx is at most1 − δ.

Finally, we have to chooseδ to make sure that (a) everyλ-heavy hitter is reported and (b)
no element is reported that occurs less than(λ − ε)n times in the stream. To prove this, we
have to apply the following trick for the analysis. If two items in the stream appear less than
(λ − ε)n/2 times in the stream, we replace the item that occurs fewer times by the item that
occur more often in stream. Clearly, if the item is not reported after this procedure, then none
of the original items is reported. The benefit of this procedure is, that every item that occurs
less than(λ − ε)n times occurs at least(λ − ε)n/2 times. Thus, we have at most2/(λ − ε)

different items in the stream. Therefore, we obtain by the union bound

Pr[The output of the algorithm is correct] ≥ 1 − (δ · 2/(λ − ε)) .

Choosingδ ≤ δ ′(̇λ − ε)/2 gives an overall probability of error of at mostδ ′ and a sample size
s = 8

δ ′·(λ−ε)ε2 .

Theorem 8 Algorithm REPORTHEAVY HITTER with parameters = 8
δ ′·(λ−ε)ε2 outputs with

probability1 − δ ′ a setH that

(a) contains allλ-heavy hitters and

(b) contains no item that occurs less than(λ − ε)n times in the stream.
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2.3.2 Analysis Using Chernoff Bounds

To analyze the heavy hitter algorithm via Chernoff bounds we can apply a similar analysis as
above. To prove that the algorithm accepts aλ-heavy hitterx, we show that forλ∗ ≥ λ we have

Pr[
∑

i

Xi > (λ − ε/2)s] = Pr[
∑

i

Xi > (1 −
ε

2λ
)λs]

≥ Pr[
∑

i

Xi > (1 −
ε

2λ
)λ∗s]

≥ Pr[
∑

i

Xi > (1 −
ε

2
)λ∗s] ,

since increasing the right hand side of the inequality decreases the probability of success. Now

Pr[
∑

i

Xi > (1 −
ε

2
)λ∗s] = Pr[

∑
i

Xi > (1 −
ε

2
)E[
∑

i

Xi]]

= 1 − Pr[
∑

i

Xi ≤ (1 − ε/2) · E[
∑

i

Xi]]

≥ 1 − e− 1
2

(
ε
2

)2

·E[
∑

i Xi]

≥ 1 − e− λ·ε2·s
8

This implies that fors = 8 ln(δ−1)
λε2 we obtain a probability of at least1 − δ for reportingx.

Now we consider the case thatx is not a(λ−ε)-heavy hitter, i.e.λ∗ ≤ λ−ε. We can assume
thatλ∗ = λ − ε, since the probability of seeing too many elements in the sample is maximized
when the individual probability of seeing an element is maximized. In this case we obtain

Pr[
∑

i

Xi < (λ − ε/2)s] = Pr[
∑

i

Xi < (1 −
ε

2λ
)λs]

= Pr[
∑

i

Xi < (1 −
ε

2(λ∗ + ε)
)(λ∗ + ε)s]

= Pr[
∑

i

Xi < λ∗s + εs/2]

= Pr[
∑

i

Xi < (1 −
ε

2λ∗
)λ∗s]

= Pr[
∑

i

Xi < (1 +
ε

2λ∗
) · E[

∑
i

Xi]]

≤ Pr[
∑

i

Xi < (1 +
ε

2
) · E[

∑
i

Xi]]

= 1 − Pr[
∑

i

Xi ≤ (1 + ε/2) · E[
∑

i

Xi]]

≥ 1 − e− 1
3

(
ε
2

)2

·E[
∑

i Xi]

≥ 1 − e− λ·ε2·s
12
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Hence, fors = 12 ln(δ−1)
λε2 we obtain a probability of not reportingx of at least1 − δ.

Following the analysis for the Chebyshev inequality we obtain

Theorem 9 AlgorithmREPORTHEAVY HITTER with parameters =
12 ln( 2

(λ−ε)δ ′ )

λε2 outputs with
probability1 − δ ′ a setH that

(a) contains allλ-heavy hitters and

(b) contains no item that occurs less than(λ − ε)n times in the stream.

2.4 Clustering Data Streams

One approach to the analysis of large data sets is clustering. In clustering we partition a set
of objects into subsets calledclusters, such that, ideally, each subset contains similar objects
and objects from different subset are dissimilar. A typical application of clustering is to get a
smaller representation of the input data. Instead of dealing with the whole data set, we represent
the data by taking one representative for each cluster.

One standard approach in clustering is to describe objects by a set ofd real-valuedfeatures.
For example, when we are monitoring internet traffic, we can easily transform information in
the packet headers (source IP, destination IP, packet size, etc.) into real values and then obtain
a clustering. It is likely that we can detect anomalies in network traffic by only looking at this
clustering. A description of objects via feature vectors allows us to view each object as a point
in ad-dimensional feature space. A natural measure for dissimilarity of points is then given by
the Euclidean distance between these points.

Even in the Euclidean case there are many different way to formalize clustering. Here, we
will consider thek-median clustering problem, which is defined as follows.

Problem 2.4.1 (k-median) Let P be a set of points inRd. Then thek-median problem is to
findk pointsc1 . . . , ck ∈ Rd such that∑

p∈P

min
1≤i≤k

d(p, ci)

is minimized, whered(p, ci) := ‖p − ci‖2.

We defined(p,C) = minc∈C d(p, c) andcost(P,C) =
∑

p∈P d(p,C). Using this notation
thek-median problem is to find a setC of k points that minimizescost(P,C). We will some-
times call the points inC the centers of a clustering.

Our goal is to analyze the following simple algorithmic approach to clustering a point setP

with respect to thek-median quality measure.

CLUSTERINGSAMPLES(P, s)

1. Draw a random subsetS ⊂ P of s points uniformly at random with repetition
2. Run an arbitraryα-approximation algorithm fork-median on inputS
3. Ouput the computed centers as a solution forP
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First of all, we can easily apply this approach in data streaming. We know how to draw
random samples and so we simply maintain a random sample and then compute a clustering
for it. The main question is whether we can give bounds for the quality of this approach.

Unfortunately, in the general case, our algorithm can be arbitrarily bad for certain inputs.
Consider, for example, an input that consists of a setQ of n − 1 points that are close to
eachother and a single pointr, which is far away from the rest. Since a small random sample
typically does not containr, every (approximate) solution for clustering the sample will be close
to Q. However, if the distance betweenQ andr is large enough, the distance betweenr and
the nearest center (which is close toQ) will dominate the cost, i.e. the cost of the clustering
depends on the distance betweenQ andr. However, the cost of an optimal clustering does
not depend on this distance, since we can place one center atr. Hence, the gap between
an approximate solution for a random sample of sizeo(n) and an optimal solution can be
arbitrarily large with probability going to1. One way to deal with this situation that models
many applications nicely is to assume that all input points are contained in a ballB and then
parametrize the analysis in terms of the diameterM of this ball.

For the analysis we will use the following lemma, which we are not going to prove. It states
that if have a set of functions that assigns values to elements from a setX and if the function val-
ues are bounded, then the average function value can be approximated by the average function
values of a random sample of sufficient size.

Lemma 2.4.2 Let F be a finite set of functions fromX to R with 0 ≤ f(x) ≤ M for all f ∈ F

andx ∈ X. Let S = x1, . . . , xs be a sequence ofs objects that are drawn idependently and
uniformly fromX and letε > 0. Then

Pr[∃f ∈ F :
∣∣∑x∈X f(x)

|X|
−

x ∈ S

f
(x)|S|

∣∣ ≥ ε] ≤ δ,

if

s ≥ M2

2ε2
· (ln |F| + ln

2

δ
) .

2.4.1 Overview of the Analysis

We will use Lemma 2.4.2 to analyze the quality of random samples with respect to thek-
median problem. We observe that, once the positions of the cluster centers are fixed, the cost of
every point (the distance to the nearest cluster center) is also fixed. We will use this observation
to apply Lemma 2.4.2. To do so, we setX = P and define for every setC of k centers inB
a functionfC(x) = d(x,C). SinceB has diameterM and the centers and points are inB, we
know that0 ≤ fC(x) ≤ M for all x ∈ P and allfC. We remark that it suffices to consider
centers fromB since if we have centers outside ofB we can improve them by projecting them
ontoB. We also assume that ourα-approximation algorithm computes centers inB.

We would like to apply Lemma 2.4.2, but the set of functionsfC is not finite. To overcome
this problem, we discretize the solution space by putting a grid over the ballB. If this grid
is fine enough, it will suffice to consider only solutions on this grid. In particular, if the grid
has cell widthZ then for eachc ∈ B we have a grid point in distanceZ ·

√
d/2. Let C be an

arbitrary set of centers inB and letC ′ be the set of centers obtained by moving each center from
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C to the closest grid point. The difference between the cost ofC andC ′ is at mostn ·Z ·
√

d/2

by the triangle inequality.

2.4.2 Analysis of the Random Sampling Approach

We will prove the following theorem.

Theorem 10 Let s ≥ 9M2α2

2ε2 ·
(

ln
(
d3

√
dM
ε

edk + 1
)

+ ln 2
δ

)
. Then the solutionL computed by

algorithmCLUSTERINGSAMPLES satisfies with probability1 − δ:

cost(P, L) ≤ α · cost(P, Opt) + εn ,

where Opt denotes the cost of an optimal solution forP.

Proof : We use a grid with cell widthZ = ε
3
√

d
. Let G be the set of grid points inB.

DefinefC : P → R with fC(p) = d(p,C) for C ⊆ Rd. Let F ′ = {fC|C ⊆ G, |C| = k} and
F = F ′ ∪ {fOpt}, wherefOpt. It follows that |F| ≤

(
dM

Z
e
)dk

+ 1. We apply Lemma 2.4.2 with

error parameterε/(3α) and hences ≥ 9M2α2

2ε2

(
ln |F| + ln 2

δ

)
and obtain

Pr[∃fC ∈ F : |

∑
x∈P fC(x)

|P|
−

∑
x∈S fC(x)

|S|

∣∣ ≤ ε ′

3α
] ≤ δ .

Using that
∑

x∈P fC(x) = cost(P,C) and
∑

x∈S fC(x) = cost(S, C) we get

Pr[∃fC ∈ F : |
cost(P,C)

|P|
−

cost(S, C)

|S|

∣∣ ≤ ε ′

3α
] ≤ δ

and hence

Pr[∀fC ∈ F : |
cost(P,C)

|P|
−

cost(S, C)

|S|

∣∣ ≤ ε ′

3α
] > 1 − δ .

Now letA be an arbitraryα-Approximationsalgorithmus andL be the solution computed byA
on inputS. We know from above that

cost(S, Opt)
s

<
cost(P, Opt)

n
+

ε

3α
(2.4)

with probability at least1 − δ. Hence, we know that anα-approximation algorithms finds a
solutionL satisfying

cost(S, L) ≤ α
cost(P, Opt)

n
+

ε

3
.

Now, let Opt be an optimal set ofk centers and letCbad ⊆ B be an arbitrary solution with
|Cbad| = k andcost(P,Cbad)/n > α · cost(P, Opt)/n + ε. Let C∗

bad be the grid solution
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obtained by moving the centers fromCbad to the nearest grid point. We know that

cost(S, Cbad)

s
≥ cost(S,C∗

bad)

s
−

ε

6

=
cost(P,C∗

bad)

s
−

ε

6
−

(cost(P,C∗
bad)

s
−

cost(S, C∗
bad)

s

)
≥ cost(P,C∗

bad)

s
−

ε

6
−

∣∣cost(P,C∗
bad)

s
−

cost(S,C∗
bad)

s

∣∣
>

cost(P,C∗
bad)

n
−

ε

2

≥ cost(P,Cbad)

n
−

2ε

3

> α · cost(P, Opt)
n

+ ε/3

wit probability1−δ, where the forth inequality follows from inequality 2.4 andα ≥ 1. Hence,
with probability1 − δ no solutionCbad is returned by the algorithms. It follow that

cost(P, L)

n
≤ α · cost(P, Opt)

n
+ ε ,

which implies
cost(P, L) ≤ α · cost(P, Opt) + εn .

2

2.5 Sampling in Dynamic Data Streams

We will now consider the problem of sampling from dynamic data streams. First of all, we
have to define what it means to sample from a dynamic data stream. Recall that a dynamic
data stream can be viewed as a sequence of insertions and deletions into a multiset of objects
Z. Here, we will only consider the case thatM = 1, i.e. each object occurs at most once in
Z. In this scenario we are interested in obtaining a random sample fromZ. We cannot apply
reservoir sampling because it may happen that the object currently in the sample is deleted.
Then we are left with no sample object (and we have stored no information about the objects
already processed). Another problem is similar to the case of thek-set data structure studied
in Chapter 1. It may happen that there is a long sequence of insertions and almost all of these
items are later deleted. We will a similar trick as in Chapter 1 to overcome this problem.

2.5.1 The Data Structure

We will useZ to denote the current set of items.Z will be a set of items, i.e. we do not allow
multiple occurences of a single item (M = 1). Our data structure is parametrized by a failure
probabilityδ. It supports three operations:

• INSERT(x): Z = Z ∪ {x}, wherex ∈ U and it is assumed thatx /∈ Z.
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• DELETE(x): Z = Z − {x}, where it is assumed thatx ∈ Z.

• SAMPLE(): An item chosen uniformly at random fromZ is returned or the algorithm
outputs ’failed’.

To choose a set ofs items uniformly at random with repetition, we can runO(s) instances in
parallel and select the union of the firsts instances that did not return ’failed’.

2.5.2 The Algorithm

For simplicity let us first assume that|Z| is known to the algorithm in advance. Then the main
idea is very simple and kind of similar to the one used for thek-set structure. We use a fully
random functionh : U → {1, . . . , |Z|} (see next chapter for a more detailed discussion) and
apply thek-set data structure fork = 1 developed in Chapter 1 toh−1(1), i.e. to all elements
mapped to1. If only one element is mapped to1, then it is chosen uniformly at random
from all elements inZ, becauseh is fully random. As we will see later, if we know|Z| or a
good approximation of it our algorithm will return a random element with constant probability.
However, if there are many more elements inZ than we have guessed, it is very likely that more
than one element is mapped to1 and so our algorithm fails. Similarly, if|Z| is much smaller
than our guess, it is quite likely that no element is mapped to1 and the algorithm fails with high
probability. To overcome this problem we run one instance of our algorithm for every guess
2i for 0 ≤ i ≤ dlogUe. Then we check all instances in order of increasingi. We return the
sample of the first instance that did not fail or we return ’failed’, if all instances failed. We refer
with hi : U → {1, . . . , 2i} to the function corresponding to the guess|Z| = 2i andUEi to the
corresponding1-set data structure (UE is used to abbreviate ’unique element’).

INSERT(x)

1. for i = 0 to dlogUe do
2. if hi(x) = 1 then
3. UEi.INSERT(x)

DELETE(x)

1. for i = 0 to dlogUe do
2. if hi(x) = 1 then
3. UEi.DELETE(x)

For the SAMPLE procedure we modify REPORTin such a way that it reports ’failed’, if there
is not exactly one element present in the data structure.

SAMPLE()

1. for i = 0 to dlogUe do
2. if UE .REPORT 6= failed then
3. RETURN UEi.REPORT
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2.5.3 Analysis

We show that with constant probability the algorithm return a sample. By the above discussion
it suffices to show that there existsi such that|h−1

i (1)| = 1. Let us consideri = blog |Z|c, i.e.
2i ≤ |Z| < 2i+1. For i = 0 we have|Z| = 1 and only need to maintain a single element. Thus,
our algorithms works correctly. GivenZ andi ≥ 1, the probability that exactly one element is
mapped to1 is at least

Pr[|h−1
i | = 1] =

|Z| · (2i − 1)|Z|−1

(2i)|Z|
=

|Z|

2i
·
(
1−

1

2i

)|Z|−1 ≥
(
1−

1

2i

)2i+1−1 ≥
(
1−

1

2i

)2i+1

≥ 1/e2 .

We summarize our result below.

Theorem 11 AlgorithmSAMPLE returns with probability at least1/e2 an element chosen uni-
formly at random from the current set of itemsZ in the dynamic data stream model. If the
algorithm does not report an item, it returns an error message ’failed’. The algorithm uses
O(log2 |U|) space.
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3 Hashing and Random Projections

In this chapter we will take a closer look at random functions and discuss how much space is
needed to represent them. The first question to address is how to choose a random function
from a universeU to a set[m] := {0, . . . ,m − 1}. For this purpose, we usually define a class
H of functionsh : U → [m] and pick a function fromH uniformly at random. The difficulty
is to define a set of functionsH such that

• a randomh ∈ H can be represented in small space,

• h is reasonably close (in some well-defined mathematical sense) to a random function
from the set of all functions fromU to [m] (ideal hash functions),

• the process of samplingh is efficient, and

• h can be efficiently evaluated.

3.1 Ideal Hash Functions

We start with the definition of an ideal hash function.

Definition 3.1.1 A setH of functionsh : U → [m] is called anideal class of hash functions,
if a randomly chosenh ∈ H satisfies for anyx, y1, . . . , y` ∈ U with yi 6= yj and x 6= yi,
1 ≤ i, j ≤ `, andz, r1, . . . , r` ∈ [m]

Pr[h(x) = z |
∧̀
i=1

h(yi) = ri] =
1

m
.

The intuitive benefit of ideal hash functions is that no matter ’how much we know’ abouth,
if we do not know the image of an elementx ∈ U, it will be distributed uniformly at random in
[m]. This simplifies the analysis of many algorithms significantly. So, why do we not always
use ideal hash functions in our algorithms? The reason is that the only set of functions that is
an ideal class of hash functions is the set of all functions fromU to [m].

Lemma 3.1.2 The only set of functions that is a class of ideal hash functions is the setHall of
all functions fromU to [m].

Proof : We first show thatHall is an ideal class of hash functions. This can be seen as follows.
Fixing ` values of the functions inHall leaves us withm|U|−` different functions. Out of these
functionsm|U|−`−1 mapx to z. Hence,

Pr[h(x) = z |
∧̀
i=1

h(yi) = ri] =
m|U|−`−1

m|U|−`
=

1

m
.
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Now assume thatH is a class of ideal hash functions and some functionh∗ : U → [m] is
not present inH. Now let us consider a random functionh ∈ H. Let k be the smallest index
such that there existsh ∈ H with h(i) = h∗(i) for all k ≤ i ≤ m. Sinceh∗ /∈ H we conclude
k > 1 and obtain

Pr[h(k − 1) = h∗(k − 1) |

m∧
i=k

h(i) = h∗(i)] = 0 ,

which contradicts our assumption thatH is an ideal class of hash functions.
2

So we know that the only set of ideal hash functions is the set all all functions fromU to
[m]. Why is it a bad ideal to use this set in our algorithms? The reason is that there are many
functions fromU to [m], which implies that storing one function requires much space.

Lemma 3.1.3 The number of functions fromU to [m] is m|U|.

Proof : Each element fromU is mapped to a value between1 andm. Hence, the overall
number of such mappings ism|U|. 2

Usingx bits of memory we can encode2x different functions. This implies

Corollary 3.1.4 Storing an arbitrary function from the set of all functions fromU to [m] re-
quires|U| · log(m) bits of memory.

Thus, if we wanted to store an arbitrary function function from the set of all functions from
U to [m] we require more bits of memory than the size of our universe! Obviously, this way
too much and we have to find a way to reduce the space requirements.

3.2 Count-Min Sketches

In this section we will consider the problem of approximating the distribution of the elements
given in a dynamic data stream. A simple strategy is to partition the universeU = {1, . . . ,M}

into k buckets each containingM/k elements fromU. For each bucket we maintain a counter
that stores the number of elements in the bucket. One problem of this approach is that most
elements might be contained in a single bucket. Then we do not know get much information
using our approach.

For example, it will not be possible to get information about the median of the data using
the above approach. In the following we will develop a data structure to find approximate
medians and so-called approximatePhi-quantiles of the data.Phi-quantiles can be viewed as
a generalization of the median. The median ofn is the element with rankn/2; theΦ-quantiles
are all elements whose rank is a multiple ofΦn.

Definition 3.2.1 (Φ-quantile) Given a multiset ofn elements from a universeU = {1, . . . ,M}

we call an element with rankdkΦMe, k = 1, . . . , 1/Φ, a Phi-quantile.

It is not possible to computePhi-quantiles exactly in the data stream setting. Therefore, we
aim at computing a relaxation ofΦ-quantiles.

Definition 3.2.2 An element with rank betweenb(k ·Φ−ε) ·M anddk ·Φ+ε ·Me for ε < Φ

is called arelaxedΦ-quantile.
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3.2.1 The Data Structure

In the following we describe a data structure, which is called acount-min sketch. For a
given approximation parameterε and error probabilityδ it usesd = d1

δ
e random functions

h1, . . . , hd : U→ {1, . . . ,W}, whereW = d e
ε
e.

We further need a2-dimensional arraycount[1, 1], . . . , count[d,W]. count[i, j] stores the
number of elements that are mapped byhi to j, i.e.

∑
x:hi(x)=j

∣∣h−1
i (x)

∣∣.
We use the following operations to insert or delete an element.

INSERT(x)

1. for j = 1 to d do
2. count[j, hj(x)] = count[j, hj(x)] + 1

DELETE(x)

1. for j = 1 to d do
2. count[j, hj(x)] = count[j, hj(x)] − 1

It is easy to see that the data structure needsWd memory cells plus the space to store the
hi’s.

A query to our data structure asks for the multiplicity of an elementx. We know that each
hash functionhj distributes the elements randomly. Further, all occurences ofx are mapped
to hj(x) and stored incount[j, hj(x)]. Thus, in a typical situationcount[j, hj(x)] will count all
occurences ofx plus approximatelyM/W other ’random’ elements. Therefore, we can safely
take the minimum of allcountvalues.

QUERY(x)

1. return f̃x = min1≤j≤d count[j, hj(x)]

Recall thatfx denotes the number of occurences of elementx in the current set.

3.2.2 Analysis

We will give the following bounds for the quality of approximation of a count-min sketch.

Theorem 12 For the output valuẽfx computed by the count-min sketch we havefx ≤ f̃x and,
with probability1 − δ, f̃x ≤ fx + εM, whereM is the number of elements in the current set.
Insertion, Deletion, and Query of elements can be performed inO(ln(1/δ)) time and the data
structure usesO(ln(1/δ)/ε) space plus the space required to store the hash functionshj.

Proof :
For x, y ∈ U with x 6= y let Ij,x,y be the indicator random variable for the eventhj(x) =

hj(x). We have
E[Ij,x,y] = Pr[hj(x) = hj(y)] = 1/W ≤ ε/e .
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Let Yj,x be the random variable for the number of elements other thanx that are mapped to
hj(x).

Yj,x =
∑

y∈U,y6=x

Ij,x,y · fy .

Our construction ensures that

count[j, hj(x)] = fx + Yj,x .

Thus, it follows that
mincount[j, hj(x)] ≥ fx .

Further, we have
E[Yj,x] = E

[ ∑
y∈U,y6=x

Ij,x,y · fy

]
≤ ε

e
·M .

It follows that

Pr[f̃x > fx + εM] = Pr[∀j : count[j, hj(x)] > fx + εM]

= Pr[∀j : fx + Yj,x > fx + εM]

= Pr[∀j : Yj,x > e · E[Yj,x]]

=
(
Pr[Yj,x > e · E[Yj,x]]

)d

< e−d

≤ δ

2

3.3 The Johnson-Lindenstrauss Lemma and Second
Frequency Moments

In this section we will prove a result that in the first place seems to have nothing to do with
streaming algorithms. We consider a point set in a high dimensional space and show that there
always exists a mapping (embedding) of this point set in a smaller dimensional space such that
all pairwise distances between the points are approximately the same as in the source space.
The result is typically known as the Johnson-Lindenstrauss theorem:

Theorem 13 (Johnson-Lindestrauss)Let P be a set ofn points inRd, 0 < ε < 1 andc be
a sufficiently large constant. Then there exists an embeddingπ : P → Rc logn/ε2

, such that the
following inequality holds for allp, q ∈ P:

(1 − ε) · ‖p, q‖2 ≤ ‖π(p), π(q)‖2 ≤ (1 + ε) · ‖p, q‖2 .

Thus we can reduce the dimensionality of a point set fromd to O(logn/ε2), if we allow a
distortion of upto(1 ± ε) in the pairwise distances between points. The proof of the theorem
is algorithmic, i.e. it provides a method to construct the embedding explicitly.
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The connection to streaming is as follows. If we apply the theorem to a single pointf =

(f1, . . . , fd) and0, then it tells us that we can approximate√√√√ d∑
i=1

f2
i

upto a factor of(1± ε) using spaceO(1/ε2) plus the space for the embedding. As we will see
the proof will even provide a stronger result, namely that we can approximate

d∑
i=1

f2
i = F2

upto a factor of(1 ± ε). Thus, we can approximate the second frequency moment using the
Johnson-Lindestrauss embedding.

To prove the Johnson-Lindenstrauss theorem, we project the point setP to a randomly se-
lected subspace. This is done using a random projectionπ : Rd → Rk, k ≤ d. One can
construct such an embedding by choosingk random vectorsri from Rd independently accord-
ing to a suitable distribution. Forv ∈ Rd we consider the following mapping

π(v) = (vT · r1, . . . , v
T · rk)

T .

3.3.1 The choice of the ri

Let ri = (r1
i , . . . , r

d
i )T . Then we pick each entryrj

i from ri, 1 ≤ j ≤ d, uniformly at random
from a Gaussian distribution with expectation0 and variance1, i.e.

Pr[x ≤ `] =

∫ `

−∞ ϕ(x)dx

with

ϕ(x) =
1√
2 · π

· e− 1
2
·x2

.

If we useA to denote thek×d matrix, whosek rows are the vectorsr1, . . . , rk, then we can
write φ(v) = Av.Hence,φ is a linear function and thus satisfiesπ(v1 − v2) = π(v1) − π(v2)

for all v1, v2 ∈ Rd. It suffices to prove that for allp, q ∈ P the lenght of the vectorv := p − q

is approximated by the length ofπ(v) = π(p − q). Since we would like to approximate the
length of this vector with relative error, we can assume that‖v‖2 = 1 sinceπ is linear. We want
to prove that with probability1− 1

3n2 the length ofπ(v) (after scaling) approximates the length
of v upto a multiplicative error of1 ± ε. In fact, we prove a stronger result, namely, that we
get a(1 + ε)-approximation for the square of the Euclidean distance. The proof of the lemma
below is quite similar to the proof of Chernoff bounds.

Lemma 3.3.1 Let v ∈ Rd be a unit vector andπ : Rd → Rk be defined as above. Then we
have for0 < ε < 1 andk ≥ c · logn/ε2

Pr[(1 − ε) ≤ ‖π(v)‖2
2

k · ‖v‖2
2

≤ (1 + ε)] ≥ 1 −
1

3n2
,

wherec is a sufficiently large constant.
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Proof : Let v = (v1, . . . , vd) ∈ Rd with ‖v‖2
2 = ‖v‖2 = 1. We consider the random variables

Xi = v · ri =
∑d

j=1 vj · rj
i. By the properties of the normal distribution we have thatvj · rj

i

is normally distributed with expectation0 and variance(vj)2. The sum of independent normal
distribution is again a normal distribution whose expectation and variance is the sum of the
expectation and variance of the former distributions. Hence,Xi is normally distributed with
expectationE[Xi] = 0 and varianceVar [Xi] =

∑d
j=1(v

j)2 · Var [rj
i] =
∑d

j=1(v
j)2 = 1. Now, let

Y = ‖π(v)‖2
2 be a random variable for the square of the length ofπ(v). We haveY =

∑d
i=1 X2

i .
Furthermore,

E[Y] = E[

k∑
i=1

X2
i ]

=

k∑
i=1

E[X2
i ]

=

k∑
i=1

(
Var [Xi] + (E[Xi])

2
)

=

k∑
i=1

Var [Xi]

= k

Next, we prove thatY is sharply concentrated.

Pr[Y ≥ (1 + ε)k] = Pr[esY ≥ es(1+ε)k] (3.1)

≤ E[esY]/es(1+ε)k (3.2)

= e−s(1+ε)k · E[

k∏
i=1

esXi] (3.3)

= e−s(1+ε)k ·
(
E[esX2

1 ]
)k

, (3.4)

where equality 3.1 holds for alls > 0, inequality 3.2 follows from Markov’s inequality and
equality 3.3 follows fromY =

∑k
i=1 X2

i . Furthermore, we know that theXi are distributed
according to the normal distribution. EveryXi has density functionϕ(t) = 1√

2·π · e
− 1

2
·t2

. From
this we conclude

E[esX2
i ] =

1√
2π

·
∫∞

−∞ est2 · e−t2/2dt

=
1√
2π

·
∫∞

−∞ e−t2(1−2s)/2dt

=
1√
2π

· 1√
1 − 2s

·
∫∞

−∞ e−z2/2dz

=
1√

1 − 2s
,
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where the second inequality from below follows from the assumptions < 1/2 be substitution
of z = t2 ·

√
1 − 2s. We get

Pr[Y ≥ (1 + ε)k] ≤ e−s(1+ε)k

(1 − 2s)k/2
=

( e−s(1+ε)

√
1 − 2s

)k

This is minimal fors = ε/(2(1 + ε). We get

Pr[Y ≥ (1 + ε)k] ≤
( eε

1 + ε

)−k/2

= exp
(

−
k

2
(ε − log(1 + ε))

)
≤ exp

(
−

k

2
(
ε2

2
−

ε3

3
)
)

≤ 1

6n2

für k ≥ 2 log(6n2)
ε2

2
− ε3

3

. A similar proof shows that

Pr[Y ≤ (1 − ε)k] ≤ 1/(6n2)

holds. Hence, the lemma follows. 2

The proof of theorem 13 now follows from the union bound and the fact, that we have at
most

(
n
2

)
≤ n2 pairwise distances between points inP, i.e.

Pr[∀p, q ∈ P : (1 − ε) ·D`2
(p, q) ≤ D`2

(π(p), π(q)) ≤ (1 + ε) ·D`2
(p, q)]

≥ 1 −
∑

p,q∈P

1 − (1 − 3/n2)

≥ 2/3 .

This proves theorem 13, because we have non-zero probability that our random process yields
an embedding that satisfies the properties in the theorem. Hence, such an embedding exists.

3.3.2 Second Frequency Moments

As already pointed out, we can use the Johnson-Lindenstrauss Theorem directly to obtain a
streaming algorithm to approximate the second frequency moment. This algorithm uses space
O(1/ε2) plus the space required to store the embedding. In our case, we needΩ(d) space to
store the embedding, which translates to space bigger than the universe in the streaming setting.
This is, of course, too large to be of practical use. However, we will see later, that we can define
a similar embedding that requires less randomness and still offers the same guarantees as the
above embedding. This new embedding can be stored in small space.

41



3.4 Universal Hash Functions

In our algorithms we always assume that the functionh maps an arbitrary fixed elementx ∈ U

to a uniformly distributed value in[m]. Therefore, the minimum requirement is to ensure that
for anyy ∈ [m] we have

Pr[h(x) = y] = 1/m .

However, it quickly turns out that this requirement is not enough for our purposes. For example,
we could define the set to be the set of constant functions, i.e.

H = {h : U→ [m]
∣∣ ∃c∈[m] ∀x∈U h(x) = c} .

The problem is that in this example each element is mapped to the same value from[m], which
will not be helpful for our purposes.

We will need a slightly stronger definition.

Definition 3.4.1 A setH of functions fromU to [m] is called auniversal (or pairwise indepen-
dent) class of hash functions, if for every two elementsx, y ∈ U, x 6= y, and everyz, r ∈ [m]

we have

• Pr[h(x) = z] = 1/m

• Pr[h(x) = z | h(y) = r] = 1/m .

Thus, the above definition implies that for a hash function that is chosen from a universal
class of hash functions, the eventsh(x) = z andh(y) = r are independent forx 6= y. This
can in some cases by used together with Chebyshev’s inequality. This is because Chebyshev’s
inequality only requires us to know the variance of a random variable. If the random variable
can be expressed as a sum of pairwise independent random variables, then we can easily com-
pute an upper bound on the variance using the expectation of the random variables. Before we
consider such an application in detail, we will discuss a specific construction for universal hash
functions.

3.4.1 Constructing Universal Hash Functions

A simple way to construct universal hash functions is to assume thatm = p for some prime
numberp and to view[p] together with addition and multiplication modulop as the finite field
Fp. We will choosep large enough and assumeU ⊆ [p]. The idea is to pick a random linear
function inFp, i.e.Huniv = {h : [p]→ [p]

∣∣ h(X) = aX + b mod p with a, b ∈ [p]}.
Let us verify thatHuniv is a universal class of hash functions. To do so, we first prove that for

different choices of parameters the functions fromHuniv are different.

Lemma 3.4.2 Leta1, b1, a2, b2 ∈ [p]. Leth1, h2 : [p]→ [p] be defined ash1(X) := a1X+b1

mod p andh2(X) := a2X + b2 mod p, respectively. Then

h1 = h2 ⇔ a1 = a2 ∧ b1 = b2

.
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Proof : SinceFp is a field we can write

a1X + b1 = a2X + b2 mod p⇔ (a1 − a2)X = b2 − b1 mod p .

The latter is true for allX, iff a1 = a2 andb1 = b2. 2

The lemma implies that choosing a function uniformly at random fromHuniv is equivalent to
choosinga andb uniformly at random from[p] and settingh(X) = aX + b mod p. Now it is
easy to show thatHuniv is universal.

Pr[h(x) = z] = Pr[ax + b = z mod p] = Pr[ax = z − b mod p] .

Fixing the random choice forb we obtain thatax = z − b mod p, iff a = (z − b) · x−1

mod p. Hence, for one out ofp choices we haveh(x) = z mod p. Thus,

Pr[h(x) = z] = 1/p .

It remains to show thatPr[h(x) = z | h(y) = r] = 1/p. To do so, we consider

Pr[h(x) = z ∧ h(y) = r] = Pr[ax + b = z mod p ∧ ay + b = r mod p] .

We haveax + b = z mod p⇔ b = z − ax mod p and henceay + z − ax = r mod p⇔
(y−x)a = r−z mod p⇔ a = (r−z) ·(x−y)−1 mod p. Finally,b = z−(r−z) ·(y−x)−1

mod p. Hence, exactly one choice ofa andb satisfiesh(x) = z andh(y) = r simultanuously.
This implies thatPr[h(x) = z ∧ h(y) = r] = 1/p2. Therefore,

Pr[h(x) = z | h(y) = r] =
Pr[h(x) = z ∧ h(y) = r]

Pr[h(y) = r]
=

1/p2

1/p
= 1/p .

Hence,

Lemma 3.4.3Huniv is a universal class of hash functions.

Since it suffices to choosea andb uniformly at random fromp and consider the function
aX + b mod p it is easy to verify that we can store every such function usingO(log(p)) bits
and we are able to efficiently evaluate them.

One disadvantage of our approach is that we cannot construct hash functions into arbitrary
sets[m]. This can be usually be circumvented by finding a numberp which is only a small
constant timem. Similar construction are known, ifFq is a field with characteristicq = pk,
for example, ifq = 2k. For simplicity, we will assume in the following that we can construct a
universal hash function fromU to [m] for any natural numberm and any finite universeU.

3.5 Working with Universal Hash Functions

One central question when we want to analyze algorithms that use universal hash functions is
which events and which random variables are independent and which are not. Let us consider
the classHuniv described above usingp = 97. Further let us define two eventsA andB. A

denotes the event that a fixedx ∈ U = [p] is mapped to{0, . . . , 9}. B denotes the event that a
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fixed y 6= x ∈ U is mapped to the interval{10, . . . , 19}. Are A andB pairwise independent?
Does it make a difference whether or not the relevant intervals intersect?

To prove that the two random variables are independent, we have to show that

Pr[A | B] = Pr[A] .

If Pr[B] 6= 0 this can be reformulated as

Pr[A ∩ B] = Pr[A] · Pr[B] .

We further have

Pr[A ∩ B] =

9∑
i=0

19∑
j=10

Pr[h(x) = i ∧ h(y) = j] =
100

972
.

SinceHuniv is universal, we know thatPr[h(x) = i] = 1/97. Hence,Pr[A ∩ B] = 100
972 .

Further, we have

Pr[A] =

10∑
i=0

Pr[h(x) = i] =
10

97

and, similarly,

Pr[B] =
10

97
.

Hence, we have

Pr[A ∩ B] =
100

972
= Pr[A] · Pr[B] .

Thus the eventsA andB are independent. Looking at the proof again one can see that the
situation does not change when the two intervals overlap. Thus, even in this case the two
events are independent.

3.5.1 Independence of Random Variables

Recall that two random variablesX, Y are independent, if all possible pairs of eventsX = x and
Y = y are independent. Hence, if we defineX to be the indicator random variable for the event
A andY the indicator random variable for the eventB, we obtain thatX andY are independent,
because we know that

Pr[X = 1 | Y = 1] = Pr[X = 1]

and by symmetry
Pr[Y = 1 | X = 1] = Pr[Y = 1] .

These inequalities imply that

Pr[X = 0 | Y = 1] = 1 − Pr[X = 1] = Pr[X = 0]

and
Pr[Y = 0 | X = 1] = 1 − Pr[Y = 1] = Pr[Y = 0] .
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Since

Pr[X = 1] = Pr[Y = 0] · Pr[X = 1 | Y = 0] + Pr[Y = 1] · Pr[X = 0 | Y = 1]

we have

Pr[X = 1 | Y = 0] =
Pr[X = 1] − Pr[Y = 1] · Pr[X = 1 | Y = 1]

Pr[Y = 0]

=
Pr[X = 1] − Pr[Y = 1] · Pr[X = 1]

Pr[Y = 0]

=
Pr[X = 1] − Pr[Y = 1] · Pr[X = 1 | Y = 1]

1 − Pr[Y = 1]

= Pr[X = 1] .

In a similar way we can provePr[Y = 1 | X = 0] = Pr[Y = 1]. Finally, we can apply
the above technique to showPr[X = 0 | Y = 0] = Pr[X = 0] andPr[X = 1 | Y = 0] =

Pr[X = 1]. Hence, indicator random variables are independent, if the corresponding events are
independent.

Another way to prove that the random variables are independent for the case of uniform
hashing is to follow a proof similar to that showing that eventsA and B are independent.
(In)dependence of random variables is a big source for errors and recognizing dependencies
may be very difficult. Such an elementary proof offers a safe way to verify the assumption of
(pairwise) independence.

3.5.2 When Universal Hash Functions are not Sufficient.

In the algorithm for random sampling in dynamic data streams we used hash functions to make
sure that with constant probability a single element of the current set maps to the value0. Can
we show that for this purpose universal hash functions suffice? Let us denote byC the event
that exactly one element is mapped to1. We have

Pr[C] =
∑
x∈U

Pr[h(x) = 1 and
∧

y∈U\{x}

h(y) 6= 1]

=
∑
x∈U

Pr[h(x) = 1 and
∧

y∈U\{x}

m−1∨
i=1

h(y) = i]

=
∑
x∈U

Pr[h(x) = 1 and
∨

iy∈{1,...,m−1},y∈U\{x}

∧
y∈U\{x}

h(y) = iy]

=
∑
x∈U

∑
iy∈{1,...,m−1},y∈U\{x}

Pr[h(x) = 1 and
∧

y∈U\{x}

h(y) = iy]

Although we have reduced the original event to a sum of simpler events we still have the
problem that the eventh(x) = 1 and

∧
y∈U\{x} h(y) = iy depends on all values ofh(x ′) for

x ′ ∈ U rather than on two of them. This indicates that the random variables may be not
independent. Technically, we have the problem that we cannot apply the definition of universal
hash functions since it involves only the outcome of two values fromU.
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3.6 An Improved Algorithm for the Distinct Elements Problem

We will now revisit the distinct elements problem from Chapter 1. Recall that the number of
distinct items in a streamσ1, . . . , σn is denoted asF0 and that the basic idea of the algorithm
from Chapter 1 is to map the frequency vector of the stream to the interval[0, 1]. We will now
replace the functionh with a universal hash function that maps the universe to some discrete
interval[0,m], wherem = |U|3.

In comparison to our first algorithm we will also add another improvement that will allow us
to obtain a(1 + ε)-approximation of the number of distinct elements.

3.6.1 New Idea

We useD = {ν1, . . . , νF0
} to denote the set of distinct items in the stream. If we look at

the t-th smallest values obtained by applyingh to the setD, we expect that these values are
approximately mapped into{0, . . . , dtm/F0e− 1}. If we useκ to denote thet-th smallest hash
value then typicallyκ ≈ tm/F0, which impliesF0 ≈ tm/κ. Therefore, our new algorithm
stores thet = d96/ε2e smallest hash values and usesF̃0 = tm/κ as an approximation, where
κ is the position of thet-th smallest element inh(D).

3.6.2 The Algorithm

A description of the algorithm is given below. It uses a balanced binary search tree to maintain
thet smallest hash values. Besides insert and delete and search the tree is supposed to support
the operations max and sizeof, which return the maximum values stored in the tree and the
number of values stored in the tree, respectively.

IMPROVEDDISTINCTELEMENTS(σ, ε)
1. Choose functionh : [U]→ [m], m = |U|3, uniformly at random from universal class

of hash functions
2. t = d96/ε2e
3. Erzeuge leeren SuchbaumT
4. for each itemσi in the input streamdo
5. if h(σi) /∈ T then
6. if sizeof(T) < t then insert(T ,h(σi))
7. if max(T) > h(σi)then insert(T ,h(σi)); delete(T ,max(T ))
7. output F̃0 = mt/max(T)

3.6.3 Analysis

Our first step is to prove that with probability at least1 − 1/m the hash functionsh maps no
two elements fromD to the same values. Sinceh is from a universal class of hash functions
we have for fixedx, y ∈ D ⊆ U

Pr[h(x) = h(y)] =

m∑
i=1

Pr[h(x) = i ∧ h(y) = i] = 1/m .
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Let Xxy denote the indicator random variable for the event thatx andy are mapped to the same
location. It follows immediately that

E[Xxy] = 1/m .

The overall expected number of collisions is given by

E[
∑

{x,y}⊆D

Xxy] =
∑

{x,y}⊆D

E[Xxy] ≤ |D|2/m ≤ |U|2/m = 1/|U| .

However, a collision occurs only if
∑

{x,y}⊆D Xxy ≥ 1. By Markov inequality we have

Pr[
∑

{x,y}⊆D

Xxy ≥ |U| · E[
∑

{x,y}⊆D

Xxy]] ≤
E[
∑

{x,y}⊆D Xxy]

|U| · E[
∑

{x,y}⊆D Xxy]
=

1

|U|
.

Hence, with probability1 − 1/|U| no collision occurs.
Our goal is to ensure that the output value of the algorithm satisfies

(1 − ε) · F0 ≤ F̃0 ≤ (1 + ε) · F0 .

Using F̃0 = mt/κ this translates into

1

1 + ε
· mt

F0

≤ κ ≤ 1

1 − ε
· mt

F0

.

The latter inequality follows from

(1 − ε/2) · mt

F0

≤ κ ≤ (1 + ε) · mt

F0

.

Now we observe that if the first inequality is not satisfied then there must be at leastt values
from h(D) that are mapped to{0, . . . , b(1−ε/2) · mt

F0
c−1}. The probability that a single value

x ∈ D is mapped to{0, . . . , b(1−ε/2) · mt
F0
c−1} is at most(1−ε/2) · mt

F0
/m = (1−ε/2) · t

F0
.

If t ≥ F0 then all distinct elements will be stored in our tree provided they hash to different
numbers (which happens with probability at least1− 1/|U|). Therefore, we can assumet < F0

in the remainder of the proof. For eachν1, . . . , νF0
let Xi denote the indicator random variable

for the event thatνi is mapped to{0, . . . , b(1−ε/2) · mt
F0
c−1}. We haveE[Xi] ≤ (1−ε/2) · t

F0

and hence

E[

F0∑
i=1

Xi] =

F0∑
i=1

E[Xi] ≤ F0 · (1 − ε/2) · t

F0

= (1 − ε/2)t

We also haveVar [Xi] ≤ E[Xi] sinceXi is a 0-1-random variable. By pairwise independence of
theXi we obtain

Var [
F0∑
i=1

Xi] =

F0∑
i=1

Var [Xi] ≤
F0∑
i=1

E[Xi] ≤ (1 − ε/2)t .
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Chebyshev’s inequality tells us that

Pr[
F0∑
i=1

Xi ≥ t] ≤ Pr[
F0∑
i=1

Xi ≥
εt

2
+ E[

F0∑
i=1

Xi]]

≤ Pr[
∣∣ F0∑

i=1

Xi] − E[

F0∑
i=1

Xi

∣∣ ≥ εt/2]

≤ Var [
∑F0

i=1 Xi]

(εt/2)2

≤ 4

ε2t
≤ 1/16 .

for our choice oft. Hence, with probability1 − 1/16 − 1/|U| the first inequality is satisfied.
The approach to the second inequality is similar. We give it below for sake of completeness.
The second inequality (κ ≤ (1+ε)·mt

F0
) is satisfied if at mostt values fromh(D) are mapped

to {0, . . . , d(1 + ε) · mt
F0
e − 1} (assuming that no collision occur). In this case, the probability

that a single valuex ∈ D is mapped to{0, . . . , d(1+ε) · mt
F0
e− 1} is at least(1+ε) · t

F0
. Again,

if t ≥ F0 then all distinct elements will be stored in our tree provided they hash to different
numbers (which happens with probability at least1− 1/|U|). Therefore, we can assumet < F0

in the remainder of the proof.
For eachν1, . . . , νF0

let Xi denote the indicator random variable for the event thatνi is
mapped to{0, . . . , d(1 + ε) · mt

F0
e− 1}. We have2t

F0
≥ E[Xi] ≥ (1 + ε) · t

F0
and hence

E[

F0∑
i=1

Xi] =

F0∑
i=1

E[Xi] ≥ F0 · (1 + ε) · t

F0

= (1 + ε)t

We also haveVar [Xi] ≤ E[Xi] sinceXi is a 0-1-random variable. By pairwise independence of
theXi we obtain

Var [
F0∑
i=1

Xi] =

F0∑
i=1

Var [Xi] ≤
F0∑
i=1

E[Xi] ≤ 2t .

We obtain

Pr[
F0∑
i=1

Xi ≤ t] ≤ Pr[
F0∑
i=1

Xi ≤ E[

F0∑
i=1

Xi] − εt]

≤ Pr[
∣∣ F0∑

i=1

Xi] − E[

F0∑
i=1

Xi

∣∣ ≥ εt

2
]

≤ Var [
∑F0

i=1 Xi]

(εt/2)2

≤ 8

ε2t
≤ 1/8 .

for our choice oft. Hence, with probability1 − 1/8 − 1/|U| the second inequality is satisfied.
We summarize our analysis.
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Theorem 14 Algorithm IMPROVEDDISTINCTELEMENTS computer an estimator̃F0 for the
number of distinct elements in a data stream such that with probability at least3/4 using
O(1/ε2) memory cells and with update timeO(log(1/ε)).

Proof : If |U| < 16 then we count the number of distinct elements exactly. Otherwise, the
theorem follows from our analysis and the fact that insert, delete and search can be performed
in O(logn) time in a balanced search tree ofn elements. Also, the maximum element can be
computed in constant time. 2

3.7 Classes of k-wise Independent Hash Functions

While for some applications universal hash functions suffice, for others we will need stronger
properties of randomness. We extend the notion of universal (pairwise independent) classes of
hash functions tok-wise independent classes.

Definition 3.7.1 A class of functionsH from U to [m] is calledk-wise independent, if if for
every set of elementsx, x1, x2, . . . , x` ∈ U, ` ≤ k, xi 6= xj for i 6= j, and everyr, r1, r2, . . . r` ∈
[m] we have

• Pr[h(x) = r] = 1/m

• Pr[
⋂`

i=1 h(xi) = ri] = 1
m` .

The definition of classes ofk-wise independent hash functions allows us to smoothly move
from universal hashing to ideal hashing by ’adding more and more randomness’. We will
see that for some applications in streamingk-wise independent hash functions withk being a
constant greater than2 are required.

3.7.1 Construction of a Class of k-wise Independent Hash Functions

We use a construction which is a straightforward generalization of universal hashing. We again
consider a finite fieldFp for p ≥ k and considerU as a subset ofFp. Then we defineHk

to be the set of all polynomials fromFp to Fp of degree at mostk, i.e. Hk = {ha : [p] →
[p] | ha(X) =

∑k−1
i=0 aiX

i, ai ∈ [p]}. To select a random element inHk we proceed similar as
in the case of universal hashing and pick the elementsai uniformly at random fromFp.

Now we prove thatHk is k-wise independent.

Pr[ha(x) = r] = Pr[
k−1∑
i=0

aix
i = z mod p] = Pr[a0 = z −

k−1∑
i=1

aix
i mod p] .

Fixing the random choice fora1, . . . , ak−1 we obtain thatz −
∑k−1

i=1 aix
i is a constantc ∈ Fp.

Hence,
∑k−1

i=0 aix
i = z mod p, iff a0 = c. Obviously, this happens with probability1/p.

Thus,
Pr[h(x) = z] = 1/p .
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It remains to show that for every set of elementsx1, x2, . . . , x` ∈ U, ` ≤ k, xi 6= xj for i 6= j,
and everyr1, r2, . . . r` ∈ [p] we havePr[

⋂`
i=1 ha(xi) = ri] = 1

p` . To prove this, we have to
consider theai as variables in the following system of equations. We will first assume that
` = k. Since thexi are fixed, this is a system of linear equations.

a0 + a1x1 + a2x
2
1 + ... + ak−1x

k−1
1 = r1

...

a0 + a1xk + a2x
2
k + ... + ak−1x

k−1
k = rk

This system has a unique solution as can be seen when we rewrite it in the matrix form.
1 x1 x2

1 . . . xk−1
1

1 x2 x2
2 . . . xk−1

2
...

...
...

1 xk x2
k . . . xk−1

k

 ·


a0

a1
...

ak−1

 =


r1

r2
...
rk

 .

The matrix above is a Van der Monde matrix and has full rank sincexi 6= xj for i 6= j. Hence
there is only a single solution to this system. It follows that

Pr[
k⋂

i=1

ha(xi) = ri] =
1

pk
.

It remains to deal with the casek < `. This can be done by fixing the random choices of
ak−1, . . . , a`. In a similar way as above we obtain a system of linear equations of rank` that
has a unique solution. Hence,

Pr[
⋂̀
i=1

ha(xi) = ri] = pk−` · 1

pk
=

1

p`
.

Hence,

Lemma 3.7.2Hk is ak-wise independent class of hash functions.

3.7.2 k-wise Independent Random Variables

Recall that a set of eventsA0, . . . , An−1 is calledk-wise independent, if for every subsetI ⊆
[n], |I| ≤ k, we have

Pr
[ ⋂

i∈I

Ai

]
=
∏
i∈I

Pr[Ai] .

A set of random variablesX0, . . . , Xn−1 is calledk-wise independent, if for every subsetI ⊆
[n], |I| ≤ k, and for everyr1, . . . , rk ∈ R we have

Pr
[ ⋂

i∈I

Xi = ri

]
=
∏
i∈I

Pr[Xi = ri] .
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Let us consider a classH of k-wise independent hash functions fromU to [p]. Let h be
chosen uniformly at random fromH. Then we can viewh(x) as a random variable. It follows
immediately that theh(x) arek-wise independent.

We first show the following lemma, which will be useful in many situations.

Lemma 3.7.3 Let X0, . . . , Xn−1 be a set of2k-wise independent random variables. LetYi =

Xi1 · Xi2 · · ·Xik, 1 ≤ i ≤ m be a set of monomials of degreek such that noXj appears in two
distinctYi and notXj appears more than once in anyYi. Then theYi are pairwise independent.

Proof : Wlog. we prove thatY1 andY2 are pairwise independent. We have to show that
Pr[Y1 = r ∩ Y2 = z] = Pr[Y1 = r] · Pr[Y2 = z] for all r, z ∈ R. We have

Pr[Yi = r ∩ Yj = z] = Pr[
k∏

i=1

X1,i = r ∩
k∏

i=1

X2,i = z] .

Now let us consider the setsR = {(r1, . . . , rk) |
∏

i ri = r} andZ = {(z1, . . . , zk) |
∏

i zi =

z}. We get

Pr[
k∏

i=1

X1,i = r ∩
k∏

i=1

X2,i = z] = Pr
[( ⋃

r∈R

k⋂
i=1

X1,i = ri

)
∩

( ⋃
z∈Z

k⋂
i=1

X2,i = zi

)]
= Pr

[ ⋃
r∈R,z∈Z

k⋂
i=1

(
X1,i = ri ∩ X2,i = zi

)]
=

∑
r∈R,z∈Z

Pr
[ k⋂

i=1

(
X1,i = ri ∩ X2,i = zi

)]
Now we can apply that our random variables are2k-wise independent and obtain

∑
r∈R,z∈Z

Pr
[ k⋂

i=1

(
X1,i = ri ∩ X2,i = zi

)]
=

∑
r∈R,z∈Z

k∏
i=1

Pr[X1,i = ri] · Pr[X2,i = zi]

=
(∑

r∈R

k∏
i=1

Pr[X1,i = ri]
)
·
(∑

z∈Z

k∏
i=1

Pr[X2,i = zi]
)

= Pr
[ k∏

i=1

X1,i = r
]
· Pr

[ k∏
i=1

X2,i = z
]

= Pr[Y1 = r] · Pr[Y2 = z]

2

The above lemma can be used to obtain the following useful corollary.

Corollary 3.7.4 Let X0, . . . , Xn−1 be2k-wise independent random variables. LetS =
∑

i Yi

with Yi = Xi,1 · Xi,2 · · ·Xi,k with ij ∈ [n] and such that no random variable appears twice in
theYi. ThenVar [S] ≤

∑
i Var [Yi].
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Proof : Follows immediately from the fact that theYi are pairwise independent. 2

For example, we might want to apply Chebyshev’s inequality to a random variable that can
be expressed as a sum of degreek monomials of basic non negative random variables. If we
can make sure that the basic random variables are(2k)-wise independent, then we can again
obtain an upper bound on the variance using the expectation of the basic random variables.

3.8 Estimating the Frequency Moments

In this section we discuss how to approximate the frequency moementsFk for k ≥ 2. We
have already seen that we can approximateF2 using the Johnson-Lindenstrauss Theorem, if we
ignore the space required to store the random matrixA that defines the random projection. Now
we will see how this can be achieved using4-wise independent hash functions. In the following
we will consider universeU = {1, . . . , n} and we usefi to denote the number of occurences of
elementi ∈ U in the data stream.

3.8.1 Estimating F2

The basis of our algorithm is a procedure that computes a valueX whose expected value isF2

and whose variance is relatively small. In order to achieve a good concentration we run this
procedures1 = 16/ε2 number of times and compute the average value. This way, we achieve
that with constant probability our algorithm computes a(1± ε)-approximation ofF2. To boost
the confidence probability to1 − δ we then invokes2 = 96 log(1/δ) instances of the latter
algorithm and take the median of the output values. More details will be given at the end of the
analysis.

We first define our procedure to computeX. We sample a functionh from a class of4-wise
independent hash functions from{1, . . . , n} to {−1, 1}. To defineX we first need to define a
random variableZ as follows

Z =

n∑
i=1

h(i) · fi .

Note that we can maintainZ easily. If an elementx arrives we simply have to perform the
assignmentZ = Z + h(x). Finally, we defineX = Z2.

SECONDFREQUENCYMOMENTS(s1, s2)

1. for i = 1 to s2 do
2. for j = 1 to s1 do
3. Zi,j = 0

4. while not EOFdo
5. Letx be the next item from the stream
6. for i = 1 to s2 do
7. for j = 1 to s1 do
8. Zi,j = Zi,j + h(x)

9. Yi = 1
s1
·
∑s1

j=1

(
Zi,j

)2

10. return median(
⋃s2

i=1 Yi)
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Now we proceed with the analysis. Our first step will be to show thatX is an unbiased
estimator forF2, i.e. E[X] = F2. We use the fact that theh(i) are pairwise independent and
haveE[h(i)] = 0 for all i. We get

E[X] = E
[(( n∑

i=1

h(i) · fi

)2)]
=

n∑
i=1

f2
i · E[h(i)2] + 2 ·

∑
1≤i<j≤n

fi · fj · E[h(i) · h(j)]

=

n∑
i=1

f2
i · E[h(i)2] + 2 ·

∑
1≤i<j≤n

fi · fj · E[h(i)] · E[h(j)]

=

n∑
i=1

f2
i = F2

.
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To compute the variance ofX we also have to computeE[X2].

E[X2] = E
[(( n∑

i=1

h(i) · fi

)2)2
]

=

n∑
i=1

f4
i · E[h(i)2] +

(
4

2

)
·
∑

1≤i<j≤n

f2
i · f2

j · E[h(i)2 · h(j)2]

+

(
4

3

)
·
∑

1≤i,j≤n;
i6=j

f3
i · fj · E[h(i)3 · h(j)]

+

(
4

2

)
· 2! ·

∑
1≤i≤n;

1≤j<k≤n;
i6=j;i6=k

f2
i · fj · fk · E[h(i)2 · h(j) · h(k)]

+ 24 ·
∑

1≤i<j<k<`≤n

fi · fj · fk · f` · E[h(i) · h(j) · h(k) · h(`)]

=

n∑
i=1

f4
i · E[h(i)2] + 6 ·

∑
1≤i<j≤n

f2
i · f2

j · E[h(i)2] · E[h(j)2]

+4 ·
∑

1≤i,j≤n;
i6=j

f3
i · fj · E[h(i)3] · E[h(j)]

+ 12 ·
∑

1≤i≤n;
1≤j<k≤n;

i6=j;i6=k

f2
i · fj · fk · E[h(i)2] · E[h(j)] · E[h(k)]

+ 4! ·
∑

1≤i<j<k<`≤n

fi · fj · fk · f` · E[h(i)] · E[h(j)] · E[h(k)] · E[h(`)]

=

n∑
i=1

f4
i + 6 ·

∑
1≤i<j≤n

f2
i · f2

j

We obtain that

Var [X] = E[X2] − (E[X]2) = 4 ·
∑

1≤i<j≤n

f2
i · f2

j ≤ 2F2
2 .

At this point we have defined a random variableX with expected valueF2 and (relatively)
small variance. We have seen thatX can be computed easily in the streaming scenario. We
only have to maintain a single counter, which requiresO(logm) bits of memory plus a4-wise
independent hash function which requiresO(logn) bits of memory. It remains to obtain a
sharply concentrated estimator by repeating this approach and apply Chebyshev’s inequality
and then boost the confidence probability by computing the concentrated estimator several
times in parallel and taking the median of the computations as a result.

Formally, we perform the above experiments1 · s2 times to compute the random variable
Xi,j, where1 ≤ i ≤ s2 and1 ≤ j ≤ s1. We setYi = 1

s1
·
∑s1

j=1 Xi,j to be the average value of
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theXi,j. Linearity of expectation implies that

E[Yi] = E
[ 1

s1

·
s1∑
j=1

Xi,j

]
=

1

s1

·
s1∑
j=1

E[Xi,j] = F2 .

We also have

Var [
1

s1

s1∑
i=1

Yi] =
1

s2
1

· Var [
s1∑
i=1

Yi] =
1

s2
1

· s1 · Var [Y1] =
F2

2

s1

by idependence of theYi. By Chebyshev’s inequality we get for each fixedi

Pr[|Yi − F2| ≥ εF2] = Pr[|Yi − E[Yi]| ≥ εF2] ≤
Var [Yi]

s1 · ε2F2
2

≤ 2F2
2

ε2 · s1 · F2
2

= 1/8 .

Thus, with probability at least7/8 we have for every fixedi

(1 − ε) · F2
2 ≤ Yi ≤ (1 + ε) · F2

2 .

Finally, we return the median of theYi’s. We will use Chernoff bounds to show that the prob-
ability that more thans2/2 of theYi do not satisfy the above inequality is very small. But if at
leasts2/2 satisfy the above inequality, then so does the median of them and hence our output
is within the desired approximation bounds. For the analysis letEi be the indicator random
variable for the event that(1 − ε) · F2

2 ≤ Yi ≤ (1 + ε) · F2
2 does not hold. By our above

discussion we havePr[Ei = 1] ≤ 1/8. For our analysis we will assumePr[Ei = 1] = 1/8. We
are interested whether

∑s2

i=1 Ei > s2/2. We get

Pr[
∑
i=1

s2Ei > s2/2] ≤ Pr
[ s2∑

i=1

Ei >
(
1 +

1

2

)
· E

[ s2∑
i=1

Ei

]]
≤ e

s2
96

≤ δ

using Chernoff bounds.
We can summarize our result in the following theorem.

Theorem 15 For everyε > 0 and everyδ > 0 there exists a streaming algorithm that given a
stream ofm elements fromU = {1, . . . , n} computes a valuẽF2

2 such that(1 − ε) · F2
2 ≤ F̃2

2 ≤
(1 + ε) · F2

2. The algorithm uses

O(
log(1/δ)

ε2
· (logn + logm))

bits of memory. Each element in the sequence can be processed inO(log(1/δ)/ε2) time.
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3.9 Higher Frequency Moments

Now we will develop an algorithm for the estmation of higher frequency moments. We consider
the same situation as forF2. We are given a stream of items from a universeU = {1, . . . , n}

and we letfi denote the number of occurences of itemi in the stream. We are interested in
approximatingFk =

∑n
i=1 fk

i upto a factor of(1± ε).
The main idea behind the streaming algorithm is to use sufficiently weighted random sam-

pling. LetA denote the set of all items in the stream andm := F1 denote the number of items
in A. Next let us take a random elementx from A. For now we assume that we can take the
random sample and compute the valueX = m · fk−1

x in a single pass. This will be the output
value of our algorithm. We will later see, how to circumvent this problem using a modification
of our algorithm.

Since the probability to take an elementx is fx/n we obtain

E[X] =

n∑
i=1

fi

F1

· F1 · fk−1
i = Fk .

Our next step is to compute an upper bound on the variance ofX. To obtain such a bound we
computeE[X2], which is an upper bound onVar [X].

Var [X] ≤ E[X2] =

n∑
i=1

fi

F1

· F2
1 · f2k−2

i = F1 · F2k−1 .

In order to achieve a sharp concentration we repeat our experiments1 times computings1

random variablesXi, 1 ≤ i ≤ s1. Our output value will be1
s1
·
∑s1

i=1 Xi. It is easy to verify that

E[ 1
s1
·
∑s1

i=1 Xi] = Fk. Since the random variables are independent we obtain

Var [
1

s1

·
s1∑
i=1

Xi] =
1

s2
1

s1∑
i=1

Var [Xi] ≤
F1 · F2k−1

s1

Then we can apply Chebyshev’s inequality and obtain

Pr
[∣∣ 1

s1

·
s1∑
i=1

Xi − E[
1

s1

·
s1∑
i=1

Xi]
∣∣ ≤ ε · E[

1

s1

·
s1∑
i=1

Xi]
]

≤
Var [ 1

s1
·
∑s1

i=1 Xi]

(ε · E[ 1
s1
·
∑s1

i=1 Xi])2

≤ F1 · F2k−1

ε2 · s1 · F2
k

We now need the following inequality.

Claim 3.9.1

F1 ·
( n∑

i=1

f2k−1
i

)
=

( n∑
i=1

fi

)
·
( n∑

i=1

f2k−1
i

)
≤ m1−1/k ·

( n∑
i=1

fk
i

)2
.
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Proof : We usefmax = max1≤i≤n fi. Then

( n∑
i=1

fi

)
·
( n∑

i=1

f2k−1
i

)2 ≤
( n∑

i=1

fi

)
·
(
fk−1

max ·
n∑

i=1

fk
i

)
=

( n∑
i=1

fi

)
·
(
(fk

max)
k−1

k

)
·
( n∑

i=1

fk
i

)
≤

( n∑
i=1

fi

)
·
(
(

n∑
i=1

fk
i )

k−1
k

)
·
( n∑

i=1

fk
i

)
=

( n∑
i=1

fi

)
·
( n∑

i=1

fk
i

)2k−1/k

≤ m1−1/k ·
( n∑

i=1

fi

)1/k ·
( n∑

i=1

fk
i

)2k−1/k

≤ m1−1/k ·
( n∑

i=1

fk
i

)1/k ·
( n∑

i=1

fk
i

)2k−1/k

= m1−1/k ·
( n∑

i=1

fk
i

)2

2

It follows that fors1 ≥ 8 ·m1−1/k/ε2 we get that with probability at least7/8 our algorithm
gives a(1 ± ε)-approximation. Now, we can boost the probability in a similar way as for the
F2 sketch by computing the median of the output values ofs2 = 96 log(1/δ) instances of the
above algorithm.

A problem with the above approach is that we cannot easily compute the random sample and,
at the same time, count how many times the sample elements occur in the stream. Therefore, we
proceed in a slightly different way. We choose an elementx = σj from the streamσ1, . . . , σm

uniformly at random (for example, using reservoir sampling. Then we count all occurences
of x in σj, . . . , σm. Let us call this valuer. It is not hard to see that we can modify reservoir
sampling to computer.

Finally, we compute the random value

X = m · (rk − (r − 1)k) .

57



Fk-APPROXIMATION(σi)

1. m = 0

2. while not EOFdo
3. Letσ be the next element in the stream
4. m = m + 1

5. if m = 1 then x = σ; r = 1

6. else
7. if σ = x then r = r + 1

8. Choose a numbery uniformly at random from[0, 1]

9. if y ≤ 1/i then
10. x = σ

11. r = 1

12. output m · (rk − (r − 1)k)

In order to computeX we needO(logn+logm) space to maintain the elementx, the number
of its occurences and the overall number of elements in the stream. We compute the expected
value ofX.

E[X] =
m

m

n∑
i=1

fi∑
j=1

(
jk − (j − 1)k

)
=

n∑
i=1

fk
i = Fk

To get an upper bound on the variance we computeE[X2].

E[X2] =
m2

m

n∑
i=1

fi∑
j=1

(
jk − (j − 1)k

)2

≤ m ·
n∑

i=1

fi∑
j=1

(
jk − (j − 1)k

)
·
(
jk − (j − 1)k

)

Now observe for anya > b > 0 we have

ak − bk = (a − b) ·
k−1∑
i=0

ak−1−i · bi ≤ (a − b) · k · ak−1

and so (
jk − (j − 1)k

)
≤ k · jk−1 .
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This implies

E[X2] ≤ m ·
n∑

i=1

fi∑
j=1

k · jk−1 ·
(
jk − (j − 1)k

)
≤ m ·

n∑
i=1

k · f2k−1
i

= k · F1 · F2k−1

Again, we runs1 parallel instances of the algorithm and compute the averageY of the com-
puted values. A similar analysis as before yields fors1 = 8km1−1/k/ε that

(1 − ε) · Fk ≤ Y ≤ (1 + ε) · Fk .

We can amplify the probability to(1−δ) using Chernoff bounds as in the section on estimation
of the second frequency moments. We summarize our results.

Theorem 16 For everyk ≥ 1 and everyε, δ > 0 there is a randomized algorithm that given a
streamσ1, . . . , σm of elements fromU = {1, . . . , n} a valueF̃k such that

(1 − ε) · Fk ≤ F̃k ≤ (1 + ε) · Fk .

The algorithm usesO(k log(1/δ)
ε2 m1−1/k(logn + logm)) bits of memory and processes each

update inO(k log(1/δ)
ε2 m1−1/k) time.
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4 The Merge and Reduce Principle

In this chapter we will learn a technique that is particularly useful to design data streaming
algorithms in the context of geometric data streams. The genereal idea is to design two oper-
ations REDUCE and MERGE and prove that these two operation satisfy two basic properties.
Then this will yield a streaming algorithm. We will now describe both operations and then
show how they can be used to design a streaming algorithm.

4.0.1 Description of Operations

Let us assume we consider a certain optimization problem on a ground set of items. The
REDUCE operation takes as input a set ofn items and produces as output a set of logO(1) n

items such that the cost of any solution for the output set of items is a(1 + ε)-approximation
for the corresponding solution of the input set. In particular, this requires us to specify the
notion of corresponding solution.

The MERGEoperation takes as input two sets of items and outputs one set of items (typically
the union of both sets). These sets may results from the REDUCEoperation. It must satisfy that
the cost of a solution for the output set is the sum of the corresponding costs for the input sets.

4.0.2 An Example

Let us consider a geometric data stream, i.e. a stream ofn points{p1, . . . , pn} from Rd. As
an optimization problem we will consider thek-median problem. In thek-median problem, a
solution is a set ofk centersC that minimizes the sum of distances of the pointspi to their
nearest center inC. To solve thek-median problem over data streams we proceed with a two
step procedure. In the first step we compute a summary of the input data using the MERGEand
REDUCE paradigm. Then we solve thek-median problem on the summary using an arbitrary
(1 + ε)-approximation algorithm. Here, we will only discuss the first step and not deal with
the design of approximation algorithms for thek-median problem. The input to the REDUCE

operation will be a positively weighted points set whose point weights sum up ton. We can
think of a point with weightw(p) asp occuring with multiplicityw(p). An unweighted point
set can be interpreted as a weighted point set, where each point has weight1. The REDUCE

operation will now get a weighted point setP with overall weightn and compute a weighted
point setS of logO(1) n points, such that for every set ofk centers (every solution) and upto a
factor of(1± ε) the cost forS is approximately the cost forP.

A M ERGEoperation corresponds to take the union of two weighted setsP1, P2, since for any
set ofk centers the cost forP1 ∪ P2 equals the cost forP1 plus the cost forP2.
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4.0.3 A Streaming Algorithm Using Merge and Reduce

How can we use the operations REDUCE and MERGE to design a streaming algorithm. The
idea is as follows. We are maintaining a set of logn bucketsBi, 0 ≤ i ≤ logn. Before we
process the stream all buckets are empty. We take the first` elements from the stream and apply
the REDUCE operation. Then we store the resulting set of items in bucketB0. We continue by
taking the next̀ items from the stream and apply the REDUCE operation to them. Now, bucket
B0 already contains a set of points and so we apply the MERGEoperation to MERGEthe output
of the REDUCE operation with the points from bucketB0. The resulting set of items is stored
in bucketB1 and bucketB0 is emptied. So, we can proceed by reading the next` points and
storing their summary in bucketB0. In general, we proceed as follows

STREAMINGMERGEANDREDUCE

while not EOFdo
Let P be the next set of̀ items from the stream
S← REDUCE(P)

i← 0

while Bi 6= ∅ do
S← REDUCE(MERGE(S, Bi))
Bi ← ∅
i← i + 1

Bi ← S

We observe that the points stored inBi correspond to a summary of2i · ` points in the input
stream. Therefore,logn buckets suffice forn input items. It has been obtained by applyingi

REDUCEoperations. Therefore, the error of our summary is(1±ε)i. The error of the summary
stored in the largest non-empty bucket is at most(1± ε)logn. Replacingε by c · ε/ logn) will
guarantee an error of at mostε for some constantc. However, we need to known (or a rough
approximation ofn) in advance to do so. Although in practice this is not a big problem asn

is supposed to be large and we are fine with, say, ann10 approximation, we will also derive an
algorithm that does not requiren to be known in advance at all. In general, the quality of a
MERGE-and-REDUCEalgorithm depends on the quality of the MERGEand REDUCEoperations
used and will be analysed ad-hoc.

4.1 A Streaming Algorithm for k-Median Clustering via
Coresets

Our first application of the MERGE-and-REDUCE principle will be to a streaming algorithm
for thek-median problem. We will use the idea sketched above in the example. We use the
MERGEand REDUCE operations to maintain a small summary of the data and the solve thek-
median only on this summary. We now discuss how to maintain such a summary. The REDUCE

operation will receive a positively weighted point set with a bound on the sum of weights and
it computes a weighted set with few points that satisfies the same bound on the point weights
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and approximates the input point set. The MERGEoperation simply takes the union of the two
input sets.

Since we are dealing with weighted point sets let us define thek-median problem for weighted
points as follows. We are given a point setP with positive point weightsw(p) for eachp ∈ P.
Our goal is to find a setC of k centers that minimizes∑

p∈P

w(p) · d(p,C) ,

whered(p,C) = minc∈C ‖p − c‖2.
To implement the REDUCE operation we seek to compute a small weighted point set that

approximately has the properties as the input point set. Such a point set is also called acoreset
and is formally defined as follows.

Definition 4.1.1 (Coreset)Let P ⊆ Rd be a weighted point set. A weighted point setS ⊆ Rd

is called(k, ε)-coreset for a weighted point setP ⊆ Rd under thek-median objective function,
if for every setC of k centers we have

(1 − ε) · cost(P,C) ≤ cost(S, C) ≤ (1 + ε) · cost(P,C) .

Our goal is to compute a coreset of the input points that arrive in the data stream. We
then use an arbitrary(1 + ε)-approximation to solve the problem on the coreset. The results
will be a (1 + 4ε)-approximation as we will see in the following. An optimal solutionCOpt

for P has costcost(S, COpt) ≤ (1 + ε) · cost(P,COpt) for S. Hence, the cost of an optimal
solution for S is at most(1 + ε) · cost(P,C). Now consider an optimal solutionC ′

Opt for
S. We havecost(S, C ′

Opt) ≥ (1 − ε) · cost(P,C ′
Opt). SinceC ′

Opt is optimal for S we have
cost(S,C ′

Opt) ≤ cost(S, COpt). It follows that

cost(P,C ′
Opt) ≤

1

1 − ε
cost(S,C ′

Opt) ≤
1

1 − ε
cost(S, COpt) ≤

1 + ε

1 − ε
· cost(P,COpt) ,

which is at most(1+4ε) ·cost(P,COpt) for ε ≤ 1/2. Replacingε with ε/4 we obtain a(1+ε)-
approximation algorithm for thek-median problem. It remains to describe how to maintain a
coreset in the streaming scenario.

4.1.1 From Clusterings to Coresets

The following coreset construction can be also viewed as a pre-clusterung that uses more than
k centers (but not too many) and has cost at mostε · cost(P,COpt). Once we have computed the
pre-clustering we define the coreset to be the set of cluster centers and the weight of the points
is the number of points inside each cluster. Let us assume we have a partition of the input space
into clustersC1, . . . , Cm and corresponding cluster centersc1, . . . , cm such that∑

i

∑
p∈Ci

‖p − ci‖ ≤ εcost(P,COpt) ,

whereCOpt is an optimal solution withk centers. We will show that the set{c1, . . . , cm} with
w(ci) = |Ci| is a (k, ε)-coreset. In order to prove this we need the following lemma, which
shows that moving a point by a distanceD changes the distance to any pointq by at most±D.
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Lemma 4.1.2 Letq ∈ Rd be a point. Letp, p ′ ∈ Rd. Then∣∣‖p − q‖− ‖p ′ − q‖
∣∣ ≤ ‖p − p ′‖ .

Proof : We have‖p − q‖ ≤ ‖p ′ − q‖ + ‖p − p ′‖ and so‖p − q‖ − ‖p − q ′‖ ≤ ‖p − p ′‖.
Also, |p ′ − q‖ ≤ ‖p − q‖ + ‖p − p ′‖ and so‖p − q ′‖ − ‖p − q‖ ≤ ‖p − p ′‖. This implies
the lemma. 2

Let us fix an arbitrary setC of k centers. Let{c1, . . . , cm} be as defined above. We can think
of constructing this set by moving every pointp ∈ Ci to ci. By the lemma above, this changes
its distance to every point inC by at most‖p − ci‖. Hence, it also changes the distance to
the nearest point inC by at most this value. Thus, the cost of solutionC changes by at most∑

i

∑
p∈Ci

‖p − ci‖, which is the cost of the pre-clustering. Since we have chosen the pre-
clustering in such a way that

∑
i

∑
p∈Ci

‖p − ci‖ ≤ ε · cost(P,COpt) ≤ ε · cost(P,C) we know
that

(1 − ε) · cost(P,C) ≤ cost(S, C) le(1 + ε) · cost(P,C)

and so the set{c1, . . . , cm} is a coreset.

4.1.2 A Coreset Construction

In order to construct our coreset we pursue the approach sketched above and compute a pre-
clustering. This pre-clustering is computed by partitioning the input space intom regions. For
each regionRi we defineCi = P∩Ri. The coreset is obtained by taking a certain pointci from
eachRi and assigning the weight‖Ci| to it. The cost of clustering theCi using the centersci

will be at mostε · cost(P,COpt).
Our first step to construct the pre-clustering is to compute a constant factor approximation

A = {a1, . . . , aq} with q = O(k) andcost(P,A) ≤ c · cost(P,COpt) for some constantc. It is
possible to compute such a clustering inO(nkd) time, but we will not discuss the algorithm
here.

In order to construct the partitioning of the input space we put an exponential grid around
each of the centers inA. For this purpose letPi be the subset ofP that is closest toai. Further
let R = cost(P,A)/(c · n) ≤ cost(P,COpt)/n be a lower bound on the average cost of a point
in an optimal solutions. We also have‖p − ai‖ ≤ c · n · R, since‖p − ai‖ ≤ cost(P,A). To
define the exponential grid letQ : i, j be an axis-aligned cube with side lengthR · 2j and center
ai for j = 0, . . . ,M = d2 log(cn)e. Let Vi,0 = Qi,0 andVi,j = Qi,j \ Qi,j−1. SubdivideVi,j

using a grid with side lengthrj = ε · R · 2j/10(cd). Let Gi denote the resulting exponential
grid for Vi,0, . . . , Vi,M. The union of these cells defines our subdivision of the input space. We
obtain the coreset by counting the number of points inside each grid cell and replacing them by
an arbitrary point inside the cell weighted by the number of replaced points. LetS denote the
resulting point set.

We first prove thatS is small and then show that the cost of the constructed pre-clustering is
small, which implies thatS is a coreset.

Lemma 4.1.3
|S| = O(|A| · logn/εd) .
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Proof : Vi,j is subdivided into at most(10cd
ε

)d cells. From0 ≤ j ≤ M = O(logn) and
1 ≤ i ≤ |A| it follows that |S| = O(|A| · logn/εd). 2

Theorem 17 The weighted setS is a (k, ε)-coreset forP.

Proof : We only have to show that the cost for clustering the points inside the grid cells using
the corresponding coreset point as a center is at mostε · cost(P,COpt). For a pointp let us
denote byc(p) the coreset point of the grid cell that containsp. We get∑

p∈P

‖p − c(p)‖ =
∑

p∈P,d(p,A)≤R

‖p − c(p)‖+
∑

p∈P,d(p,COpt)>R

‖p − c(p)}

≤ ε

10c
· n · R +

ε

10c
·
∑
p∈P

d(p,COpt)

≤ 2ε

10c
· cost(P,COpt)

≤ εcost(P,COpt)

2

4.2 Coresets for High Dimensional Point Sets

The coreset construction from the last section is small with respect ton, but the size of the core-
set and hence the space requirement of our algorithm depends exponentially on the dimension
of the input space. In this section we will develop a new construction that has only linear depen-
dence on the dimension. To obtain this result we need a new construction. We cannot hope for
a pre-clustering with relatively few centers and with small cost compared to the cost of an opti-
mal clustering solution. A simple counter example is the unit metric, where each pair of points
has distance exactly1. We can construct such a metric usingn points inn-dimensional space.
The Johnson-Lindenstrauss Lemma tells us the we can embed thisn-dimensional point set in
O(logn/ε2) dimensions in such a way that every distance is preserved upto a factor of(1+ε).
Consider a clustering withm centers and the corresponding partition into clustersC1, . . . , Cm.
In each cluster we group the points into pairs leaving possible one point unmatched. By the tri-
angle inequality, each pair has cost at least1. Hence the overall cost of the clustering is at least
n − m/2. Thus, forε << 1/2 andm = o(n) there is no pre-clustering with costε · (P,COpt),
whereCOpt denots an optimal solution withk << m centers. Thus, we require a new idea.

Idea. Our new construction combines two results that we have already proved. One of them
is the fact that we can derive an addive error bound for a random sample of sizes, if the points
come from a space with diameterD. For our purposes we will assign weightn/s to every
sample point. We can parametrizes in such a way that the additive error due to the sampling is
at mostεnD/c, wheren is the size of the point set andα is a constant. This is then combined
with the charging argument of the previous coreset construction in the following way. We first
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compute a (bi-criteria)α-approximationA that usesO(k) centers. Then we putO(logn) balls
with exponentially increasing radius around these centers. These balls define a partition of the
space into rings. Each ring has inner distanceD from the center and outer distance2D for
some valueD. Therefore, every point in this ring contributes with at leastD to the cost of
the approximate solution. If we usem to denote the number of point in this ring, then the
overall contribution of these points to the approximate solution is at leastmD. But the additive
error of the sample is at mostεmD/c. Summing up over all rings gives an overall error of∑

εmD/c ≤ εcost(P,A)/c. Choosingc = α/2 gives an error of at mostε
2
Opt. It remains to

consider the error introduced by the (small) inner ball in the center of the set of rings. These
balls are chosen small enough to guarantee that the overall error induced by the sampling is at
most ε

2
Opt. Thus, summing up, the error for every set of centers is at mostεOpt, which proves

that the sample set is a coreset.

The Algorithm.

HIGHDIMENSIONALCORESET(P, s)

1. Computeα-ApproximationA = {c1, . . . , c`} with ` = O(k) centers;α = O(1)

2. LetPi ⊆ P be the set of points fromP that are closest toci

3. LetD = cost(P,A)/(αn)

4. for i = 1to k do
5. Pi,0 = {p ∈ Pi|d(p, ci) ≤ D}

6. for j = 1 to log(αn) do
7. Pi,j = {p ∈ Pi|2

j−1 ·D ≤ d(p, ci) ≤ 2j ·D}

8. Draw a random setSi,j of s points fromPi,j uniformly at radnom with repetition
9. Let the weight of the points inSi,j be |Pi,j|/s

10. return S =
⋃

i,j Si,j

Overview of the Analysis. We have to show that for any set of centersC we get|cost(P,C)−

cost(S,C)| ≤ ε · cost(P,C). In order to do so, we consider everyPi,j separately. Then we
distinguish between two types of sets of centers. First we show that, if every center inC is
far away fromPi,j then it does not matter which points fromPi,j are chosen as sample points,
because their pairwise distance is small in comparison to their distance toC. It suffices that the
sum of weights equals|Pi,j|. Then we consider a fixed set of sets of centersC. We show that
for everyC ∈ C with high probability|cost(Pi,j, C) − cost(Si,j, C)| is small compared to the
contribution ofPi,j to our approximate solutionA. Then we argue that for eachPi,j we only
have to consider a finite number of setsC to guarantee that|cost(Pi,j, C)−cost(Si,j, C)| is small
for all C. The argument is as follows. We already know that we only have to consider centers
that are not too far away fromPi,j. To find a bound for the error of nearby centers we discretize
the input space and consider only the solutions on the grid. If the grid is fine enough, then this
will give us sufficiently precise bounds for every near solution.

Any Set of Far Away Centers has Small Error. We now want to show that we have small
error for every set of centersC ⊆ Rd. Our first observation is that ifd(C, Pi,j) > 2j+3 · D/ε

66



then the error induced by the sampling is small compared thecost(Pi,j, C). In order to prove
this, we will use the ’pre-clustering’ argument from the previous coreset construction. We show
that any clustering that uses the pointsSi,j as cluster centers and assigns toSi,j exactly|Pi,j|/s

points has cost at mostε · cost(Pi,j, C). Hence, the cost of clusteringC is approximated within
a factor of(1 + ε). Since|Pi,j|/s may not be integral, we allow to assign points fractionally.

Claim 4.2.1 Let Q be a point set in a ball with radiusR and letC be a set ofk centers with
d(Q,C) > 8R/ε. Then we can replaceQ by an arbitrary positively weighted point setS ⊆ Q

with overall weight|Q| and we have

|cost(Q,C) − cost(S, C)| ≤ ε

4
· cost(P,C) .

Proof : We distribute the weight of every point inS in such a way that every point fromQ
gets an overall weight of exactly1. This is always possible, since the overall weight ofS is
|Q|.For two pointsp ∈ S andq ∈ Q let wp,q be the weight thatq receives fromp. Then we
have ∣∣∑

q∈Q

D`2
(q,C) −

|P|

s
·
∑
p∈S

D`2
(p,C)

∣∣
=

∣∣∑
q∈Q

D`2
(q,C) −

∑
p∈S

∑
q∈Q

wp,q ·D`2
(p,C)

∣∣
=

∣∣∑
q∈Q

∑
p∈S

wp,qD`2
(q,C) −

∑
p∈S

∑
q∈Q

wp,q ·D`2
(p,C)

∣∣
=

∣∣∑
p∈S

∑
q∈Q

wp,qD`2
(q,C) −

∑
p∈S

∑
q∈Q

wp,q ·D`2
(p,C)

∣∣
≤
∑
p∈S

∑
q∈Q

∣∣wp,q(D`2
(q,C) − D`2

(p,C))
∣∣

≤
∑
p∈S

∑
q∈Q

wp,q · R

≤ |Q| · R

≤ ε

4
cost(Q,C)

2

Using R = 2j · D andQ = Pi,j we have that in this case the sampling error is at most
±ε

4
· cost(Pi,j, C).

Thus, we know that for every set of centers that has a large distance fromPi,j our sampling
approach works well. It remains to prove that for every set of centers that is close toPi,j we get
small error. In order to obtain this result we first prove that for a finite set of sets of centersC
we have small error for allC ∈ C. To prove that we can approximate the cost of every solution
we discretize the space close toPi,j and consider only solutions on this grid. We can restrict
ourself to solutions where each point inC is relatively close toPi,j. This is because at least one
point ofC must be close toPi,j because otherwise we are in the first case. But then any center
that is much further away cannot be closest center and is redundant for our purposes.
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A Fixed Set of Centers has Small Error. We apply Lemma 2.4.2. Let us fix an arbitrary
solutionC and setPi,j. We definefC(p) = d(p,C)−d(Pi,j, C). This implies that0 ≤ fC(p) ≤
M for M = 2j+1 · D, since the diameter of point setPi,j is at most2j+1D and because of the
triangle inequality. Now letC = {C1, C2, C3, ...} be a finite set of sets of centers. Further let
F = {fC : C ∈ C}. Then we have fors ≥ M2

2λ2 (ln |F| + ln(2/δ)):

Pr[∃f ∈ F :
∣∣∑p∈Pi,j

f(p)

|Pi,j|
−

∑
p∈Si,j

f(p)

|Si,j|

∣∣ ≥ λ] ≤ δ .

Since the weight of eachp ∈ Si,j is |Pi,j|/|Si,j| we get

Pr[∃f ∈ F :
∣∣ ∑

p∈Pi,j

f(p) −
∑

p∈Si,j

w(p)f(p)
∣∣ ≥ λ · |Pi,j|] ≤ δ ,

wherew(p) denotes the weight ofp. It follows

Pr[∃C ∈ C :
∣∣ ∑

p∈Pi,j

f(p) −
∑

p∈Si,j

w(p)f(p)
∣∣ ≥ λ · |Pi,j|] ≤ δ

= Pr[∃C ∈ C :
∣∣cost(Pi,j, C) − cost(Si,j, C)

∣∣ ≥ λ · |Pi,j|] ≤ δ

Now we can setλ = εM
16α

and obtain

Pr[∃C ∈ C :
∣∣cost(Pi,j, C) − cost(Si,j, C)

∣∣ ≥ ε

16α
· |Pi,j| · 2j+1D] ≤ δ .

Hence,

Lemma 4.2.2 LetC be a set of sets of centers and let0 < δ, ε. For s ≥ 256α
ε2 (ln |C| + ln(2/δ))

we have

Pr[∃C ∈ C :
∣∣cost(Pi,j, C) − cost(Si,j, C)

∣∣ ≥ ε

16α
· |Pi,j| · 2j+1D] ≤ δ .

Any Set of Near Centers has Small Error. The analysis for the case that at least one center is
near to the input is similar to the analysis of uniform sampling in Chapter 2.4. We first discretize
the input space by restricting ourself to solutions on a grid with cell widthε ·Opt/(4n

√
d). Let

G be the set of grid points andGeff = {p ∈ G : d(p, P) ≤ 32
ε
· cost(P,A)}. Then we apply the

analysis for a fixed set of centers. We first prove an upper bound on the cardinality ofGeff.

Claim 4.2.3 There is a constantcd such that

|Geff| ≤ cd · nd+1/ε2d .

Proof : For each point fromP there exists ad-dimensional cube with side length2 · 16
ε
·

cost(P,A) such that the union of these cubes contains all points fromGeff. Since the grid has
cell widthε ·Opt/(4n

√
d), there are at mostcd ·nd/ε2d grid points in this cube for a constant
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cd that depends on the dimension and becauseα ≤ cost(P,A)/Opt is a constant. The claim
follows from |P| = n. 2

Now consider an arbitrary solutionC ′ such that at least one center has distance toPi,j less
than2j+3Dε. We snap all points fromC ′ to their nearest grid point to obtain a solutionC. By
our choice of the grid width we move every point at most a distanceε · Opt/(4n). Hence,
|cost(P,C ′) − cost(P,C)| ≤ ε

4
· Opt. For every grid solutionC we defineCeff = C ∩ Geff.

We will show that we can restrict ourself on the solutionCeff since the points inPi,j have no
nearest neighbor inC \ Ceff. Sinced(p,A) ≤ cost(P,A) we have2j−1 · D ≤ cost(P,A) ⇔
D ≤ cost(P,A)/2j−1 for all j with Pi,j 6= ∅. Hence,

d(Pi,j, C) ≤ 2j+3D/ε ≤ 16

ε
cost(P,A) .

For every pointp ∈ Pi,j we now get

d(p,C) ≤ (2 +
16

ε
)cost(P,A) ≤ 32

ε
· cost(P,A)

because the diameter ofPi,j is at mostcost(P,A). It follows that no point fromPi,j has a nearest
neighbor inC\Ceff. Now we can apply the analysis for the case of a fixed set of set of centers.
We defineC = {C ⊆ Geff : |C| ≤ k}. We have|C| ≤ |Geff|

k ≤ ck
d · nk(d+1)/ε2dk. By Lemma

4.2.2 we haves ≥ 256α
ε2 (ln |C| + ln(2/δ))

Pr[∃C ∈ C :
∣∣cost(Pi,j, C) − cost(Si,j, C)

∣∣ ≥ ε

16α
· |Pi,j| · 2j+1D] ≤ δ .

Now we setδ = 1
3k(1+log(αn))

and writeCi,j for the setC that corresponds toPi,j. We get

Pr[∃i, j∃Ceff ∈ Ci,j : |cost(Pi,j, Ceff)−cost(Si,j, Ceff)| ≥
ε

16α
·|Pi,j|·2j+1D] ≤ δ·k·(1+log(αn)) ,

since there are at mostk · (1+ log(αn)) setsPi,j. For our choice ofδ we have error probability
at most1/3.

Finally, we have to show that the overall error is small. We use the following claim.

Claim 4.2.4 For j ≥ 1 we have

cost(Pi,j, A) ≥ |Pi,j| · 2j−1 ·D.

Proof : From the definition ofPi,j it follows that every point inPi,j has distance at least
2j−1 ·D from A. Hence, the claim follows. 2

We obtain forj ≥ 1

Pr[∃C ∈ C :
∣∣cost(Pi,j, C) − cost(Si,j, C)

∣∣ ≥ ε

4α
· |Pi,j| · cost(P,A)] ≤ δ .

For j = 0 we have

Pr[∃C ∈ C :
∣∣cost(Pi,j, C) − cost(Si,j, C)

∣∣ ≥ ε

8α
· |Pi,j| ·D] ≤ δ .
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Summing up the error forj ≥ 1 gives an overall error for any fixed set of centersC of at most
ε
4α
· cost(P,A) ≤ ε

4
· Opt ≤ ε

4
· cost(P,C). For the casej = 0 the sum of error is at most

ε
8α
· n · cost(P,A)/(αn) ≤ ε

8
· Opt≤ ε

8
· cost(P,C). Summing up the errors for the sampling

and for considering only grid solutions we obtain an overall error of at mostε · cost(P,C).
Hence, the computed point set is a coreset. Plugging in our choice forδ and the sizes of theCi,j

we obtain

Theorem 18 For s ≥ c · k2d
ε2 · log(nd/ε) with probability at least2/3 the setS is a (k, ε)-

coreset. The cardinality ofS is O(k3 · log2 n · d log(nd/ε)/ε2).

70



5 Streaming Algorithms via Embeddings
into Tree Metrics

In this chapter we will develop algorithms for dynamic geometric data streams. We will learn a
technique that can be used to reduce problems over such data streams to problems over simple
statistics of high dimensional vector, i.e. problems like approximatingF0 or F2.

We first define dynamic geometric data streams. A dynamic geometric data stream is a
sequence of INSERT and DELETE operations of points from a discrete space{1, . . . , ∆}d. As
always when we consider dynamic streams we require that the stream is consistent, i.e. no
points are removed that are not present in the current set of points and no points are inserted
twice.

An example for an applications where dynamic geometric data streams naturally occur is a
mobile ad-hoc network. Here we have a set of mobile devices (laptops, PDAs, cell phones, etc.)
that form a communication network. We do not want to rely on base stations and instead form
the network using only our mobile devices. Since most mobile devices have limited energy
supply we would like to maintain an efficient network. In order to do this, each node has to
broadcast its new position from time to time. If we implement such a broadcast as a DELETE of
the old position of the device and an INSERTof its new position, we get a dynamic geometric
data stream.

The algorithms we develop in this chapter are based on the following method. In a first step
the current point setP (endowed with Euclidean metric) is probabilistically embedded into a
tree such that for every pointp, q ∈ P the expected distance in the tree is at most a factor
O(d log |P|) larger than the corresponding distance‖p − q‖2. For many problem we can show
that an optimal or near optimal solution on a tree has certain properties, from which we can
approximate the cost of the solution by looking at certain statistics of the (new) metric space.

5.1 Embeddings into Trees

In this section we develop an embedding of a point setP into a tree metric that tries to guar-
antee that the distances between points in the original space do not differ very much from the
corresponding distances in the tree. We need a few definitions.

Definition 5.1.1 (Metric Embedding) Given two metric spaces(P, d) and(P ′, d ′), a mapping
fromP to P ′ is called an embedding of(P, d) into (P ′, d ′).

Definition 5.1.2 (Tree Metric) LetT be a tree with vertex setV . The corresponding tree met-
ric (V, dT ) is defined by lettingdT (u, v) be the length of the (unique) path betweenu and
v.

71



Definition 5.1.3 (α-Probabilistic Approximation) Let S be a family of metric spaces with
point setP and letD be a distribution overS. Then(S,D) is anα-probabilistic approximation
of (P, d), if

• every metric space in S dominates(P, d)

• for all p, q ∈ P we haveE(P,d ′)∼D[d ′(p, q)] ≤ α · d(p, q),

where a metric(P, d ′) dominates(P, d), if d ′(p, q) ≥ d(p, q) for all p, q ∈ P.

Definition 5.1.4 (k-HST) A rooted treeT is ak-hierarchically well-separated tree (k-HST), if

• the distances from every vertex to its children are identical

• pnevery path from the root to a leaf the distances of subsequent edges drop by a factor of
at leastk.

5.1.1 Construction of a 2-HST for P

In the following we develop an algorithm that computes a probabilistic embedding of a point set
P into a2-HST. The distribution over tree metrics defined by this algorithm is anα-probabilistic
approximation of(P, d). The idea of the embedding is simple. We use several randomly shifted
gridsGi with cell width 2i−1 for 1 ≤ i ≤ log∆. In grid G0 every point ofP ⊆ {1, . . . , ∆}d is
in a single cell. These points/cells are the leaves of our tree (level0). In grid Gi all non-empty
cells are interior nodes of the tree in leveli. Each such node is connected to all nodes that
correspond to the non-empty cells in gridGi−1. The connecting edge has length

√
d · 2i−1.

2-HST-COMPUTATION(P)

Let a be a vector chosen uniformly at random from[0, ∆]d.
for i = 1 to log∆ do

Let Gi be a grid with cell width2i−1 shifted bya
T ← empty tree
Insert every point inP as a node ofT at level0
for i = 1 to log∆ do

For each non-empty cell in gridGi insert a node in leveli of T

Connect every nodeu in level i to the nodes in leveli − 1 whose corresponding grid cells
are contained in the grid cell that corresponds tou.
Set the edge weight to

√
d · 2i−1

Insert a root in level log∆ + 1 of T and connect it to every node in level log∆ using
an edge of length∆.

We first observe that(P, dT ) dominates(P, d). Let us consider two pointp, q and the coarsest
grid Gi such thatp andq are in different cells. ThendT (p, q) >

√
d2i. Further, we know that

p andq are in the same cell in gridGi+1. Hence their distance can be at most the diagonal of
that cell, which is

√
d · 2i. Hence,(P, dT ) dominatesP, d).
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Theorem 19 Let P be a set of point in the discrete space{1, . . . , ∆}d and letd(., .) be the
Euclidean distance. Then the distribution over2-HSTs as computed by algorithm2-HST-
COMPUTATION is anO(d log∆)-probabilistic approximation of the metric(P, d).

Proof : We show for two pointsp, q thatE[dT (p, q)] = O(d log∆) · d(p, q). Let Xi be the
indicator random variable for the event thatp, q are in different grid cells in leveli. Then we
can write

dT (p, q) =

log∆∑
i=0

Xi ·
√

d · 2i .

Hence,

E[dT (p, q)] =

log∆∑
i=0

E[Xi] ·
√

d · 2i

by linearity of expectation. Ford = 1 we have

Pr[Xi] ≤
d(p, q)√
d · 2i−1

.

Ford > 1 this implies

Pr[Xi] ≤
√

d · d(p, q)

2i−1
.

Hence,E[Xi] ≤
√

d · d(p,q)
2i−1 . We obtain

E[dT (p, q)] ≤
log∆∑
i=0

√
d · d(p, q)

2i−1
·
√

d ·2i = 2 ·d · (1+ log∆) ·d(p, q) = O(d log∆) ·d(p, q) .

2

5.2 Minimum Spanning Tree Cost

Now we will use the previous result to develop a streaming algorithm that maintains the cost of
a Euclidean minimum spanning tree ofP, i.e. the minimum spanning of the metric(P, d). For
a weighted treeT we definecost(T) as the sum of the edge weights of tree. We will show that
the expected cost of a2-HST computed by the algorithm above is aO(d log∆) approximation
of the cost of the Euclidean minimum spanning tree.

Let T be a2-HST computed by algorithm2-HST-COMPUTATION. We show that there exists
a spanning tree of(P, dT ) with cost at most2 · cost(T). We first transformT into a treeT ′ such
that (a) the nodes ofT ′ are the points inP (the leaves ofT ), (b) (P, dT ′) dominates(P, dT ),
and (c)cost(T ′) ≤ 2 · cost(T). This can be done bottom-up by the following procedure. The
invariant is that all subtrees rooted at leveli consists of leaves only. Now let us consider a node
at leveli + 1. We choose one of its subtrees and connect all other subtrees to it using edges of
length2 · 2i (instead of2i).

Now we replace the weight of every edge(u, v) in T ′ by d(u, v). Let T ′′ be the resulting
tree. We havecost(T ′′) ≤ cost(T ′) ≤ 2 · cost(T). Further(P, dT ′′) dominates(P, d) andT ′′ is
a spanning tree forP.
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Lemma 5.2.1 LetT ∗ be a minimum spanning tree forP. Then we haveE[cost(T)] = O(d log∆)·
cost(T ∗).

Proof : For each edge(u, v) ∈ T ∗ we have that the expected cost of the path connectingu

andv in T is O(d log∆) · d(u, v). The expected weight of all edges inE =
⋃

(u,v)∈T∗ dT (u, v)

is O(d log∆) · cost(T ∗). The graph(P, E) contains all edges ofT . 2

5.2.1 Approximation of cost(T) in Dynamic Data Streams

Let us useni to denote the number of non-empty grid cells in gridGi. We setn0 = |P|.

Lemma 5.2.2

cost(T) =

log∆∑
i=0

2i · ni .

Let Gi(P) be the cell inGi that containsp. Then we use for each leveli a data structure DEi
that counts the number of distinct non-empty cells inGi.

INSERT(p)

for each level i do
insert cellGi(p) in DEi

DELETE(p)

for each level i do
delete cellGi(p) from DEi

Each distinct elements data structure requiresO(log∆) space.

Theorem 20 There is an algorithm that computes aO(d log∆)-approximation of the weight of
the Euclidean minimum spanning of the current point set in a dynamic geometric data stream.
The algorithm requiresO(d log2 ∆) bits of memory.

5.3 Cost of Minimum Weighted Matching

The next application of our technique will be to the minimum weighted matching problem.
The goal is to find a perfect matching with minimum cost in the complete Euclidean graph, i.e.
the complete graph over the point setP whose edges are weighted with the Euclidean distance
between its vertices. We will assume thatP is even.

For a given matchingM we usecost(P,M) =
∑

(p,q)∈M d(p, q) to denote the cost ofM.
Like in the previous section we can probabilistically construct a2-HST T for P. We use
costT (P,M) =

∑
(p,q)∈M dT (p, q) to denote the cost ofM when the distance between two
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points is given by the tree metric induced byT . We know that(P, dT ) dominates(P, d) and so
we havecostT (P,M) ≥ cost(P,M). Further we have

E[costT (P, Opt)] = E[
∑

(p,q)∈M

dT (p, q)]

=
∑

(p,q)∈M

E[dT (p, q)]

≤
∑

(p,q)∈M

O(d log∆) · d(p, q)

= O(d log∆) · cost(P, Opt) ,

whereOpt denotes an optimal matching. Hence, we know that the cost of an optimal matching
in (P, dT ) is aO(d log∆)-approximations of an optimal matching in(P, d). We will now study
optimal matching in(P, dT ).

Claim 5.3.1 The cost of an optimal minimum weighted matching of(P, dT ) is

n +
∑
i≥1

√
d · 2i−1 ·mi ,

wheremi is the number of nodesv in leveli of the tree such that the subtree rooted atv has an
odd number of leaves.

Proof : We first prove that the cost of an optimal matching is at leastn+
∑

i≥1

√
d ·2i−1 ·mi.

We needn to connect all leaves of the tree to level1. Let v be an interior node at leveli with
an odd number of leaves in the subtreeT(v) rooted atv. At least one leave ofT(v) must be
matched to a leave outside ofT(v). This causes cost withinT(v) of

√
d · 2i−1. Since we are not

counting any cost twice, the lower bound follows.
Now we construct the upper bound, i.e. we give an algorithm that constructs a matching

with costn+
∑

i≥1

√
d · 2i−1 ·mi. We greedily match as many nodesv,w whose shortest path

runs only through levels0 and1 of the tree. Then we match vertices whose shortest path run
through levels0 upto2, and so on. The overall number of unmatched vertices per level ismi.
For these vertices we have to pay the cost of

√
d · 2i−1 to connect them to the outside of the

subtree (the cost upto leveli has been payed in the previous rounds). Summing up the costs
gives a matching of costn +

∑
i≥1

√
d · 2i−1 ·mi. 2

In order to develop a streaming algorithm for this problem we have to estimate themi. We
do this by solving the following problem over data stream. We are given a vectorx[1, . . . ,M]

and we would like to perform the operations INSERT,DELETE and ODDCOUNT, where INSERT

is defined asx[i] = x[i] + 1 and DELETE is defined asx[i] = x[i] − 1. In our scenario we will
useM = ∆d. Thus, we can interpretx as characteristic vector over the input space and so over
point setP corresponds to such a vector. We will assume that0 ≤ x[i] ≤ 1 during the course of
the algorithm. ODDCOUNT must return an approximation of the numberOC of entriesi such
thatx[i] is odd. We will develop a constant factor approximation algorithm for this problem.

We consider the following decision problem, which implies a constant factor approximation
algorithm by running the decision algorithm forT = 1, 2, 4, . . . ∆d in parallel.
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The Decision Problem. Let T ∈ {1, . . . , n}, wheren = |P|. We require that

• the algorithm accepts with probability greater than1/3, if OC > T , and

• the algorithm accepts with probability less than1/10, if OC < T/10.

Our algorithm just needs one bit of memory plus the space required to store the hash function.

INIT

Choose ideal hash functionh : {1, . . . ,M}→ {1, . . . , T }

s← 0

INSERT(i)

if h(i) = 1 then s← s + 1 mod 2

DELETE(i)

if h(i) = 1 then s← s − 1 mod 2

ODDCOUT

if s = 1 then accept
elsereject

Claim 5.3.2 ODDCOUNT satisfies the two conditions of the decision problem.

Proof : Recall that every entry inx[i] is either0 or 1 sincex is a characteristic vector. Let us
first consider the case thatx has exactlyT odd entries (ones). LetR be the set of the indices of
these ones. We have

Pr[|h−1(R) = 1] =
T · (T − 1)T−1

T T
=

T

T
· (1 −

1

T
)T−1 .

ForT ≥ 2 (T = 1 always works) we get

1/2 ≥ (1 −
1

T
)T−1 ≥ 1/e .

If there are more thanT ones, then we can fix the ’superfluous’ ones and obtain that the prob-
ability of acceptance is between1/2 and1/e or 1 − 1/2 and1 − 1/e, which is always greater
than1/3.

To prove the second condition we can assume that the number of ones is less thanT/10.
Again, letR denote the set of indices of the ones inx. We have

Pr[|h−1(R)| ≥ 1] ≤ T/10 · 1/T .

2
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It remains to assemble things. We need to solveO(log∆) instances of the ODDCOUNT

problem (one for each level of the treeT ). To solve the approximation version of the prob-
lem we have to solveO(d log∆) instances of the decision problem. To ensure that all these
instances work correctly with constant probability, we need an error probability of at most
1/O(d log2 ∆). This can be achieved by runningO(logd log log∆) copies of the ODDCOUNT

data structure to ensure and accept, if at least1/2 of the calls accept.

Theorem 21 The cost of a minimum weighted matching in a data stream can be approximated
with O(d logd · log2 ∆ · log log∆) bits plus the space required to store theO(d logd · log2 ∆ ·
log log∆) hash functions.

5.4 Facility Location Cost

Another fundamental problem over geometric data streams is the facility location problem.
This problem models the following scenario. We have a set of customers at certain locations
and these customers demand a certain commodity. We can open facilities at all locations to
serve all customers. However, opening a facility has a certain costf. So, it would be cheapest
to open only one facility. But in this case, we have to ship the commodity to all the customers.
This incurs another cost per customer, which is propertional to the distance of the customer to
the nearest open facility. Our goal is to minimize the sum of the opening cost and the cost of
serving the customers.

Definition 5.4.1 (Facility Location Problem) We are given a metric space(P, d) and an open-
ing costf. Our goal is to find a setF ⊆ P of facilities such that

costf(P, d, F) := f · |F| +
∑
p∈P

min
q∈F

d(p, q)

is minimized. We define
costf(P, d) := min

F⊆P
costf(P, d, F) .

In the streaming version of the problem we will again assume that the points come from
the discrete space{1, . . . , ∆}d and the distance measure will be the Euclidean distance, i.e.
d(p, q) = ‖p − q‖2. Thus, we consider only the Euclidean version of the facility location
problem.

5.4.1 Reduction to HSTs

Like in the previous problems our first step is to reduce the Euclidean version of the problem to
a problem on a2-HST. We are using the same embedding into a tree metric as in the previous
sections. LetdT (p, q) denote the distance betweenp andq in this tree metric and letd(p, q) :=

‖p−q‖2 denote the distance betweenp andq in the Euclidean metric. By the properties of the
embedding we know thatdT (p, q) ≥ d(p, q), i.e. the embedding is non-contracting. Further,
we haveE[dT (p, q)] = O(d · log∆) · d(p, q).
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Now let us fix an optimal solutionFopt for an instance of the facility location problem. For
each customerp, let us user(p) to denote the nearest open facility. The cost of this solution is
given by

O(d log∆) · costf(P, d, Fopt) = O(d log∆) ·
(
f · |Fopt| +

∑
p∈P

min
q∈Fopt

d(p, q)
)

= O(d log∆) ·
(
f · |Fopt| +

∑
p∈P

d(p, r(p))
)

≥ f · |Fopt| + O(d log∆) ·
∑
p∈P

d(p, r(p))

= f · |Fopt| +
∑
p∈P

E[dT (p, r(p))]

≥ f · |Fopt| +
∑
p∈P

E[dT (p, r(p))]

≥ f · |Fopt| +
∑
p∈P

E[ min
q∈Fopt

dT (p, q)]

≥ E[f · |Fopt| +
∑
p∈P

min
q∈Fopt

dT (p, q)]

= E[costf(P, dT , Fopt)] .

Thus, we know that the expected cost with respect todT of an optimal solution (w.r.t.d)
is at mostO(d log∆) times the optimal cost ford. Further we know that the embedding is
non-contracting and so any solution fordT must be at least as expensive as the corresponding
solution ford. Thus, we know that

costf(P, d) ≤ costf(P, dT ) ≤ O(d log∆) · costf(P, d) .

5.4.2 Approximating the Cost of Facility Location in HSTs

Our next step is to find an approximation for the cost of facility location when the point set is
given as a 2-HSTT . In the following we will assume that we are allowed to place facilities at
the internal nodes of the tree. For any such solution, there is a solution of at most twice its cost
that places all facilities at the leaves, i.e. points inP. This can be seen as follows. For every
internal nodev that has an open facility, we open a facility at one of the leaves of the subtree
rooted atv. Since all leaves have the same distance tov, the distance to the nearest facility
increases by at most2. Thus, we open the same number of facilities and have at most twice the
connection cost.

Let Ti denote the set of nodes ofT at leveli. Let |T(v)| be the number of leaves of the subtree
T(v) rooted atv. We will show the following claim.

Claim 5.4.2 Let C be the minimum facility location cost for a 2-HSTT , where we allow to
place facilities at internal nodes of the tree. Let

Q =

log∆∑
i=1

∑
v∈Ti

min |T(v)| ·
√

d · 2i−1, f .
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Then
C ≤ Q + f ≤ C · log∆ + f .

Proof : To prove the first inequality we just have to show that there exists a solution with cost
Q + f. Such a solution can be obtained as follows.

• One facility is opened at the root of the HST.

• For each nodev ∈ Ti place a facility atv, if |T(v)| ·
√

d2i−1 ≥ f.

The cost of the solution isQ + f. This can be seen as follows. We usef to pay for the facility
at the root. At every internal node we either open a facility or|T(v)| · 2i equals the cost of
using the edge forv to its parent for all points in the subtreeT(v). It follows that for each point
we pay the cost to the nearest facility on the path to the root. Hence, the cost of the proposed
solution is at mostQ + f.

To prove the second intequality we only have to show that the cost for every level of the tree
is at mostC., i.e. ∑

v∈Ti

min{|T(v)| ·
√

d2i−1, f} ≤ C .

Let F be a set of facilities that achieved costC. Let us consider an arbitrary nodev ∈ Ti. If the
subtreeT(v) contains an (open) facility fromF, then this addsf to the cost ofC. Otherwise, the
nodes inT(v) must be connected to a facility outside ofT(v). This adds a cost of|T(v)| ·

√
d ·

2i−1. 2

It remains to design an algorithm to approximateQ. Our approach will be to approximate∑
v∈Ti

min{|T(v)|·
√

d·2i−1, f} for each leveli separately. In order to do so, it suffices to estimate∑
v∈Ti

min{|T(v)|, f/(
√

d2i−1)}. If f/(
√

d2i−1) is smaller than1 we can use an algorithm to
estimate the number of distinct elements in a stream to estimate|Ti|. Otherwise, we can assume
that f/(

√
d2i) is integral as this changes the cost by at most a constant factor. Let us define

M := f/(
√

d2i). Thus we would like to approximate
∑

v∈Ti
min{|T(v)|,M}, i.e. for each cell

in level i we count the minimum ofM and the number of points contained in the cell. The
basic idea of the algorithm is very simple. If we select each element from the input stream
with probability1/M then any cell that contains at least|T(v)| points will contain at least one
point in expectation. Any cell that contains less thanM points will contain a sample point with
probability proportional to the number of points inside the cell. Thus, we can simply count the
number of non-empty cells using a distinct elements data structure.

The approach is implemented as follows. We use a hash functionh that maps the input points
to {1, . . . ,M} and we only consider operations of points that are mapped to1. In other words,
we are taking a sample from the input stream and select each point with probability1/M.

BCINSERT(p)
if h(p) = 1 then

determine the grid cell that containsp

insert the grid cell into the distinct elements data structure
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BCDELETE(p)
if h(p) = 1 then

determine the grid cell that containsp

delete the grid cell from the distinct elements data structure

BCREPORT(p)
Let x be the number of elements reported by the distinct elements data structure
return Mx

5.4.3 Analysis

It remains to show thatMx is a good estimator. LetK denote the number of distinct non-
empty grid cells after the sampling, i.e. the value that is estimated by the distinct elements data
structure.

Claim 5.4.3 Letp(k) = 1−(1−1/M)k be the probability that at least one element is selected,
if we select each element from a set ofk elements independently at random with probability
1/M. We have

E[K] =
∑
v∈Ti

p(|T(v)|) .

Proof : T(v) denotes the number of cells stored in subtreeT(v).
2

Claim 5.4.4 For anyk ≥ 0 we have

min{k,M}/2 ≤ M · p(k) ≤ min{k,M} .

Proof : To prove the first inequality observe thatp(k) is concave fork ≥ 0. Further we
havep(0) = 0 andp(M) = 1 − (1 − 1/M)M > 1 − 1/e < 1/2. Hence,p(k) ≥ k/2 for
0 ≤ k ≤ M, which proves the first inequality. The second inequality follows fromp(k) ≤ 1

andp(k) ≤ k/M by the union bound. 2

The last two claims imply that∑
v∈Ti

min{|T(v)|,M}/2 ≤ M · E[K] ≤
∑
v∈Ti

min{|T(v)|,M} .

Thus it remains to show that we also have a small variance. Then we can apply Chebyshev’s
inequality to obtain a sharp concentration by repeating the experiment a sufficient number of
times.

Var [K] ≤
∑
v∈Ti

p(|T(v)|) = E[K] .
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If
∑

v∈Ti
min{|T(v)| ·

√
d · 2i−1, f} ≥ M thenE[K] = Ω(1). In this case, we can repeat the

experiments times to obtain random variablesK1, . . . , Ks. Our output value will be

1

s

s∑
i=1

Ki

which has expectationE[K] and variance at mostE[K]/s. By Chebyshev’s inequality we get

Pr[
∣∣1
s

s∑
i=1

Ki − E[
1

k
·

s∑
i=1

Ki]
∣∣ ≥ 1

2
· E[

1

s

s∑
i=1

Ki]] ≤
4 · Var [K]

E[K]2
≤ 4

s · E[K]

Thus, fors ≥ 32 log∆ we get a confidence probability of1 − 1/(8 log∆). Hence, with proba-
bility 7/8 all data structures work for all levelsi. Finally, we observe that for

∑
v∈Ti

min{|T(v)|·√
d · 2i−1, f} < M we can solve the problem exactly.

Theorem 22 There is aO(d log2 ∆)-approximation algorithm for computing the weight of the
minimum facility location problem of a dynamic geometric data stream. The space requirement
of the algorithm is determined byO(log2 ∆) independent copies of a distinct elements data
structure plus the space for the hash functions.
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6 Density Sampling

In the next chapter we will consider a different technique to approximate problems over dy-
namic data streams:Density Sampling. Like embedding into tree metrics, density sampling
obtains information about the input point set by considering nested grids with side length
1, 2, . . . , ∆. We will useGi to denote a grid with side length2i. In each grid we try to maintain
theL cells that contain the largest number of points for some small valueL. This means that
in coarse grids we essentially maintain information about every non-empty cell. As the grids
become finer the number of non-empty cells increases and we can only keep track of the cells
that contain the most points. We call these cellsheavy cells. In the streaming algorithm we will
identify these heavy cells by using a random sample. The main trick will be to show that we
can use samples much larger than the space requirement of our algorithm because all sample
points will lie in a few distinct grid cells.

The number of sample points inside every cell tells us which cells are heavy and gives us
a rough estimation about the number of points fromP contained in it. Finally, we combine
the cells and the corresponding estimates from the different grids to one approximation for the
distribution of points. Here the idea is simple. If we have a cell in a larger grid that contains at
least one heavy cell, we replace it by the corresponding2d cells from the next finer grid.

In some way, density sampling tries to obtain as much information as possible from every
grid layer and then combine this information in a single summary. As we will see later, this
summary contains enough information to solve a number of interesting problems in the dy-
namic streaming model. The approach will be to construct a weighted point set by putting a
point into each non-empty grid cell obtained by the density sampling. The weight of the point
is the estimated number of points in the cell. For a number of problems, it will turn out that
solving the problem on this new point set is approximately similar as solving it on the original
point set. Thus, the new weighted point set is a coreset in the sense of Section 4.

For which problems we can apply density sampling and how are the details? For the first
question, there is the following rule of thumb: A problem can be solved using density sampling,
if

(a) moving a point by a distance ofD changes the cost of a solution byO(D), and,

(b) there exists a pointq such that the cost of an optimal solution isΘ(
∑

p∈P ‖p − q‖2).

As we will see, condition (a) ensure that the quality of approximation will be good and condi-
tion (b) takes care of the space complexity. We remark that the characterization above is by far
not complete. For example, we can apply density sampling to thek-means problem. However,
it gives a good first intuition what is going on.
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6.1 Density sampling

We first develop the density sampling algorithm and then show how it can used to compute a
coreset for the1-Median problem. As usual in the dynamic geometric setting, letP be a points
set from{1, . . . , ∆}d. We consider nested gridsGi with cell width 2i and assume that no input
points lies on a grid point, i.e. in gridG0 each cell contains at most one point. The largest grid
is Glog∆+1, where we assume that∆ is a power of2. We start with a version of the algorithm
that cannot be implemented in the streaming scenario, because it uses too much space. Then we
show how this algorithm can be implemented in streaming. The first version of the algorithm
given below uses parameterL besides the point setP. This parameter is related to quality of
approximation and space requirement of the algorithm and will be determined later.

DENSITYSAMPLING (P, L)

Let C be a bounding cube ofP in grid Glog∆+1

i← log∆ + 1; Ti ← 1; Hi ← {C}

repeat
Let Ci−1 be the set of cells of gridGi−1 that are contained in some cells ofHi

Ti−1 ← Ti

repeat
for each cellC ∈ Ci−1 let nC be the number of points inC
LetHi−1 be the set of cells inCi−1 that contain at leastTi−1 points
if |Hi−1| > L then Ti−1 ← 2 · Ti−1

until |Hi−1| ≤ L

Li−1 ← Ci−1 \Hi−1

i← i − 1

until Hi = ∅ or i = 0

The algorithm maintains the setsHi andLi and for each cellC ∈
⋃ (

Hi ∪ Li

)
it also

maintains the valuenC. The union of this information is maintained as a summary of the data.
We will call the cells inHi heavy cells and the cells inLi light cells.

Claim 6.1.1 The summary defined above can be storedO(log∆ · L) space.

Proof : In each grid we have at mostL cells inHi. Therefore, inLi−1 we have at most2d · L
cells. Storing each cells requiresO(1) space. Since we considerd to be constant the space
bound follows. 2

6.1.1 A Coreset for the 1-Median Problem

Let us recall that the1-Median problem is to find the pointq that minimizescost(P, q) :=∑
p∈P ‖p − q‖2. Obviously, this problem satisfies conditions (a) and (b) from above. Also,

recall that anε-coreset for the1-Median problem is a set of pointsS with point weightsw(p)

for eachp ∈ P such that for every pointq ∈ Rd

(1 − ε)cost(P, q) ≤ cost(S, q) ≤ (1 + ε) · cost(P, q) ,
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wherecost(S, q) :=
∑

p∈S w(p) · ‖p − q‖2.
We show that if we obtain the setsHi andLi using the above algorithm for sufficiently large

value ofL one can construct a coresetS from the maintained summaries in the following way.
If H0 6= ∅ then we haveT0 = 1, soLi = ∅ for all i. Each cell inH0 contains a unique grid

point and we will use these grid points (with unit weight) as a coreset forP. In this caseS = P

and soS will clearly be a coreset.
If H0 = ∅ then the setS is obtained by replacing every cellC ∈ Li with an arbitrary point

insideC and assigning a weight ofnC to it is anε-coreset. We will interpret this process as
moving each point in cellLi to the corresponding point fromS. We have to show that the
overall movement of points is at mostε · cost(P, qOpt), whereqOpt is an optimal1-Median for
P. We need the following definition.

Definition 6.1.2 Let qOpt be an optimal1-Median forP. A cellC in grid Gi is calleddistant,
if it has distance fromqOpt of more than2

√
d · 2i/ε. Otherwise, it is callednear.

Next, we show that there are only few near cells.

Claim 6.1.3 There are at most
(

8
√

d
ε

)d
near cells.

Proof : There is a cube of side length8
√

d/ε · 2i that contains all near cells. This cube has
volume(8

√
d/ε)d · 2id. Each cell of gridGi has side length2i and volume2id. Hence there

can be at most
(

8
√

d
ε

)d
near cells. 2

LetLnear
i be the subset of cells inLi that are near. LetLdistant

i be the subset of cells inLi that
are distant. For the analysis, we consider near and distant cells separately and show that the
movement of points inside each type of cells is at mostε

2
· cost(P, qOpt).

Lower Bound

We recall that, by the triangle inequality, moving a point by a distance ofD changes the cost
of the1-Median problem by at mostD. Hence, moving the points to the center of a cell in grid
Gi changes the cost of the1-Median problem by at most

√
d · 2i · Ti. Let imax be a level such

that
√

d · 2i · Ti is maximized.

Claim 6.1.4 (Lower Bound) LetqOpt be an optimal1-Median forP. Then

cost(P, qOpt) ≥ Timax · 2imax−1 · (L − (8
√

d)d/εd)/ε .

Proof : Sinceimax is a level that maximizes
√

d · 2i · Ti, we know thatTimax > Timax+1. Hence,
there are more thanL cells in gridGimax that containTimax/2 points. At least(L − (8

√
d)d/εd)

of these cells must be distant and they contribute withTimax/2 · 2imax/ε to cost(P, qOpt). Hence
the claim follows. 2
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Near Cells

It remains to prove that the overall movement cost for points in near cells is at mostTimax ·
2imax−1 · (L −

√
d)8d/εd) for L being large enough. We have∑

i

|Lnear
i | ·

√
d · 2i · Ti ≤ (log∆ + 2) · (8

√
d/ε)d ·

√
d · 2imax · Timax .

Using the lower bound from above we obtain that forL ≥ 2(log∆ + 3) ·
√

d · (8
√

d/ε)d =

O(log∆/εd) we have

(log∆ + 2) ·
√

d · (8
√

d/ε)d ·
√

d · 2imax · Timax ≤
ε

2
· cost(P, qOpt) .

Distant Cells

For distant cells we use the fact that every point in a distant cell contributes at least2
√

d · 2i/ε

to the cost of an optimal solution. For a cellC let |C| denote the number of points inC. We
obtain ∑

i

∑
C∈Ldistant

i

|C| ·
√

d · 2i ≤ ε

2
·
∑

i

∑
C∈Ldistant

i

2
√

d · 2i/ε ≤ ε

2
· cost(P, qmax) .

Thus, the overall movement of points is at mostε · cost(P, qOpt). We can summarize our
findings in the following theorem.

Theorem 23 For L ≥ 2(log∆ + 3) ·
√

d · (8
√

d/ε)d the setS o btained by the above process
is anε-coreset. The size of the coreset isO(log∆ · L) = O(log2 ∆/εd).

6.1.2 Developing the Streaming Algorithm

Our next step will be to develop a streaming version of the above algorithm. The basic idea is
to identify the heavy cells using a random sample. However, a straightforward approach will
not work. The problem is as follows. In the coarsest grids the thresholdTi can be as small as
1. In other words, every non-empty cell is heavy and so our sample must contain all the points.
However, for problems satisfying condition (b) we can use a similar argument as in the analysis
of the1-median problem above to show that the overall number of points in distant cells is not
too large, i.e. a properly sized random sample will only hit few of them. Hence, all but a very
few sample points will lie in near cells. As a consequence, we can store all cells that contain a
sample point. This is, what the following algorithm does.

To take a random sample from the data stream we use hash functionshj that map the points
to the number{1, . . . , 2j} and consider all points that are mapped to1 as sample points, i.e.
using a hash functionhj corresponds to taking a sampleS where each element is chosen with
probability equal to1/2j. Now let us consider gridGi. To deal with the fact that the sample
may be large, we only try to remember the different non-empty cells and the number of points
inside them. Thus, whenever a point arrives that is contained in the sample set, we compute
to which cell inGi it belongs and then we insert this cell into a data structure that keep track
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of the distinct cells and their count. For the latter purpose we use ak-set data structure (with
parameterk := L ′, therefore we call itL ′-set data structure in the remainder of this chapter),
that satisfies the following conditions.

• If the number of distinct elements is at mostL ′ then the data structure return with high
probability all distinct elements as well as their individual counts.

• If there are more thanL ′ distinct elements, the data structure return ’failure’ with high
probability.

Using these two changes we can implement insertions and deletions as follows. To initialize
our data structure we chooseO(log2 ∆) hash functionshi,j andL ′-set data structures Seti,j,L ′

for 0 ≤ i ≤ log∆ + 1 and0 ≤ j ≤ d log∆. Upon arrival of a pointp we call the procedure
SAMPLING INSERTdescribed below for all values ofi andj.

SAMPLING INSERT(i, j, p)

if hi,j(p) = 1 then
let C be the cell in gridGi that containsp
Seti,j,L ′.Insert(C)

SAMPLINGDELETE(i, j, p)

if hi,j(p) = 1 then
let C be the cell in gridGi that containsp
Seti,j,L ′.Delete(C)

Now we can also describe the streaming version of density sampling. The algorithm uses a
values0, which is the smallest threshold at which we begin to use random sampling and which
is assumed to be a power of2. The value ofs0 will be

( log∆
ε

)O(1)
.

STREAMINGDENSITYSAMPLING (P, L ′, s0)

Let C be a bounding cube ofP in grid Glog∆+1

j← 0; i← log∆ + 1; Ti ← 1; Hi ← {C}

repeat
while Seti,j,L ′.Report() = failureand j ≤ d log∆ do

if Ti < s0 then Ti ← 2Ti

elsej← j + 1

if Seti,j,L ′.Report() = failure then exit
Let Ci−1 be the set of grid cells contained in some cell ofHi

Di−1 ← Seti,j,L ′.Report()
for eachcell C ∈ Ci−1 do

if C ∈ Di−1 then nC ← 2j · Seti,j.Count(C) elsenC = 0

letHi−1 be the set of cells inCi−1 with nC ≥ 2j · Ti

Li−1 ← Ci−1 \Hi−1

i← i − 1

Ti ← Ti+1

until Hi = ∅ or i = 0
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6.1.3 Coreset Construction

The process to construct a coreset is a slightly modified version of the construction for the
non-streaming version. IfT0 < s0 then for every cell we have the exact number of points. If
L ′ ≥ s0 · L then we can apply a similar analysis as in the previous section to show that the
previous coreset construction gives anε-coreset.

Otherwise, we use the following modified construction. For each light cellC in setCi we
check whether its parent cellH contains some heavy cell as a subcell, i.e. whether a subcell of
H is contained inHi. If this is the case, we add a point in the center ofC to the coreset and
assign weightnC to it. Otherwise,H contains no subcell inHi. In this case, we add a point in
the center ofH to the coreset and weight it withnH.

This modification is needed, because it may happen that the value ofj changes significantly
when we move fromi + 1 to i. In this ca se, we approximate the points inC with only a
relatively large additive error. In fact, this error may be much larger thanε|H| and we do not
know how to charge it in the analysis.

For the analysis we only prove that the change of cost introduced by the random sampling
is relatively small, i.e. the difference between any point set that is within the sampling bounds
andP is at mostε · cost(P, qOpt). Then we can apply our previous analysis to prove that the
final point set is a coreset. We proceed similarly as in the non-streaming case and start with
deriving a lower. After this, we continue the analysis by finding bounds for the change in cost
in near cells and distant cells.

6.1.4 Overview of the Analysis

We now give a first overview of the analysis. It consists of five steps. We will show that with
high probability

• every cell inHi has at leasts0 · 2j points,

• every cell with at leasts0 · 2j+1 points is inHi,

• the number of points in every cell inLi is approximated upto a relative error ofλ · s0 · 2j,

• if j is large enough, then with high probability for every cell that is hit by the sample set,
we can determine the number of sample points in it, and

• if the above statements are satisfied, then the modified coreset construction gives a core-
set. a coreset.

6.1.5 Analysis

We will first show that for givenj, if a cell contains a certain number of points, then it will be
classified as heavy with high probability, i.e. the number of sample points in it is at leastT = s0

(for smaller values ofT we do not use sampling). We first observe that
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Lemma 6.1.5 Let S ⊆ P be a random sample, where each element is chosen with probability
r = 1/2j. LetC be a cell with|C ∩ P| ≥ s0 · 2j+1. Then

Pr[
∣∣|S ∩ C| − E[|S ∩ C|]

∣∣ > εE[|S ∩ C|]] ≤ 1

2ε2 · s0

.

Proof : Let Xp be the indicator random variable for the event that a given pointp is taken into
the sample set. Clearly,E[Xp] = 1

2j . We have

Pr[|S ∩ C| ≥ s0] = Pr[
∑

p∈P∩C

Xp ≥ s0] .

Since|C ∩ P| ≥ s0 · 2j+1 we have

E[|S ∩ C|] = |C ∩ P| · 1

2j
≥ 2 · s0 .

By pairwise independence of theXp we haveVar [|S ∩ C|] = Var [
∑

p∈P∩C Xp] ≤ |C∩P|
2j . Thus

we can apply Chebyshev’s inequality to obtain

Pr[
∣∣|S ∩ C| − E[|S ∩ C|]

∣∣ > ε · E[|S ∩ C|]] ≤ Var [|S ∩ C|]

ε2E[|S ∩ C|]2

≤ 1
2ε2s0

2

Corollary 6.1.6 LetS ⊆ P be a random sample, where each element is chosen with probability
r = 1/2j. LetC be a cell with|C ∩ P| ≥ s0 · 2j+1. Then

Pr[|S ∩ C| ≥ s0] ≥ 1 −
2

s0

.

A somewhat similar proof shows that the second statement is true with high probability.

Lemma 6.1.7 Let S ⊆ P be a random sample, where each element is chosen with probability
r = 1/2j. LetC be a cell with|C ∩ P| < s0 · 2j+1. Then

Pr[
∣∣|S ∩ C| − E[|S ∩ C|]

∣∣ ≥ λ · s0] ≤
2

λ2 · s0

.

Proof : Let Xp be the indicator random variable for the event that a given pointp is taken
into the sample set. Again we haveE[Xp] = 1

2j andPr[|S ∩ C| ≥ s0] = Pr[
∑

p∈P∩C Xp ≥ s0] .

Since|C ∩ P| < s0 · 2j+1 we have

E[|S ∩ C|] = |C ∩ P| · 1

2j
< 2 · s0 .
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By pairwise independence of theXp we haveVar [|S ∩ C|] = Var [
∑

p∈P∩C Xp] ≤ 2 · s0. Thus
we can apply Chebyshev’s inequality to obtain

Pr[
∣∣|S ∩ C| − E[|S ∩ C|]

∣∣ > λ · s0] ≤ 2 · s0

λ2 · s2
0

≤ 2
λ2·s0

2

Corollary 6.1.8 LetS ⊆ P be a random sample, where each element is chosen with probability
r = 1/2j. LetC be a cell with|C ∩ P| < s0 · 2j. Then

Pr[
∣∣|S ∩ C| − E[|S ∩ C|]

∣∣ ≥ s0] ≤
2

s0

.

The two Lemmas above can be used to fix our choice ofs0. We would like to have that they
apply to every cell inCi. We use the following claim.

Claim 6.1.9 If the data structures Seti,j,L ′ work correctly then the number of cells in setHi is
at mostL ′.

Proof : If the data structures Seti,j,L ′ work correctly, we know that if it does not return failure
then our sample set intersects at mostL ′ grid cells. Only these cells will obtain a valuenC > 0

and so only these cells can potentially be heavy cells. 2

By the above claim, eachCi contains at most2d · L ′ cells. DefineC =
⋃

i Ci. Clearly, we
have|C| ≤ (2+ log∆) · 2d ·L ′. Lemma 6.1.6 has an error probability of1/(2ε2s0) and Lemma
6.1.7 has an error probability of2/(λ2 · s0) ≥ 2/s0 for λ < 1 (which will hold for our choice of
λ). Hence, we can assume that the error probability for every cell and every lemma is at most
2/(λ2 · ε2 · s0). Summing up over all cells, the error probability is at most

2 · |C| · 2/(ε2 · λ2 · s0) .

Hence, we have to uses0 ≥ (2+log∆)L ′·2d+8

ε2λ2 to guarantee that the probability that each lemma
holds for all these cells is at least15/16.

Lemma 6.1.10 LetS ⊆ P be a random sample, where each element is chosen with probability

r. LetC be the set of cells in gridGi that contain at least one point ofS. LetL ′ ≥
√

`
δ
+ 3d + 1

for some` > 0 and letq ∈ Rd be an arbitrary point. If
∑

p∈P ‖p − q‖2 ≤ ` · 2i

r
then with

probability at least1 − δ we have|C| ≤ L ′.

Proof : Let us fix an arbitrary pointq ∈ Rd. Let P ′ ⊆ P be the set of points with distance at
least2i from q. If

∑
p∈P ‖p − q‖2 ≤ ` · 2i

r
then|P ′| ≤ `

r
. Let Xp be the random variable for the

event thatp ∈ P ′ is taken into the sample set. We haveE[Xp] = r and henceE[
∑

p∈P ′ Xp] = `.
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SinceXp is a0− 1−random variable, we haveVar [Xp] ≤ E[Xp]. By pairwise independence of
theXp we also haveVar [

∑
p∈P ′ Xp] ≤ |P ′| · E[Xp] ≤ `. Using Chebyshev’s inequality we get

Pr
[∣∣∑

p∈P ′

Xp − E[
∑
p∈P ′

Xp]
∣∣ ≥ k

]
≤ `

k2
.

There are at most3d cells with distance at most2i from q. Hence, choosingk2 = `/δ gives for
L ′ ≥

√
`/δ + 3d + 1 thatPr[|C| > L ′] ≤ 1 − δ. 2

6.1.6 1-Median in Dynamic Data Streams

We useL ′ ≥
√

`
δ
+3d+1 in the algorithm above forδ = 1

16(1+d log∆)·(2+log∆)
for some value of̀

to be determined later. For these choices we have by Lemma 6.1.10 that with probability at least
15/16, for all i, j, if

∑
p∈P ‖p−qOpt‖2 ≤ `· 2i

r
then|C| ≤ L ′. From now on let us assume that this

event occurs. In this case we know that for alli, j |C| > L ′ implies` · 2i

1

2j

<
∑

p∈P ‖p − qOpt‖2,

since in this casehi,j is used to sample every element with probability1/2j. In other words,
Seti,j,L ′= failure implies that

cost(P, qOpt) > ` · 2i+j .

For the analysis we will now assume that all proceduces work within the specified bounds.
This holds with probability at least7/8. We prove that for every centerq for any point setP ′

that matches the bounds obtained via our sampling procedure we have∣∣cost(P, q) − cost(P ′, q)
∣∣ ≤ εcost(P, q) .

We extend the notion of near and distant to arbitrary centers as follows.

Definition 6.1.11 A cellC in grid Gi is calledq-distant, if it has distance fromq of more than
2
√

d · 2i/ε. Otherwise, it is calledq-near.

Lower Bound

To obtain a lower bound, we use that Seti,j,L ′= failure implies thatcost(P, qOpt) > ` · 2i+j . Let
us defineimax, jmax, Tmax to be the values ofi, j, Ti that maximizes2i+j · Ti during the course
of the algorithm. We have that eitherjmax = 0 or jmax increased by more than one when the
algorithm moves to the current levelimax. This implies that Setimax,jmax−1,L ′= failure and hence

cost(P, qOpt) > ` · 2imax+jmax−1 .

q-Near Cells

Next we sum up the overall cost changes introduced byq-near cells. We have to show that this
is at mostε

2
· ` · 2imax+jmax−1 . In the following we useLnear

i to be the set of cells inLi that are
q-near. We obtain∑

i

|Lnear
i |·2

√
d · 2i

ε
·λ·s0·2j ≤ (2+log∆)·

(8
√

d

ε

)d·
√

d·s0·2i+j+1/ε ≤ ε

2
cost(P, qOpt) ≤

ε

2
·(P, q) .

for ` ≥ 8λ(2+log∆)s0

√
d

ε2 ·
(

8
√

d
ε

)d
.
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q-Distant Cells

It remains to sum up the error for theq-distant cells. Similarly to the non-streaming algorithm
we will show that the change of cost is small in comparison with the contribution of the points.
Here, the idea is slightly different because we also have to cope with errors in the estimated
number of points rather than the movement of points.

We have to proceed by a case distinction. Let us consider a cellC in Ci−1 that is light. Let
H ∈ Hi be its parent cell. The first case is that at least one subcell ofH is inHi−1. The second
case is that all subcells ofH are not inHi−1, i.e. they are light.

Case (1). We know that every cell with more thans0 · 2j+1 points is classified as heavy and
every cell with less thans0 · 2j+1 points is approximated upto an additive error ofλ · s0 · 2j by
Lemma 6.1.7. Choosingλ < 1 we know that every heavy cell has at leasts0 · 2j points. Thus,
one of the subcells ofH has at leasts0 · 2j points for the current value ofj. Each point in this
subcell contributes at leastd(C, q) −

√
d · 2i to cost(P ′, q), sinceC is a distant cell. Wlog. let

us assume|P ′| ≥ |P| and let us consider an arbitrary subsetP∗ ⊆ P ′ of cardinality |P ′| − |P|.
The points inP∗ contribute at most

cost(P∗, q) ≤ λs0 · 2j · (d(C, q) +
√

d2i) ≤ λ · s0 · 2j+1 · d(C, q) .

This error is charged to the contribution of the points ofP insideH, whose contribution is at
leasts0 · 2j · (d(C, q) −

√
d · 2i) ≥ so · 2j−1 ·d(C, q). Summing up over all cells in gridGi we

get an overall error of at mostλ · 2d+2 · cost(P, q). Hence, by summing up over all grids we get
an overall error of at most

(2 + log∆) · λ · 2d+2 · cost(P, q) .

Hence, choosingλ ≤ ε
8(2+log∆)

gives an additive error of at mostε/2 · cost(P, q).

Case (2). In Case (2) we use the number of points inH as an estimate. SinceH is heavy,
we know that the number of points inside is approximated within additive errorε|H|. We
further know thatH contributes at least|H| · d(H, q) to the cost of an optimal solution and this
contribution is increased by at most(d(H, q) +

√
d2i) · ε|H| ≤ 2d(H, q) · ε|H|. Hence, the

overall change of contribution for each cell is at most2ε times its current contribution. Thus,
the overall change of cost is at most2ε · cost(P, q).

The remaining analysis shows that moving the points inside a cell to its center increases the
cost by at most anotherε ·cost(P, q). Thus, the overall change of cost is at most3ε ·cost(P, q).
Replacingε with ε/3 concludes the proof.
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7 Lower Bounds

In this chapter we discuss how to prove lower bounds for streaming algorithms. In general, it
is easier to prove a lower bound for a streaming algorithm than for a classical algorithm. The
reason is that streaming algorithms work in a more restricted model of computation and the
more restricted a model of computation is the harder it is to develop algorithms and the easier it
is to prove lower bounds. In the streaming case it is clear that some problems cannot be solved
in small space and with a single pass over the data. A simple example is the following problem.
We are given a stream ofn bitsa1, . . . , an. The problem is to design a deterministic streaming
algorithm, i.e. an algorithm that useslogO(1)n space and that can answer the question ’What
is the value ofai for any indexi ∈ {1, . . . , n}. Clearly, we cannot design such an algorithm
because it would imply that we can encode an arbitraryn-bit string using logO(1) n bits, which
is impossible.

The arguments used in this section will always be as follows. If a certain streaming algorithm
A exists, then we can design a compression algorithm that takes an arbitraryn-bit stringy and
compresses it to ano(n)-bit stringγ, such that we can recovery from γ. Obviously, this is
impossible and henceA cannot exist.

We will have to cope with two difficulties: approximation and randomization. Why do these
two properties make it harder to prove lower bounds? Intuitively, both approximation and
randomization make the ouput of an algorithm ’more fuzzy’. This makes it more difficult to
exploit certain properties of a solution.

7.1 Distinct Elements cannot be solved Deterministically

In this section we develop our first lower bound. We will show that no deterministic algo-
rithm can compute the number of distinct elements in a stream of elements from a universe
U = {1, . . . , n} usingo(n) space. Then we will prove that no deterministic algorithm with
o(n) space can approximate the number of distinct elements within a certain (small enough)
constant factor. This result together with our randomized algorithm to approximate the number
of distinct elements shows that randomization is essential for some streaming problems.

Theorem 24 Any deterministic streaming algorithm that computes the number of distinct ele-
ments in a stream of elements from a universeU = {1, . . . , n} requiresΩ(n) bits of space.

Proof : Assume we have a deterministic streaming algorithmA that computes the number of
distinct elements in a stream of elements from a universeU = {1, . . . , n} exactly and that uses
o(n) bits of memory. Now consider an arbitrary0 − 1-vectory = (y1, . . . , yn) with exactly
n/2 ones. We will viewy as a characteristic vector for elements fromU. Thus, a vectory
corresponds to a set ofn/2 elements fromU. We can turn these elements into a stream by

93



sending them, for example, in increasing order. We will show how we could use algorithmA

to compress the vectory into ano(n) bit stringγ in such a way that we can recovery from γ.
Since there are at leadt2n/c choices fory for some constantc, we can encode any(n/c)-bit
string as a unique vectory. Thus, we have designed an algorithm that compressesn/c bits to
o(n) bits, which is a contradiction and soA cannot exist.

The idea of our ’compression algorithm’ is quite simple. Fromy we construct a stream of
n/2 elements fromU and runA on this stream. Then we store the current states(y) of A.
SinceA useso(n) bits of memory, we can store the state ofA in a bitstring witho(n) bits.
This short bitstring will be our compressionγ of y. Next, we show how to ’decompress’γ.
Let us consider an arbitrary0 − 1vectorz with n/2 ones. Again, this vector encodes a set with
n/2 elements fromU, that can be easily turned into a stream. The idea is to runA on this
stream starting in states(y). The final state of the algorithm is similar as if the algorithm was
run on the stream corresponding toy followed by the stream corresponding toz. Hence, the
number of distinct elements isn/2, if and only iff y andz encode the same set of elements.
Thus, having algorithmA and the states(y) it suffices to try all values ofz and check whether
the number of distinct elements isn/2 to recovery. Hence, algorithmA cannot exist. 2

Our next step is to consider approximation algorithm. Here, we cannot immediately apply
the idea from above because it requires us to distinguish betweenn/2 andn/2 + 1 distinct
elements, which cannot be done by a constant factor approximation algorithm.

7.1.1 There is no Deterministic c∗-Approximation Algorithm for Distinct
Elements

We will now show that there is no deterministicc∗-approximation algorithm for some constant
c∗, which will be determined later. The basic idea is to apply a similar approach as above, but
instead of usingy as a characteristic vector we first encodey using an error-correcting code.

Definition 7.1.1 (Code) A codeC is an injective mapping from{0, 1}n to {0, 1}m. The set of
codewords ofC is given by{a ∈ {0, 1}m : ∃b ∈ {0, 1}n such thatC(b) = a}.

Definition 7.1.2 (Hamming Distance)The Hamming distance between twom-bit vectorsa =

(a1, a2, . . . , am), b = (b1, b2, . . . , bm) ∈ {0, 1}m is given asH(a, b) =
∑

1(ai 6= bi), i.e.
the number of valuesi, 1 ≤ i ≤ m, for whichai 6= bi.

Definition 7.1.3 LetC be a code andW be its set of codewords.C is calledc-error-correcting,
if for everya ∈ {0, 1}m there is at most oneb ∈ W with H(a, b) ≤ c.

Hence, consider a messagem which is encode by ac-error correcting codeC. Assume that
we sendC(m) over some noisy channel such that due to the noise at mostc bits are flipped.
Let us call the resulting corrupted messageCe(m). Then we know thatCe(m) is still closer to
C(m) than to any other codeword and hence we can decodeCe(m) by moving to the nearest
codeword. This process works, as long as we have at mostc errors in the corrupted message.

How can we design an error correcting code? The most simple idea is to use repetition.
Instead of sending every bits once, we send it three times. Clearly, the resulting code is1-error-
correcting. But this method of encoding does not seem to be very effective. In the following
we prove the existence of much better error correcting codes.
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Claim 7.1.4 Let W ⊆ {0, 1}m be a set of vectors with parwise Hamming distance at least
2c + 1. LetC be an injective mapping from{0, 1}n to W. ThenC is ac-error-correcting code.

Proof : Let us assume thatC is notc-error-correcting. This means, that there exists a vector
x ∈ {0, 1}m anda, b ∈ W with H(a, x) ≤ c andH(x, b) ≤ c. Since the Hamming distance is
a metric, it satisfies the triangle inequality. This impliesH(a, b) ≤ H(a, x) + H(x, b) ≤ 2c,
which is a contraction to the choice ofW. 2

Now we prove the existence of a good error correcting code. Our approach is based on the
above claim and constructs the set of codewordsW from {0, 1}m incrementally. Once we have
W, we setn = blog |W|c and defineC to be an arbitrary injective mapping from{0, 1}n to W.
The interesting question is how arem andn related.

We begin withX = {0, 1}m as the set of candidates for our codewords and setW = ∅. Then
we take an arbitrary codewordw ∈ {0, 1}m and put it intoW. We remove all wordsa ∈ X from
X with H(x,w) ≤ 2c. Then we take the next codeword fromX and again remove all words
within Hamming distance at most2c. We proceed untilX is empty. Clearly, the words inW
have pairwise Hamming distance at least2c + 1 and so the resulting code isc-error-correcting,
i.e. it receives ann-bit string and encodes it as anm-bit string that allows decoding in the
presence of uptoc errors. The question is, how large (small?) isn. The relation betweenn and
m tells us, how much overhead is required for ensuring error tolerance.

To find out the size ofn we have to compute a lower bound on the size ofW. This is
achieved as follows. We know that in the beginningX has2m bit vectors. Each time when
we add a new code words we eliminate all codewords within Hamming distance2c of it. If B

denote the number of words within Hamming distancec from a vectorx, then we know that
W ≥ 2m/B. So, it remains to determine an upper bound forB. B is simply the number of
words inside a Hamming ball of radius2c around a vectorx. By symmetry, we can simply
assume thatx = (0, 0, . . . , 0). Then a word is inside a Hamming ball of radius2c, if it has at
most2c ones. The number of these words is given by

B =

2c∑
i=0

(
m

i

)
≤ 2c ·

(
m

2c

)
≤ 2c ·

(m · e
2c

)2c
.

In the following, we will definec = e·m
32

, i.e. we allow error linear inm. In this scenario, we
can use at mostblogWc bits for our code. For simplicity, we will ignore the rounding errors.
We have

logW ≥ log
2m

B
= m − logB

≥ m − (2c · log
m · e
2c

+ log(2c))

≥ m − 4c · log
m · e
2c

≥ m/2

for our choice ofc.
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Theorem 25 For anyn there exists ane·m
32

-error-correcting code that requiresm = O(n) bits
per codeword.

Now we can use error correcting codes to obtain a space lower bound for approximating the
number of distinct elements with a deterministic streaming algorithm. For the proof, we need
an error correcting codeC, whose codewords have exactlym/2 ones. Since

(
m

m/2

)
is at least

2m−logm, we can use a similar construction as above to prove that there exists ane·m
128

-error-
correcting code whose codewords all havem/2 ones (assumingm ≥ 4). We assume that we
have such a codeC. Let c∗ = e

128
. We assume that there is a deterministic algorithmA that

takes a stream of elements fromU = {1, . . . ,m}, useso(m) bits of memory, and computes a
factor(1 + c∗) approximation of the number of distinct elements in the stream, i.e. it computes
a valuẽF0 such thatF0 ≤ F̃0 ≤ (1 + c∗)F0. In order to compress an arbitrary stringy ∈ {0, 1}n

into a small string, we applyA to the set of items encoded byC(y) and store the final state
s(y) of A usingo(m) = o(n) bits (sincem = O(n)). Using algorithmA we can now recover
y from s(y) in the following way. We choose a stringz ∈ {0, 1}m with exactlym/2 ones and
apply A to the set of item encoded byz starting in states(y). Clearly, the output value is a
(1 + c∗)-approximation for the number of distinct elements given by the union of the elements
encoded byC(y) andz. If C(y) = z then there arem/2 distinct elements and so the algorithm
returns a number betweenm/2 andm/2 + c∗m/2. On the other hand, ifH(C(y), z) > e·m

128

thenA computes a value of more thanm/2 + c∗ ·m/2. We try all choices forz until we find a
vectorz such that the algorithm outputs a number not bigger thanm/2 + c∗m/2. Clearly, for
this z we haveH(C(y), z) ≤ e·m

128
. SinceC is e·m

128
-error-correcting we can obtainy from C(y).

Hence, algorithmA cannot exist.

Theorem 26 There exists a constantc∗ such that any deterministic streaming algorithm that
approximates the number of distinct elements in a stream of elements from{1, . . . ,m} upto a
factor of(1 + c∗) requiresΩ(m) bits of memory.

7.2 Lower Bounds for Randomized Algorithms

In this section we will derive some lower bounds for randomized streaming algorithms. Our
first step is to prove that there is no randomized algorithm that computes the number of distinct
elements in a stream of elements fromU = {1, . . . ,m} usingo(m) space.

The general proof idea is similar to the lower bound proofs for deterministic algorithms. We
will show that the existence of a streaming algorithm implies that we can compress an arbitrary
n-bits string usingo(n) bits. Let us assume that there exists a randomized algorithmA that
compute the number of distinct elements in a stream of elements fromU = {1, . . . ,m} exactly
with error probability at most1/4 usingo(m) space. Running a constant number of copies of
the algorithm and taking the median of the resulting output values we can amplify the success
probability to an arbitrary constant. We will use the error correcting codeC from the proof of
the previous theorem and assume that the error probability of our algorithm is at mostc∗/4.
Given an arbitrary vectory ∈ {0, 1}n let Sy ⊆ U be the set of items that is described by the
characteristic vectorC(y). For each setSy let us define a unique streamsy,1, . . . , sy,m/2 as
the setSy in increasing order. We feed this stream to algorithmA and store its state using
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o(m) = o(n) bits. We show that there exists a choice of random coins such that one can
retrievey from this internal state for a constant fraction of vectorsy ∈ {0, 1}n. This implies
that we can storeΘ(n) bits usingo(n) bits, a contradiction.

In order to retrievey from the internal statei, we proceed as follows. For everyj ∈ U we
run algorithmA starting in statei on the stream consisting of the single elementj. If the output
value ism/2 then we setzj = 0. Otherwise, we setzi = 1. For a fixed streamsy,1, . . . , sy,m/2, j

we know thatA has error probability at mostc∗/4 and sozj = C(y)j with probability at least
1−c∗/4. This implies that if we choose thej ∈ U uniformly at random and consider the stream
sy,1, . . . , sy,m/2, j we still have success probability at least1 − c∗/4.

Now let pi denote the probability that algorithmA started in statei on a randomj ∈ U has
an error. Since the overall probability of error for streamsy,1, . . . , sy,m/2, j is∑

i

Pr[i] · pi ≤ c∗/4

we obtain that there exists a subsetI of states with
∑

i∈I Pr[i] ≥ 1/2 andpi ≤ c∗/2 for all
i ∈ I. For any state inI we have that the expected number of errors is at mostc∗/2 · m. By
Markov inequality, with probability at least1/2 we have less thanc∗ · m errors. In this case,
we can reconstructy from z. Since this case occurs with probability at least1/4 we know that
there is a choice of random coin tosses which works for1/4 of the vectorsy. Hence,A cannot
exist.

Theorem 27 Any randomized algorithm that computes the number of distinct elements in a
stream of elements from a universe{1, . . . ,m} with probability at least3/4 requiresΩ(m) bits
of memory.

7.2.1 Lower Bounds for Randomized Computation of the Second
Frequency Moment

In a similar way as above we can also prove that one cannot solve the following problem with
a randomized streaming algorithm ino(m) space. We are given a stream ofm/2+ 1 elements,
where the firstm/2 elements are distinct elements from a setU = {1, . . . ,m} and the last
element is an elementi ∈ U. The goal is to output whether elementi occurs among the first
m/2 elements or not. We will call this problem the indexing problem and reduce it to the
computation of the second frequency moment (via an intermediate problem).

Definition 7.2.1 (Gap Dot Product) In the gap product problem we are given access to a data
streamsσ1, . . . , σn with pairs of elementsσi = (u, j), whereu ∈ U = {1, . . . ,m} and
j ∈ {1, 2}. The stream encodes two multisets of elements. The multisetV = {u : σi =

(u, 1) for some i} and U = {u : σi = (u, 2) for some i}. We usefV and fU denote the fre-
quency vector ofV andU, respectively. The gap dot product problem is to accept, iffU ·fV = 0

and reject, iffU · fV ≥ ∆. If 0 < fU · fV < ∆ the algorithm may accept or reject.

We will prove that a special case of the gap dot product problem is hard.
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Lemma 7.2.2 Let us restrict the dot product problem to instances, where‖fV‖2
2 = ‖fU‖2

2 =

m/2 and whereV only contains distinct elements. Then solving the dot product problem with

probability at least3/4 for ∆ =
(

m
2

)1/2
requiresΩ(m) space.

Proof : We can reduce the indexing problem to the restricted dot product problem in the
following way. Let us assume that algorithmA solves the dot product problem with probability
at least3/4. Then we can useA to solve the indexing problem. The firstm/2 elements
σ1, . . . , σm/2 are passed toA as pairs(σi, 1). Then the last elementi of the stream is read.
For this element we append

√
m/2 copies of the form(i, 2) to our stream. Since the firstm/2

elements are distinct, we have‖fU‖2
2 = ‖fV‖2

2 = m/2. Now observe thatfU · fV = 0, if i does
not occur among the firstm/2 elements andfU · fV = ∆, if it appears among the firstm/2

elements. Hence, the dot product problem decides the indexing problem. Thus algorithmA

requiresΩ(m) space. 2

To prove that the second frequency moment is hard to compute, we reduce the restricted gap
dot problem to it. Assume we have an algorithmA that computes a(1 + ε)-approximation
to the second frequency moment for some valueε = 6

∆
, i.e. a valuẽF2 such thatF2 ≤ F̃2 ≤

(1 + ε) · F2. Given access to a stream for the restricted dot product problem, we compute the
second frequency moment of the multisetV ∪ U = {u : σj = (u, 1) or σj = (u, 2)}. We use
the equality

‖fU + fV‖2
2 = ‖fU‖2

2 + ‖fV‖2
2 + 2 · fU · fV .

Since we know that‖fU‖2
2 = ‖fV‖2

2 = m/2 we have

‖fU + fV‖2
2 = m + 2 · fU · fV .

Since we know that for the restricted gap dot problem we have‖fU · fV‖2
2 ∈ {0,m/2} we

get that‖fU∪V‖ ≤ 3m/2. This implies that‖fU∪V‖ is approximated with additive error at
most∆/4 = 3

2ε
. Hence, alsofU · fV is approximated upto an additive error of±∆/4, which

solves the restricted dot product problem for approximation parameterε (we can accept, if the
approximated value is at most∆/4 and reject, if it is larger). This implies thatA requires
Ω(m) = Ω(1/ε2) space.

Theorem 28 Any randomized streaming algorithm that approximates the second frequency
moment upto a factor of(1 + ε) with probability at least3/4 requiresΩ(1/ε2) space.
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